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ADVERTISEMENT. 



In presenting to tBe public a new Edition of a Work^ 
whicb has maintained its ground for nearly half a Century a& 
a text-book for the Universities and prineipal Sehools of tbe- 
kingdom, it may be proper to give a brief explanation of the 
changes made by the present Editor. These changes consist 
of both omissions and insertions. The prineipal Omission^ are 
the Sections on Summation of Series, and the Application of 
Algebra to Geometry; both of which subjects are now usually 
read in separate Treatises. The insertions consist of various 
additional propositions required by the Student in the present 
State of the science, and are intended to supply some acknow- 
ledged deficiencies in the original work. All the insertions are 
enclosed mithin brackets, by which the new Blatter is readily 
distinguished from the old ; unnecessary alterations have been 
scrupulously guarded against ; and it is not without some 
degree of confidence that the Editor ventures to« hope he ha& 
not, either by his omissions or insertions, in any respect 
damaged the universally-approved labours of Dr Woodi 
Parts I. and III. of preceding Editions are now united to 
form Part I. The Section on the Binomial Theorem has* 
been entirely remodelled ; and that on Permutations and 
Combinations considerably enlarged. Most of the other al- 
terations are sufficiently indicated by the Table of Contents. 
The Editor ha& reeeived mueh yaluable assistance from seve^ 
ral of his friends, and especially from the Rev. L. P. Baker,. 
Rector of Medboume, (formerly Fellow and Algebra Lec-^ 
turer of St John's College,) for which he takes this oppor-^ 
tunity of returning his thanks* 

T. L. 

St. Jobn*8 College, 
Feb. l, 1841. 
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'^ At the latter end of the last Century Dr Wood, the preaent leamed and 
venerable Master of St John's College, Cambridge, in conjunction with the late 
Professor Vince, undertook the publication of a series of elementary works on 
analysis, and on the application of mathematics to different branches of natural 
philoBophy, principally with a view to the benefit of students at the UniTersities. 
The works of the latter of these two writers haye already fallen into very general 
neglect, in consequence partly of their want of elegance, and partly in consequence 
of their total unfitness to teach the more modern and improved form« of those 
different branches of sdence. But the works of bis colleague in this undertaking 
haye continued to increase in circulation, and are likely to exercise for many years 
a considerable influenee upon our national system of education; for they possess 
in a very eminent degree the great requisites of simplidty and elegance, both in 
their composition and in their design. The propositions are clearly stated and 
demonstrated, and are not incumbered with unnecessary explanations and iUus* 
trations. There is no attempt to bring prominently forward the peculiar views and 
tesearches of the author, and tlie different parts of the subjects discussed are made 
to bear a proper Subordination to each other. It is the union of all these qualities 
which has given to bis works, and particularly to bis Algebra^ so great a degree 
of popnlarity, and which has secured, and is likely to continue to secure, their 
adoption as text.books for lectures and Instruction, notwithstanding the absence 
of very profound and philosophical views of the first principles, and their want 
of adaptation, in many important particulars, to the methods which have been 
followed by the great Continental writers. 

'< In later times a great number of elementary works on Algebra, possessing 
various degrees of merit, have been published. Those, however, which have been 
written for purposes of Instruction only, without any reference to the advancement 
of new views, either of the principles of the science, or to the extension of its ap- 
pUcations, have generally faUed in those great and essential requisites oli simplicity, 
and of adequate, but not excessive, Illustration, for which the work of Dr Wood 
\& so remarkably distinguished ; whilst other works, which have possessed a more 
ambitious eharacter, have been generally devoted too exclusively to the develope- 
ment of some peculiar views of their authors, and have consequently not been 
entitled to be generally adopted as text-books in a system of academical or national 
^ttcation." — Professor Peacock*s Report to the British Association ^* On Certain 
Branches of Analysis" 
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INTRODÜCTION. 



VULGÄR FRACTIONS. 

I 

T , 

Akt. 1. A fraction is a quantity which represents a 
part or parts of an integer or whole. 

2. A simple fraction consists of two members, the nu^ 
merator and the denominator ; the denominator shews into 
how many equal parts the whole, or unity, is divided ; and 
the numerator the number of those parts taken. The nume« 
rator is usually placed over the denominator iirith a line be« 

tween them. Thns - , (two thirds,) sigttifies tbat unity is 

divided into three equal parts, and that two of those parts are 
taken« 

It must be observed, that we suppose every integer to be 
divisible into any number of equal parts at pleasure. 

3. A proper fraction is one whose numerator an less 

7 
than its denominator, as -• 

8 

4. An improper fraction is one whose numerfttor is equal 

6 7 
to, or greater than, its denominator, as - , - • 

5 5 

6. A Compound fraction is a fraction of a fraction, a» 
- of -, where - is the whole quantity of which - is to be 

4 o o 4 

2 4 9 

taken; also - of - of — , is a Compound fraction; &c, 

.' 3 5 11 



2 VULGÄR FRACTIONS. 

6. A quantity consisting of a whole number and a fraction 
is called a miwed ntimber, as 7^, which signifies 7 integers to- 

gether with — of an integer. 

.» • 

7* Every integer may be considered as a fraction whose 

5 

denominator is 1 ; thus 5, or 5 units, is - . 

1 

[8. A continued fraction is one v^hose denominator is con- 
tinued by being itself a miwed number^ and the denominator of 
the fractional part again continued as before, and so on : thus 

■^ 1 ■ ■ ■ • 5 

9 7 + , &c., are called canHntied fraction»»] 



1' 4 

1 9 + &C* 

• 5+- 
. . 4 

9» To muitiply a fraction by a/ny whole number multipUf, 
the numerator by that number and r etain the same denominator, 

2 14 

Thus —^ multiplied by 7 is — . For the unit in each 

* 2 14 . . . 

of the fractions — and — is. divided into 15 equal parts» 

15 15 1 r . 

Und 7 times as many of those parts are taken in the latter case 
as in the former« 

10« '. To divide a fraction by any whole number muitiply 
the denominator by that number and r etain the aame numerator. 

S 3 

Thus - divided by 4 is — • For, the unit beinsr divided 

3 S 

into four times as many equal parts in •— as it is in - , each of 

the parts in the latter case is four times as great as in the 
förmer, and the satne number of parts is taken in bbth cases ; 
therefore the former fraction is one fourth of the latter. 

11. A simple fraction may be considered as representing 
the quotient ärising from the iivision ofthe numerator by the 
denominator. 
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3 

Thus the fraction - represents the quotient of 3 divided 

4 

8 
by 4 ; for 3 18 - (Art. 7)9 and this divided by 4 is the fraction 

3 

- (Art. 10.) If the integer be supposed a pound, or twentj 

4 

3 1 

Shillings, - of £l, whicli is 15 Shillings, is equal to - of £8, 
which is also 15 Shillings. 

12. If the numerator and denominator of a fraction be 
both muUiplied by the aame numbety the value of the fraction 
is not altered* 

For, if the numerator be muUiplied by any number, the 
fraction is muUiplied by that number (Art. 9); and if the 
denominator be multiplied by the same number, the fraction 
is divided by it (Art. 10); and if a quaütity be both multiplied 
and divided by the same number, its value is not altered. 

™ 5 15 150 ^ ^ 

Thus — « — = — , &c.* 

14 42 420 

CoB. Hence, if the numerator and denominator of a 

fraction be both divided by the same number, its value is not 

,, j . 150 15 5 
altered ; smce — » — = — . 

420 42 14 



RBDÜCTION: 

The Operation by which a qqantity is changed from one 
denomination to another, without altering its valtie, is called 
Iteduction. 

13. To reduce a whole number to a fraction with agiven 
denominator. 

Multiply the proposed number by the given denominator, 
and the product will be the numerator of the fraction re- 
quired. 

* To avoid repeütion the Reader is refexred to the fint section of tbe Algebra 
for the ezplanation of the signs -f , -, x, =, -~, &c. 

1 — 2 



4 VULGÄR FBACTIONS. 

Ex. Reduce 5 to a fraction whose denominator is 6. 

This is --- or -— ; because 5 may be considered as a 
o o 

fraction - (Art. 7)j the numerator and denominator of which 

are multiplied by 6, therefore its value is not altered. (Art 12.) 

14. To reduce ä miwed number to an improper fraction. 

Multiply the integral by the denominator of the fractional 
part> to this product add the numerator of the fractional part, 
and make its denominator the denominator of the sum« 

Ex. 1. Reduce 7j to an improper fraction. 

The quantity 7^ is 7 + - , which is equal to « — ; 

35 4 

for 7 (by ihe last Art.) is equal to — , and if to this - 

be added, the whole is — . 



5 



X. A. fl 253 + 9 262 

Ex. 2. Also HStt « = • 

" 11 11 

15. To reduce an improper fraction to a miwed number* 

Divide the numerator by the denominator for the integral 
part, and make the remainder the numerator of the fractional 
part, and the divisor its denominator. 

Ex. Reduce — to a mixed ttumber. 

5 

The fraction — = 7y; because the unit being divided into 

ö 

5 parts, 39 such parts are to be taken, that is, 7 units and 
4 such parts. 

16. To reduce a Compound fraction to a simple one. 

Multiply all the numerators together for a new numerator, 
and all the denominators for a new denominator. 



n 
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^ 2 4 8 4,4 

Ex. 1. - of - « — ; for one third of - is — , (Art. 10); 

3 5 15 5 15 
tberefore two thirds of the same quantity, which must be 

twice as great, is — (Art. 9). 

-c 5 i. 3 ^ 5 15 

Ex. 2. - of 5 « - of ~ ■= — . 

4 4 14 

Mixed numbers must be reduced to improper fractions, 
before the rule can be applied. 



5 i. 2 ^ , 10 i, 1 ^0 .37 370 
- of - of 3^ » — of 3i = — of — = -- - 
8 9 ^* 72 ^^ 72 12 864 



[17« To reduce a continued fraction to a simple one. 

Apply the rule (Art. 14) for reducing a mixed number to 
an improper fraction, commencing at the lowest extremity of 
the continued fraction, and proceeding gradually upwards until 
the whole is reduced to a simple fraction, But as this Opera- 
tion requires the use of a rule not yet proved, the example 
is deferred to Art. 38.] 

18. To reduce a fraction to lotoer terms. 

Whenever the numerator and denominator of a fraction 
have a common measure, that is, a number which divides each 
of them without remainder, greater than unity, the fraction 
may be reduced to lower terms by dividing both the nu- 
merator and denominator by this common measure. 

105 21 

Ex, — is reduced to — by ^ividine both the nume-* 
120 24 -^ *^ 

21 , . 7 

rator and denominator by 5; and — is again reduced to - 

by dividing its numerator and denominator by 3. That the 
value of the fraction is not altered appears from Art. 12. 

^ , 168 84 28 4 

In the same manner — = — = — « - . 

210 105 35 5 
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19. The greateat " Common Measure^ of two numbers 
i$ found by dividing tke greater by the less^ and the preceding 
diviior by the remainder, cmtinuaUy, tiU nothing ie kft : the 
last diviaor is the greateat common measure required. 

To find the greatest common measure of 189 and 224. 

189) 224 (t 
189 



S5) 189 (5 
175 



14; 35 (2 
28 



7; 14(^2 
14 



By proceeding according to the rule, it appears that 7 is 
the last divisor, or the greatest Common Measure sought. The 
proof of this rule will be given hereafter*. 

20. A fraction is reduced to its Iowest terms by dividing 
its numerator and denominator by their greatest Common 
Measure^ 

^ r« , 385 . , 
Ex. To reduce — - to its Iowest terms. 

396 

By the Rule given in the last Art. the greatest Common 
Measure of the numerator and denominator is found to be 11; 

35 
and therefore -r is the fraction in its Iowest terms. 

S6 

CoB. If unity be the greatest Common Measure of the 
numerator and denominator, the fraction is already in its Iowest 
terms. 

• Art. 103. 
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[21, Toßnd the least " Common Multiple'^ ofany num^ 
bers. 

Write down in one line the numbers of which the least 
common multiple is required, separating them by some mark, 
as a comma. Divide those which have a common meaaure hy 
that common measure, and bring down the other numbers 
placed in a line with the quotients, separated as before ; and 
lepeat this process as long as any common meäsure exists 
between two or more of them* The least Common Multiple 
required will be the continued product of the divisors and -of 
tbe final quotients. 

Ex. Required the least Common Multiple of 8, 12, 
and 18« 



2 


8, 


12, 


18 


2 


4, 


6, 


9 


3 


2, 


s. 


9 



2, l, 3 
least Com. Mult. is 2x2x3x2x1x3 or 72*] 

23. To redtece any niMnher of fractions to a common 
dcnominatoT* 

Having rednced, if there be any, Compound fractions to 
simple ones, and mixed numbers to improper fractions, mul- 
tiply each numerator by all the denominators except its own, 
for the new jiumerator, and all the denominators together for 
a common denominator. 

Ex. 1. Reduce ^ ! and ? to a coa.mon denominator. 

2 3 4 

1x3x4 2x2x4 , 2x3x3 12 l6 ,18 

;, , and ; ör — , — and — 

2x3x4 2x3x4 2x3x4 24 24 24 

are the fractions required. These fractions are respectively 
equal to the former, the numerator and denominator in each 
case having been multiplied by the same numbers, namely, 
the product of the denominators of the rest. 

.1x3x4 I 2x2x4 2 ^ 2x3x3 3 

SS - ; ta ^ ; and — r" =* - « 

2x3x4 2 2x3x4 3 2x^x4 4 
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2 3 
£x. 2« Rediice - of - and 4^ to a common denominator, 

5 4 ^ 

These are — and — , or — and — ; 

20 3 10 3 

therefore — and — • are the fractions required. 
30 30 ^ 

23. If the denominator of one of two fractions contain 
the denominator ofthe other a certain number of timea ewaetly^ 
multiply the numerator and denominator of the latter by that 
number^ and it will be reduced to the aame denominator with 
the former. 

5 2 

Ex. Reduce — and - to a common denominator. 

12 3 

Since 12 contains 3 four times exactly, multiply both the 

2 8 

numerator and denominator of - by 4, and it becomes — , a 

3 -^ 12 

5 

fraction havins: the same denominator with — • 

® 12 

[]24. More generally, to reduce fractions to a common 

denominator» find the least ^^ Common Multiple ^^ of all the 

denominators, and make that the common denominator by. 

multiplying both the numerator and denominator of each 

fraction by the quotient of least Common Multiple divided 

by the denominator. 

1 2 3 12 
Ex. Reduce to a common denominator -, -, — , — 

3 7 14 21 

« 

and -» 

4 

The least Common Multiple of the denominators by Art. 
21 is found to be 8I>; and therefore the required fractions are 

^ 28x1 12x2 6x3 4x12 21x3 

28x3* 12x7* 6x14* 4x21* 21x4* 

28 24 18 48 63 . 

or — , — , — , — , — ,1 

84 84 84 84 84 •' 

25. Cor. By reducing fractions to a common denomina- 
tor their values may be compared. 
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4 7 

Tbus - and — • wheu reduced to a common denominator. 
7 12 

are — and — ; that is. the fractions have tbe same relative 
84 84 

values that 48 and 49 have. 

[26. By reducing fractions to a common numerator also 
their values may be compared. 

5 4 

Thus — and — • when reduced to a common numerator, 
13 17 

are — and — ; and since the former of these fractions siirnifies 
52 51 * . 

that the unit is divided into 52 equal parts of which 12 are 

taken, and the latter signifies that the unit is divided into 51 

equal parts of which 12 are taken, it is obvious that the latter 

fraction is the greater of the two, or that which has the smaller 

denominator.] 

27. To find the value of a fraction of a proposed deno^ 
mination in terms of a lower denomination* 

Multiply the fraction by the number of irttegers of the lower 
denoroination contained in oue integer of the higher, and the 
product is the value required. The value of any fractional 
part of the lower denomination may be obtained in the same 
manner, tili we come to the lowest. 

5 
Ex. 1. What is the value of - of a pound? 

5 5 

First, - of £1 is - of 20 Shillings, 

7 7 

5 20 100 
or - of — shiUings « « Uf Shillings; 

12 



Next, - of a Shilling » - of — pence, 

24 » 
« — pence = 3y pence ; 

3 3 *? ^ 

Lastly, - of a penny = - of 4 farthings « - of -, 



10 VÜLGAB FRACTIONS. 

12 

or — farthings »> if farthings.; . 

hence, - of a pound is 14< • 8 • ly« 

The Operation is usually performed in the foUowing manner: 

£5 

20 



Ans. 14 * 3 • l|. 





7>)lOO 




14 -.2«. 




12 




7j24 




3-*Sd 




4 




7; 12 




1-. 


o 


J-5 



5 
Ex. 2. What is the value of - of a crown ? 

9 

5C 

5 



9) 


iS 








2- 


-7*. 








12 






9) 


84 








9-- 


- Sd» 

4 




9; 


12 



1.-S9. 



<& 9. 



.% 



Ans. 2 . p • l|. 
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28. To reduce a quantity to a fraction of any denomU 

Make the given quantity the numerator, and the number 
of integers of its denomination in one of the proposed deno- 
mination the denominator, and the fraction required is de- 
termined. 

tu d. q. 

Ex. What fraction of a pound is 12 . 7 • 3 ? 

*, dL 9. ^. 9. 

12 . 7 . 3 s 607; and one pound = 960 ; 

607 
therefore -— is the fraction sought : because the integer being 

». d, fi 

divided into 960 equal parts, 12 . 7.3 contains 607 »uch 
parts. 

29. In the last example we were obiiged to reduce the 
whole to farthings; and in general, if the higher denomina- 
tion do not contain the lower an exact number of times, reduce 
them to a common denomination, and proceed as before. 

Ex. What fraction of a guinea is half a crown ? 

Here sixpence is the greatest common denomination, of 
which a guinea contains 42, and half a crown 5, therefore 

■ 

5 
— is the fraction required. 

Any common denomination would answer the purpose; 
but, if the greatest be taken, the resulting fraction is in the 
lowest terms. 

30. To reduce a fraction to any denomination. 

Find what fraction of the proposed denomination an in- 
teger of the denomination of the given fraction is, and the 
fraction required will be found by Art. 16. 

2 
Ex. 1. What fraction of a pound is - of a Shilling? 

1 shillinfi^ is — of a pound, therefore - of 1 shillins: is - 
® 20 ^ ' 3 ^3 

1 2 1 

of — of a pound, « ::- = — of a pound. 
20 ^ 60 30 ^ 
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5 

Ex. 2. What fraction of a yard is - of an inch ? 

1 5 5 1 

1 inch is -- of a yard, therefore - of an inch is - of -:; 

5 
of a yard, « — of a yard. 

Ex. 3. What fraction of a guinea is - of a pound ? 

.20 4 

1 pound js — of a guinea (Art. 2S); hence - of a pound 
21 9 

. 4 20 . 80 . 

18 - Ol — Ol a gumea^ = — of a guinea. 
9 21 . 189 



ADDITION OF FRACTIONS. 

• 31. Jf fractiona have a common denominatory their sum 
is found by taking the sum of the numeratorSf and subjoin^ 
ing the common denominator. 

12 3 
Thus " + 7 « 7 . For, if an integer be divided into five 

equal parts, one of those parts, together with two parts of the 
same kind, must make three such parts. 

32. If the fractions have not a common denominator, re- 
duce them to a common denominator, and proceed as before. 

2 3 4 
Ex. Required the sum of -, -, and -. 

3 4 5 

X 

40 45 

These reduced to a common denominator are — , — and 

60 60 

— , whose sum is — , or 2^. 

33. When mixed numbers are to be added, to the sum of 
the fractional parts, found as before, add the sum of the inte- 
gers. 

2 1 

Ex. Add together 5|, 6j and - of -, 

5 7 
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3 1 S 315 140 24 479 «» 

- + - + — « — + -— + — a« — " 1^ ; 

4 3 35 420 420 420 420 *^ 

therefore the whole sum required is 5-^-6 + 1^ or 12^. 



SUBTRACTION. 

34. TA« difference of ttco fractions which have a com* 
man denominator is found by taking the difference oftheir 
numeratorsj and subjoining the common denominator. 

4 3 1 

Thus « -. For, if the unit be supposed to bc 

5 5 5 

divided into five equal parts, and three of those parts be taken 
from four, the remainder must be one of the partfi^ or - • 

5 

35. If the fractions have not a common denominator, let 
them be reduced to a common denominator, and then take the 
difference as before. 

9 4 

Ex. 1. From — take -. 

11 5 

9 4 45 44 1 
lT"'5'"55"^55"'55' 

Ex. 2. From — öf - take - of - • 

12 5 3 3 

11-3 33 , 1 4, 7 7 ' 

— of - as — - , and - of - = -7 ; 
12 5 60' 3 8 24 

33 7 66 35 ,^ ^ 31 

= (Art. 24.) « -— . 

60 24 120 120 "^ ^ 120 



MULTIPLICATION. 

36. Def. To multiply one fraction by another is to 
take such part or parts of the form^r as the latter ewpresses. 

This is done by multiplying the numerators of the ttvo 
fractions together for a new numerator, and ihe denominators 
for a neto denominator* 
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3 5 15 3 5 ' 

Thus - X - — — ; for - multiplied by - is, according to 

the definition of multiplication^ - of - or — , (Art. 16). 

Compound fractions must be reduced to simple ones, and 
mixed numbers to improper fractions, and they may then be 
multiplied as before. 

Ex. 1. Multiply - of — by 7^. 

- of — = ^ ; and 7i » — ; 
5 13 65 ^8 

therefere their product is 

18 57 1026 ^^^.^ 
65 8 520 ®® *" 

2 

Ex. 2. Multiply — by 7. 

2 2x7 2 

zvi'' "217'"sT' 

Hence it appears, that a fraction may be multiplied by a 
whole number by dividing the denominator by that number, 
when this division can take place. 



DIVISION. 

37- To dimde one fractum by another^ or to determine 
how often one is contained in the othevy invert the nvme^ 
rator and denominator of the divisoTy and prooeed as in 
muUiplication, 

Ex. 1. - divided by-is-x- = — ■= Is?» 
4 -^ 7 4 5 20 ** 

For, from the nature of division, the divisor multiplied 
by the quotient must produce the dividend: therefore 
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5 S 

- X quotient s - ; let these equal quantities be multiplied 

7 4 

7 
by the same quantity -, and the producta must be equal; 

,•75 . 37 S5 . 21 

tnat IS, - X - X quotietit aa - x - , or — x quotient = — ; 

35 21 

but -^ s 1 ; therefore the quotient ^ — , as was found by 

the Tille. And the same method of proof is applicable to 
all cases, 

Compound fractions must be reduced to simple ones, and 
mixed numbers to improper fractions, before the rule can be 
applied. 

5 4 
Ex. 2. Divide - of - by 3i. 

' 4 

5 ^ 4 20 , , 10 

- of - =B -— , and S* «a — ; 
9 7 63 ' ^3 

t i. , . . , . 20 3 60 2 

therefore the quotient reqwred is rr x — « - — = — . 

^ ^ 63 10 630 21 



[38. It will often happen in practice that fractions present 
themselves which require the application, not of one single rule 
anly, as of Addition, or Subtraction, or Multiplicati(»i, &c., 
but of several rules in one Operation. Thus, 

Ex. 1. Uequired to find the single fraction which is eqxd- 
valent to 

5 



— X 

7 



ilOO-- of 100 + -fL 
l 3 . ... 2^1- 



«. 2 , 1 ^ 100 

First, 100 of 100 = - of 100 « --T- 

3 3 3 

22 

_ 7i T 's's' 

and -f = — = — ; 

^ 9 .27. 

4 
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tlierefore the . whole quantity is equivalent to 

5 flOO 881 

7 "" 1 3 "^27/ 

5 Jgoo + 88) 

"7 "" i i7~j 
5 988 4940 

"^ 7 "" ^ ""T89 
Ex. 2. Reduce to a simple fraction. 

2+ 

1 

4 

Here 3 + - = — ; and — = — « — . Therefore 
4 4 ^ 1 13 13 

3 + 7 — 
4 4 

1 4 30 , , ,, . . , . 1 15 - 

2 + — — e 2 + — •= — , and the fraction required is — or — .1 

1 13 13 ' ^ 30 SO ^ 

3 + - — 

4 13 

DECIMAL FRACTIONS. 

39. In Order to lessen the trouble which in many cases at- 

tends the use of vulgär fractions, decimal fractions have been in- 

troduced, which differ from the fornier in this respect, that thdr 

denominators are always 10 or some power of 10, as 100, 1000^ 

10000, &c. and instead of writing the denominator under the nu^^ 

merator, it is expressed by pointing oif from the right of the nu* 

merator as many figures as there are cyphers in the denominator; 

2 
thus '2 signifies -- 

23 
•23 — 

100 

127 

•127 

1000 

13 

•0013 

10000 

437 
437 43^ or _^-. 
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40. Cor. 1. The value of each figure in a decimal de- 
creases from the left to the right in a tenfold proportion, that 
is, each figure is ten times as great as if it were removed 
one place to the right, as in whole numbers; thus 

2 2 2 

•2 = — ; but '02 « — , and «002 « - , &c. ; 
10 100 1000 

and the decimal *127 is one tenth, two hundredths, and seven 
thousandths, of an unit. 

41. Cor. 2. Adding cyphers to the right of a decimal 
does not alter its value; thus, 

2 20 

•2 SS — s B «20 

10 100 

200 

= '200 



1000 
2000 



•2000 



10000 
B &C. 

the numerator and denominator having been multiplied by the 
same number. (Art. 12.) 

42. ^ Cor. 3. Decimals may be reduced to a common de- 
nominator by adding cyphers to the right, where it is necessary, 
tili the number of decimal places is the same in alL 

Ex. *5, *01, and *311 reduced to a common denominator, 

are '500, *010 and -311; 

, .500 10 ,311 

that IS . and 



1000* 1000 1000 

[43. Cor. 4. Hence in all complicated numerical reduc* 
tions decimal fractions possess great advantages over vulgär 
fractions. For, Ist, the denominators of the former being aU 
ways 10 or some power of 10, their reduetion to a common de- 
nominator is easily effected, and consequently all Operations 
requiring that previous reduetion are facilitated : 2nd, the nu- 
merators and denominators of decimal fractions being usüally 
written in one line, and the value of each figure deereasing in 
a tenfold proportion, from left to right, as in whole numbers, 
the common rules of Arithmetic are immcdiateiy applicable to 
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such fractions, care only being taken, by means of rules for 
that purpose, to mark off correctly the decimal resu^.] 

As decimals are only fractions of a particular description, 
their Operations must depend upon the prineiples abeady laid 
down. 

ADDITION OF DECIMALS. 

44. To find the %um of any number of decimals place 
the fiffures in such a manner that those of the same de^ 
nomination may stand under each other; add them together 
as in whole numbers^ and place the decimal point in the 
sum tmder the other points. 

Ex. Add together T9j 51-43 and «Ol 18. 

These, when reduced to a common denominator, are 7*9000 
51*4300 and '0118; and proceeding according to the rule, 

7*9000 . 
51-4300 
•0118 



59*3418 «a the sum required. (Art. 31). 

In the Operation the cyphers may be omitted, if the seve- 
ral decimal points stand exactly under each other, thus, 

7-9 
51-43 
•0118 



59-3418 



SUBTRACTION. 



45. To find the diffirence of two decimals place the 
figures of the same denomination under each other; then 
subtract. as in whole numbersj and place the decimal point 
tmder the other points. 
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Ex. From 6VS take 42-012. 

These, reduced to a common denominator, are 61*300 and 
42-012 ; therefore their difference is 19*288 (Art. 34). In the 
Operation the cyphers may be oniitted, thus, 

61-3 

42-012 



19*288 



MÜLTIPLICATION. 

46. To multiply one decimal by another multiply the 
ßgurea as in whole numbers^ and point off aa many decu 

mal pldces in the product as there are in the muUiplier 
and multiplicand together. 

Ex. 51-3 X 4-6 = 235-98. 

513 46 Z359S j. * .u -J • 1 * 

l^or — X — = — a= (accordinff to the decimal nota^ 

10 10 100 ^ ® 

tion) 235*98. And a similar proof may be given in all other 

cases. 

47. When there are fewer figures in the product than 
there are decimals in the multiplier and multiplicand together, 
cyphers must be annexed to the left of the product, that the 
decimal places may be properly represented. 

^5 3 75 

Ex. -25 X '3 =5 -075 ; for — r x — s « (accordinir to 

100 ' 10 1000 ^ * 

the decimal notation) *075. 



DIVISION. 

4>8. Division in decimals ts performed as in whole nnm- 
berSy obseroing to point off ai many decimals in the quoiient 
as the number of decimal places in the dividend ewceeds th& 
number in the divisor. ^ 

2 — 2 
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Ex. Divide 77*922 by 3-7. 

77-922 

-^-^— «21-06: 
37 

here there are three decimals in the dividend and one in the 
divisor ; therefore, there are two in the quotient. 

The truth of this rule is apparent from the nature of miü- 
tiplication; for the product of the divisor and quotient is 
the dividend ; there are, therefore, as many places of decimals 
in the dividend, as there are in the divisor and quotient 
together (Art. 46) ; consequently there are as many in the 
quotient as the number in the dividend exceeds the number in 
the divisor. 

49. If figures be wanting in the quotient to make up the 
proper number of decimal places, cyphers must be added to 
the left, 

Ex. Divide -336 by 42. 

336 

= 8; 

42 

and as the quotient of ^336 divided by 42 must contain three 
decimal places, that quotient is '008. 

« 336 ,..,,, . 336 8 

For divided by 42 is , or 



1000 "^ 42000' 1000 ' 

that is (according to the decimal notation) '008. 

50. When the dividend does not contain as many deci- 
mals as the divisor, cyphers must be added to the right of the 
decimals in the dividend, tili that is the case. 

Ex. Divide S6 by '012. 

36 « 36-000 ; 
and 36*000 divided by '012 is 3000, according to the rule. 

RBDÜCTIÖN. 

51. To TedMiB a eulgar fracHon to a decimal. 

Add cypher» at pleasure, as decimals, in the numerator, and 
divide by the denominator according to the rule for the division 
of decimals. The truth of this rule is evident from Art. 11, 



BECIMAL F&ACTIONS. 21 

-, S 300 

Ex. I. - a rs -75. 

4 4 

_ ^ 7 7-000 

Ex. 2. - as » «875. 

8 8 

-, 4 40000 

Ex. 3. — - = = •0064. 

625 625 

_ 1 1-000 &c. 

Ex. 4. - =» = '333 &C. 

3 3 

^ 4 4-0000 &c. 

Ex. 5. — « — - e -1212 &C. 

33 33 

52. In some cases, as in the two last examples, the vulgär 
fraction cannot exactiy be made up of tenths, hundredths» &c. 
but the decimal will go on without ever coming to an end, the 
same figure or figures recurring in the same order ; but though 
we cannot reprcsent the exact value of the vulgär fraction, yet, 
by increasing the number of decimal places, we may approach 

to it as near cta we please. Thus - s -illl &c. Now -1, or 

9 

— • is less than the true value by — : «ll, or — , is too 
10 -^ 90 100 

little by — : and so on. 

^ 900 

41 
[Again — = '123123 &c., the figures 123 being repeated 

333 

4 5 

without end ; — = -148148 &c. ; -— « •138888 &c. ; and so on.l 

27 36 -^ 

Decimals of this kind are called recurring or circulating 
decimals. 

[Hence, although some vulgär fractions cannot be accurately 
represented by decimals, this affords no objection to the use of 
decimals, because for such fractions equivalent decimals can be 
found approximating to the true value as nearly as we please*.'] 

[* *^ The addition, subtraction, multiplication, and division, of decimal fractions, 
are much easier than those of common fractions ; and though we cannot reduce all 
common fractions to decimals, yet we can find decimal fractiona so near to each of 
them, that the error arising fzom using the decimal instead of the common fraction 
wiU not be perceptible. For example, if we suppose an inch to be divided into 
ten miUion of equal parts, one of those parts by itself will not be visible to the 

eye. 



22 DECIMAL FRACTIONS. 

[53. If it be sufficient for the purposes of any calculation 
to take a number of decimals less than the number given or 
obtained, the following rule is to be observed :— . 

RuLE. When the first of the figures Struck off is 5 or > 5, 
add 1 to the last remaining figure. 

Thus, if 27182818 be the decimal under consideration, 272 
is nearer to the true value than 271, for 27182818-271, is 
0-0082818 ; and 272 - 27182818 is 0-0017182, which is con- 
siderably less than the former difference. Also 2*7183 is 
nearer to the true value than 2*7182, as may be shewn in a 
similar manner.] 

54. Toßnd the. value of a decimal of one denomination 
in terms of a lower denomination. 

This may be done by the rule laid down in Art. 27. 

Ex. Required the value of *6l5625 £. 

•615625 £ 
20 



12*312500 Shillings 
12 



3*7500 pence 

4 



3*00 farthings. 



e. d. .9« 



The value required is 12 . 3 . 3. 

First, *6l5625 £ = 12*3125 Shillings. 
Next, '3125«. = 3'75... pence. 
Lastly, '75 d. « 3« farthings. 

eye, Therefore, in finding a length, an error of a ten-millionth part of an inch is 
of no consequence, even where the finest measuremeht is necessary.'* 

^' In applying Arithmetic to practice, nothing can be measured so accurately 
as to be represented in numbers without any error whatever, whether it be length, 
veight, or any other species of magnitude. It is therefore unnecessary to use any 
other thsn decimal fractions; since, by means of them, any quantity may be re- 
presented with as much correctness as by any other method.*' De Morgan's 
ArUhmetie^ 3rd £d. 131.] 



DECIMAL FBACTIONS. 33 

55. To reduce a quantity io a detimalof a superior 
denomination* 

Divide the quantity by the number of integers of its 
denomination contained in one of the superior denomination, 
and the quotient is the decimal required. 

Ex. 1. What decimal of a Shilling is threepence ? 

12^3-00 

'25 Ana. 



For in the denomination Shillings its numerical value must 

be — of its value in the denomination pence. 
12 ^ 

«• d. 9. 

Ex. 2. What decimal öf a pound is IS . 4 . 3 ? 

4) 3-00 
12j 475 



20j 13-3958333 &c. 
•66Ö79166 &c. 



«• 



First, we find what decimal of a penny 3 is ; this, by the 

d, q, 

rule, is '75 ; then, what decimal of a Shilling 4 . 3 or 4*75 d. 
is ; this is found in the same manner to be 'SQ5%SSS &c. ; lastly, 
we find, by the same rule, what decimal qf a pound IS'SQ5^SSS 
&c« sh. h ; which appears to be '66979166 &c. 

The conclusion will be the same if we reduce the quantity 
to a vulgär fraction (Art. 28), and this fraction to a decimal. 
(Art. 51.) 

[56. It will often happen in practice that a whole series 
of vulgär fractions, instead of a single one, is to be reduced to 
a decimal, and in such cases considerable trouble may fre- 
quently be saved by making each fraction, when reduced, sub- 
servient to the reduction of some one of the others. Thus, 

Required to reduce to a single decimal having 5 decimal 
places the series of fractions: 
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2 11 1 . 

- ^ ^ 4. + &c. 

1 1x2 1x2x3 1x2x3x4 
Here, - = 2-000000 



1 

1 1-000 



1x2 2 

1 '5000 



= -500000 



1x2x3 3 



= -166667 (Art. 53.) 



1 -166667 

- « -041667 



1x2x3x4 4 

1 -041667 



1x2x3x4x5 5 
1 -008333 



1x2x3x4x5x6 6 

1 -001389 



1x2x3x4x5x6x7 7 

1 -000198 



1x2x3x4x5x6x7x8 8 

1 -000025 



1 x2xSx4x5x6x7x8x9 



= -008333 



= -001389 



« -000198 



= -000025 



s -000003 



2-718282 

Hence the deciroal required is 2*71828. 

Each Single fraction is calculated to sia places of decimals, 
that the figure which occupies the 5^^ place in their sum may 
be correct ; and no more terms of the series need be added^ be- 
cause the first five places of decimals are not affected by them.] 



' The proofs of the rules for the management of vulgär and 
decimal fractions here giv^n are necessarily conüned to parti- 
cular instances, but the same reasoning may be applied in 
every case; and by using general signs, the proofs may be 
made general. 



Tfl£ 



ELEMENTS OF ALGEBRA. 



PART L 



DEFINITIONS AND EXPLANATION OF SIGNS. 

57- The method of representing the relation of abstract 
quantities by letters and characters, which are made the signs 
of such quantities and their relations, is called Algebra, 

[Algebra is the science of generalixatian as fegards num- 
ber and magnitude. Thus, for example, whilst Arithmetic 
teaches that the sum of the two numbers 6 and 4 multiplied 
by their difference is equal to the difference of their Squares, 
Algebra teaqhes that the same is true for any two numbers 
whatever, whole or fractional.] 

58. Known or determined quantities are usually repre- 
sented by the first letters of the aiphabet, a, 6, c, d, &c. and 
unknown or undetermined quantities, by the last, z^ y^ w^ Wy &c. 

[It must be observed, that this is simply a matter of agree- 
ment amongst Algebraical writers, for the sake of convenience, 
and not essential to the subject. Also, sometimes the letters 
of the Greek aiphabet are used; sometimes Ay Bj C, Z), &c. 
JC^ Yi Z\ and sometimes others, according to circumstances 
or the will of the writer.] 

The foUowing signs or symbola are made use of to express 
the relations which the quantities bear to each other. 

59. + (which is read Plus) signifies that the quantity 
to which it is prefixed must be added. Thus a + h signifies 
that the quantity represented by h is to be added to the quan- 
tity represented by a; if a represent 5, and h represent 7> 
then + 6 represcnts 12. 
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If no sign be placed before a quantity, the sign + is un- 
derstood : tbus a signifies + a. Such quantities are called 
positive quantities. 

60. — (which is read Minus) signifies that tbe quantity 
to which it is prefixed must be subtracted. Thus a — b sig- 
nifies that h must be taken from a; if a be 7» and h be 5, 
a - 6 expresses 7 diminished by 6, or 2. 

Quantities to which the sign — is prefixed are called ne- 
gative quantities. 

61. X (which is read Into) signifies that the quantities be- 
tween which it Stands are to be multiplied together. Thus 
axb signifies that the quantity represented by a is to be mul- 
tiplied by the quantity represented by 6*, 

This sign is frequently omitted; thus abc signifies axftxc. 
Or a füll point is used instead of it; thus 1x2x3, and 1.2.3, 
signify the same thingi [But the sign must never be omitted 
when two or more numerals are to be multiplied together.] 

[Any quantity which, as a multiplier, serves to make up a 
producta is called a factor of that product. Thus, of the pro- 
duct Sabcj each of the quantities 3, a, 6, c is a. factor ; as also 
each of the quantities 3a, 36, 3e, Sab, Sacj Sbc, ab, acy bcj 

62. If in multiplication the same quantity be repeated any 
number of times, the product is usually expressed by placing, 
above the quantity, the number which represents how often it 
is repeated ; thus a, axa, axaxa, axaxaxa, &c. have respectively 
the same signification as a\ a^ a^ a^, See. These quantities 
are called powers; thus a^ or ö, is called the first power of a; 
c? the second power, or Square, of a ; d^ the third power, of 
cube, of a, &c. The numbers 1, 2, 3, &c. (thus afiixed to d) 
are called the indices of a, or exponents of the powers of a. 

[Likewise a^, a*, a', &c. are said to be of one, two, three, 
&c. dimensions; and, in general, any literal product is said 
to be of n dimensions^ if the sum of the indices of its several 
factors is equal to n.] 

* By quantities we understand such magnitudes as can be represented by num- 
bers ; we may therefore without impropriety speak of the multiplication, division, &c. 
of quantities by each other. 
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68. -f- (which 18 read Divided by) signifies that the 
former of the quantities between which it is placed is to be 
divided by the latter. Thus a H- 6 signifies that the quan- 
tity a is to be divided by 6. 

The division of one quantity by aaother is frequently 
represented by placing the dividend over the divisor with a 
line between them, in which case the expression is called a 

fraction. Thus - signifies a divided by b (Art, 11); and 

a is the.numerator, and b the denominator, of the fraction; 

also signifies that a, 6, and c added together, are 

to be divided by «, /, and g added together. 

64. A power in the denominator of a fraction is alsq 
expressed by placing it in the numerator, and prefixing 
the negative sign to its index; thus a"*, a'^ a""^, a"% 

signify — , — , — , — respectively ; these are called the 

d Q, (t (l 

negative powers of a. (See Note i. Appendix i.) 

65. The sign - between two quantities signifies their 
difference, Thus a >-' w^ is a — W9 or w — a^ according as 
a or 07 is the greater ; and a ± x signifies the sum or difi^er- 
ence of a and sß. 

[66. The sign > between two quantities signifies that 
tbe former is greater than the latter, and the sign < that 
the former is less than the latter. 

The sign ••. signifies thereforCi ^^^ '•' since or because,^ 

67. When several quantities are to be taken coUectively, 
they are enclosed by bracketa, as ( ), {}>[]• Thus 
(« — 6 + c) X (d - c) signifies that the quantity represented 
by a — 6 + c is to be multiplied by the quantity represented 
by d - ^. 

Let a stand for 6 ; 6, 5 ; c, 4 ; d, 3 ; and e, 1 ; then 
ß — b -^ c is 6 — 5 + 4, or 5; and d - e is 3 - 1, or 2 ; 

therefore (a — 6 + c) x (d - c) is 5x2, or 10. 
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(«6 - cd)x(a6 - cd) or {ab- cdf signifies that the quan- 
tity represented by ab -- cd is to be multiplied by itself. 

Sometimes a line, called a vinculum^ is drawn over quan- 

tities, when taken collectively. Thus a-6 + cxd-e means 
the same as (a - 6 + c) x (d - e). 

68. « (which is i'ead Equals ov is Equal to) sigBifies 
that the quantities between which it is placed are equal to each 
other ; thus ax — by = cd + ad signifies that the quantity 
ax^by is equal to the quantity cd+ad. 

69. The Square root of any proposed quantity is that 
quantity whose Square» or second power, gives the proposed 
quantity. The cube root is that quantity whose cube gives 
the proposed quantity, &c. The w* root is that quantity whose 
n!^ power gives the proposed quantity. 

The signs ^ or ^, ^^, ^^ &c. ^ are used to ex- 
press the Square, cube, biquadrate, &c. n% roots of the quan- 
tities before which they are placed. 

These roots are also represented by the fractions -,-,-, 

SS 3 4 

&c. placed a little above the quantities, to the right. Thus 

1 
fli, ai, öi, a», represent the square, cube, fourth, and n*^, 

root of a, respectively ; o«, o«, o*, represent the square root 
of the fifth power, the cube root of the seventh power, the 
fifth root of the cube, of a, respectively. (See Note i. 
Appendix i.) 

70. If these roots cannot be exactly determined, the quan« 
tities are said to be irrational^ or are called surds. 

71. Points are made use of to denote proportion; thus 
a z b :: c : d signifies that a bears the same proportion to 
b that c b^ars to d. j 

72. The number prefixed to any quantity, and which 
shews how often it is to be taken, is called its coefficient. 
Thus, in the quantities 7air, ßby^ Sdx^ the numerals 7» 6 and 
3 are called the coefiicients of a^, by, and dz^ respectively. 
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When no number is prefixed, the quantity is to be taken 
once, or the coeiBcient 1 is understood. 

These numbers are sometimes represented by letters, which 
are also called coefficients. [Thus in the quantities p^, qüfy raiy 
we call p, 9, and r the coefficients of a^, a^ and üo respectively.] 

73. Similar or like algebraical quantities are such as 
differ only in their coefficients; 4a, Gab, ga^, Sa^bCf &c. are 
respectively similar to 15 a^ Sab, I2a% I5a'&c, &c. 

Unlike quantities are difierent combinations of letters ; 
thus ab, a^bj abc, &c. are unlike. 

74/ A quantity is said to be a multiple of another, when 
it contains it a certain number of times exactly ; thus l6a is a 
multiple of 4a, as it contains it exactly four times. 

75. A quantity is called a measure of another^ when the 
former is contained in the latter a certain number of times eit* 
actly ; thus 4a is a measure of l6a. 

76. When two numbers have no common measure but 
unity, they are said to be prime to each other. 

77* A simple algebraical quantity is one which consists of 
a Single term, as a^bc. 

78. A binomial is a quantity consisting of two terms, as 
a + 69 or 2a - 36^. A trinomial is a quantity consisting of 
three terms, as 2a + &d - 3e. [A mtUHnomial is a quantity 
consisting of many terms, as a-^ bw -^ ca? + dx^ + &c.] 

The foUowing examples will serve to illustrate the method 
of representing quantities algebraically. 

Let a = 8, 6 = 7, c ^6, d = 5 and e « 1 ; then 
3a - 26 + 4c - C = 24 - 14 + 24 - 1 = SS. 
a6 + cö - 6rf « 56 + 6 - 35 = 27* 

a + 6 36 -2c 8 + 7 21-12 15 9 ^ 

+ ~ = - — - + — al — 4. - = ö, 

c-c a-a 6-1 8-5 5 S 

m 

cPx(a-c)-3cc^+rP=2öx2- 18 + 125 
= 50-18 + 125= 157, 
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AXIOMS. 

79. If equal quantities be added to equal quantities, the 
sums will be equal. 

80. If equal quantities be taken from equal quantities, 
the remainders will be equal. 

81. If equal quantities be multiplied by the same, or equal 
quantities, the products.will be equsJ* 

82. If equal quantities be divided by the same, 01* equal 
quantities, the quotients will be equal. 

83. If the same quantity be added to and subtracted from 
another, the value of the latter will not be altered. 

1 

84* If a quantity be both multiplied and divided by an- 
other, its value will not be altered. 



ADDITION OF ALGEBRAICAL 
QUANTITIES. 

86. The addition of algebraical quantities is performed 
by connecting thoae that are unlike witk their proper signs, 
and coUecting those that are similar into one sum. 

Ex. 1. Add together the foUowing wnlike quantities; 

aoD 
-by 

+ e' 
— ed 



Sum SS aw -^ by ^ €? -^ ed 



Ex. 2. a + ^b^v 
d~5e +/ 



Sum SS a + Qb-^c + d-^öe +f 
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It is immaterial in what order the quantities are set down, 
if we take care to prefix to each ita proper sign. 

When any terms are similar, they may be incorporated, 
and the general expression for the sum shortened. 

1^. When similar quantities have the same sign, their 
sum is found by taking the sum of the coefficients with that 
sign, and annexing the common letters. 

Ex. 4. 4a*c - lObde 

Ex. 3. 5a- Sb 6a*c^ Qbde 

4a- 76 lla'^c— Sbde 



Sum = 9a "lob Sum « 21a*c- 22Äde 



The reason is evident ; 5a to be added (Ex. 3), together 
with 4a to be added, makes 9a to be added; and 36 to be 
subtracted, together with Tb to be subtracted, is 106 to be 
subtracted. 

2^. If similar quantities have different signs, their sum is 
found by taking the diiSerence of the coefficients with the sign 
of the greater, and annexing the common letters as before. 

Ex. 5. 7a + Sb 

•- 5a-^9h 



Sum = 2a — 66 



In the first part of the Operation we have 7 times a to add, 
and 5 times a to take away; therefore upon the whole we have 
2 a to add. In the latter part, we have 3 times b to add, and 
9 times b to take away; therefore we have upon the whole 6 
times b to take away; and thus the sum of all the quantities is 
üa-^Gb, 

Ex. 6. a -h 6 
a — b 



Sum =s 2a 



If several similar quantities are to be added together, some 
with positive and some with negative signs, take the difference 
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between the sum of the positive and the sum of the negative co- 
efücients, prefix the sign of the greater sum, and annex the 
common letters. 

Ex. 7. 3a* + 46c- c* + lO 
-5ö* + 66c+ 2e*-15 
-4a*-96c-10c* + 21 



Sum =-6o'+ fcc- 9c* + l6 



The method of reasoning in this case is the same as in 
Ex. 5. 

Ex. 8. 4ac-156d+ eof 

Uac + 7b^ - igeof 

-41a' + 66d- 7de 



Sum 8 


I5ac • 


-41a« 


- 96d 


+ 76»- 


- ISex- 


•7de 


K. 9* 




-6^- 










Sum 


«(p 


^ d)ii^ 


-(9 + 


6)«»- 


(r+l) 


dr 



In this example, the coeiScients of a^ and of its powers are 
united ; (p + a) ^= pa;^+ aw^\ also - (g + 6) iT*= - j'«?*- ba^^ 
beeause the negative sign affects the whole quantity between 
the brackets ; and - (r + 1) a? = — ro? - o?. 



SUBTRACTION. 

86. Subtractum^ or the taking away of one quantity 
from another, ia performed by changing the sign of the quan- 
tity to be eubtractedj and then adding it to the other by the 
rulea laid down in Art. 85. 

Ex. 1. From Qbof take cy, and the difierence is properly 
represented by 26^ — cy ; beeause the — prefixed to cy, shews 
that it is to be subtracted from the other ; and 2b a ^cy is the 
sum of ^bof and - cy, Art. 85. 
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Ex. 2. Agsin, from ^bw take -cy^ and the differenc^ is 
Sbof + cy; because 26a? « 260; + cy - cy, (Art. 88) take away 
— cy from these equal quantities, and the differences will be 
equal; that is, the difference between 2b w and -cy is Zbx^cy^ 
the quantity which arises from ad ding + cy to 2b x, 

Ex. 3. From a + 6 Ex. 4* From 6a - 126 
take 0-6 take — 5a - 106 



Difference « + 26 Diff. »IIa- 26 



Ex. 5. From 5a^ + 4a6-6a?y 
take IIa* + 6a6 — 4a?y 

Diff. ■= - 6d^ — 2a6 - 2xy 

Ex. 6. From 4a-36+6c-ll 
take 10.r+a -15-2y 



Diff. « - lOo? + 3a - 36 + 4 + 6c + 2y 



Ex. 7. From aa? -^ba? ^ w 
take por* — qs^ + ro? 



Diff. =. (a - p) a?^ - (6 - ^) a?* + ( 1 - r ) 07 

In this example the coefHcients are united ; (a - p) 0^ is 
equal to aa? - p^; - (6 - 9) 0?* is equal to - 6,1?* + qa^ ; and 
(1 - r) a? = 0? — rar. 

(See Note 2. Appendix i.) 



MULTIPLICATION. 

87. The multiplication of simple algebraical quantities 
must be represented according to the notation pointed out 
Art. 61. 

Thus ax6, or a6, represents the product of u multiplied by 
6; a6c the product of the three quantities a, 6 and c; and so on. 
3 
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It 18 also indifferent in vhat order they are placed, axb 
and &xa being equal. 

For Ixasaxl, or 1 taken a times is the same with a 
taken once; also b taken a times, or bxa, is b times as great 
as 1 taken a times; and a taken 6 times, or axft, is 6 times as 
great as a taken once; therefore (Art. 81.)6xa = axfe. Also 
abc SB ca6 = bca = oc6 ; for, as in the former case, Ixöxfc = 
ax&xl ; and cxaxb is c times as great as Ixaxft; also axbxc 
is c times as great asax&xl; therefore ax6xc=cxax6 (Art.81); 
and a similar proof may be applied to the other cases. 

88. To determine the sign of the product, observe the 
following rule: 

Ifthe multiplier and multiplicand have the same sign^ the 
product is positive; if they have different signs^ the product is 
negative. • 

1**. +ax + 6 = + a6; because in this case a is to be 
taken positively b times; therefore the product ab must be 
positive. 

2**. — a X + 6 = — a6 ; because — a is to be taken b times ; 
that is, we must take —ab. 

3*. -f a X — 6 = — a6 ; for a quantity is said to be multi- 
plied by a negative number -^ b^ if it be subtracted b times ; 
and a subtracted b times is —ab. This also appears from 
Art, 91. Ex. 2- 

4*\ — ax-6 = + a6. Here - a is to be subtracted 6 
times, that is, —ab is to be subtracted ; but subtracting —ab 
is the same as adding +a6 (Art. 86); therefore we have to 
add + ab. 

The 2** and 4*^ cases may be thus proved ; a — a = 0, mul- 
tiply these equals by 6, then ab together with —axb must be 
equal to 6x0, or nothing*; therefore — a multiplied by b must 
give - a&, a quantity which when added io ab makes the sum 
nothing. 

* [It is a common mistake of begmners to say that an algebraical expression 
which appean under the form a x is equal to a, by supposing it to signify a 
not multiplied at all ; whereas, since axh signifies a taken b times^ in the same 
manner a x signifies a taken times, and is therefore equal to 0. J 
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AgaiD, a — a B ; xnultiply these equals by — 6, then - ab 
together with — ox— 6 must be =0; therefore — öx-6»5 + aft. 

89. If the quantities to be multiplied have coefficients, 
these must be multiplied together as in common arithmetic; 
the sign and the literal product being determined by the pre- 
ceding ruies. 

Thus 3 a X 5 6 s 15a& ; because 

Sxaxöxb « 3x5xax6 = I5ab (Art. 87) ; 

Again, 4a?x — lly « — 44a?y; — 96x — 5c = + 456c; 

and — 6dx 4m = — 34wi{?. 

90. The potoers of the same quantity are multiplied toge- 
ther by adding the indices; thus a^xa^^a^ for aaxaaa^aaaaa. 
In the same manner o®xa^®=a^^; and •-3a^a^x5awy^^ — l5(^a/^i/^. 

[To prove that a^xa^aBa""*"**, m and n heing any positive 
integers. 

By Def. Art. 62. a"*=axaxaxax &c. continued to m factors; 

also a** ssßxaxaxax &c. n ; 

.*. a^xa^ = axaxa . .. to a» factors x axaxa ••• to n factors. 



= axaxa ,., to m+n factors 
= 0*"+% by Art. 62.] 
(See Note 1. Appendix i.) 

91. If the multiplier or multiplicand consist of several 
terms, each term of the latter must be multiplied by everjr 
term of the former, and the sum of all the products taken for 
the whole product of the two quantities. 

Ex. 1. Mult. a +b 
by c + d 



Prod*. = ac + bc + ad + bd 

Here a + 6 is to be taken e + d times, that is, e times 
and d times, or (a + 6) c + (a + b) d. 
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Ex. 2. Mult. a + b 
by c - rf 



Frod. ^ac+bc — ad — bd 



Here a 4- 6 is to be taken c — d times ; that is, c timea 
wanting d times; or c times positively and d times nega- 
tively. 

Ex. 3. Mult. a-j-b Ex. 4. Mult. a+b 

by a+6 by a—b 



€?+ ab a^-j-ab 

+ ab+V -ab-b'' 



Prod. = a*+2a6+6» Prod. = o* - Ä« 



Ex. 5. Mult. Sa^'-öbd 
by — 5a' + 46d 



. -15a* + 25a26d 

+ 12a'ftd-2062d* 

Prod. = - 15 a* + STa'^ftd - 206* 



Ex. 6. Mult. a* + 2a6 +6' 
by o* -2a6 +ft* 



-2a'6-4o'6«-2a6' 

+ a^b^ +2a6' + 6* 

Prod.« a* - 2a*6« + 6* 

Ex. 7. Mult, 1 - a; + i»* - a?' 
by 1 + d? 



1 — o; + ar' — ^^ 

+ 0? — o^^+^-Ä?* 



Prod. » 1-0?* 
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Ex. 8. Mult. a^^psß + q 
by J7 + o 



+ ax^" apx + aq 



Prod. = a?' - (p - a) /»^ + (g - ap) a? + aq 

Here the coefficients of o?^ and a? are coUected ; - (p - o) a?* 
^"pa^ + aa^\ and (q — ap)af=^qw^apaf. 

(See Note 3. Appendix i.) 

SCHOLIUM. 

92. The method of determining the sign of a produet 
from the consideration of abstract quantities has been found 
fault with by some algebraieal writers, who contend that — a, 
without reference to other quantities, is imaginary, and conse- 
quently not the object of reason or demonstration. In answer 
to this objeetion we may observe, that whenever we make use 
of the notation — a, and say it signiiies a quantity to be sub- 
tracted, we make a tacit reference to other quantities. 

Thus, in numbers, — a represents a number to be subtract- 
ed from those with which it is connected; and when we sup- 
pose, — a to be taken b times, we must understand that a is to 
be taken b times from some other numbers. In estimating 
lines, or distances^ — a represents a line, or distance, in a par- 
ticular direction. The negative sign does not render quantities 
imaginary, or impossible, but points out the relation of real 
quantities to others with which they are concerned. 



DIVISION. 

93. To divide orte quantity by another is to determine 
how often the latter is contained in the former^ or what 
quantity multiplied by the latter will produce the former. 

Thus to divide ab by a is to determine how often a must 
be taken to make up a6, that is, what quantity multiplied by 
a will give «6; which we know is 6. 
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From this consideration are derived all the rules for the 
division of algebraical quantities. 

94. If the divisor and dividend be affected with like signs, 
the sign of the quotient is + ; but if their signs be unlike, the 
sign of the quotient is ~ . 

If — ab be divided by - a, the quotient is + 6 ; because 
— a X +Ä gives — «6 ; and a similar proof may be given in the 
other cases. 

95. In the division of simple quantities, if the coefficient 
and literal product of the divisor be found in the dividend, the 
other part of the dividend, with the sign determined by the 
last rule, is the quotient. 

Thus -— - » c ; because ab multiplied by c gives abc. 
ab 

If we first divide by a, and then by 6, the result will be 

the satne; for — = fcc, and — = c, as before. 

a b 

96. Cor. Hence, if any power of a quantity be divided 
by any other power of the same quantity, the q.uotient is the 
same quantity with an index which is found by taking the in« 
dex of the divisor from the index of the dividend. 

_, a* axaxaxaxa _ _ o^ 1 „ ^ 

For -; =5 as axö = a^; also —■ » — ss a'^ (Art. 64) ; 

a' axa^a a^ ar 

» , 

and generally, if m and n be positive integers, — = «"*-*; 



a* 



a"* axoxa to m factors 

for — - = -z «= axaxa ... to m—n factors, (m 

a" öxöxo to ^ iactors ^ 

being >n) = a*""". (See Note 1. Appendix i.) 

97« Wjonly a part of the product which forms tbe divisor 
be contained in the dividend, the division must be represented 
according to the direction in Art. 63, and the factors con« 
tained both in the divisor and dividend expunged. 
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Thus ISa^b^c divided by - Sa^bw^ or -- — - — » , 

First, divide by — Sa*6, and the quotient is — 5abc; this 

quantity is still to be divided by ^ (Art. 95), and as a? is not 

contained in it, the division can only be represented in the usual 

- . —5abc, , 
way; that is, ^is the quotient. 

98. If the dividend consist of several terms, and the di- 
visor be a simple quantity, every term o( the dividend must 
be divided by it. 

Thus 



ao? aa? acß^ aar 



» 



= o^ - 5bce + 6a?^. 



99. When the divisor also consists of several terms, ar^ 
ränge both the divisor and dividend according to the powers 
of 8ome one letter contained in them ; then find how often 
the first term of the divisor is contained in the first term of the 
dividend, and write down this quantity for the first term in the 
quotient ; multiply the whole divisor by it, subtpact the pro- 
duct from the dividend, and bring down to the remainder as 
many other terms of the dividend as the case may require, and 
repeat the Operation tili all the terms are brought down. 

Ex. 1. If a^ - 2o6 + 6* be divided by a - 6, the Operation 
will be as follows : 

a^b) a^- 9,ab + b^ {a - b 
a^ — ab 



-^ab 
— ab 




« 


* ' 



The reason of this and the foregoing rule is, that as the 
whole dividend is made up of all its parts, the divisor is con- 
tained in the whole, as often as it is contained in all the parts. 
In the preceding Operations we inquire first, how often a is 
contained in a% which gives a for the first term of the quotient; 
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then multiplyitig the whole divisor by it, we have a^— ab to he 
^ubtracted from the dividend, and the remainder is — a& + 6^, 
with whieh we are to proceed as before. 

The whole quantity a^— 2ab + y, is in reality divided into 
two parts by the process, each of which is divided by a — 6 ; 
therefore the true quotient is obtained. 

Ex. 2. a + b) ac + ad + bc + bd (c + d 

ac + bc 



ad + bd 
ad + bd 



_ " > , Reraainder 
Ex. 3, 1 - it? J 1 n + a? + af' + ar-h &c. H 

1 •• tT 



1 -et? 



+ Of 








+ 'V 




. 






+ »17^ 






+ 0;^- 


jr» 






+ 


af" 






+ 


a?- 


«< 



+ a^ &c. 



Ex. 4. y_ijj^_i (j,«+y + l 



+»* 




+ f-y 




+ y- 


1 


+ y- 


1 



« 
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+ ay"-y - y* 

[Tbis division will terminate ^ithout remainder for any 
proposed value of m, when the quotient has reached to m terms, 
the last term being y*"'«] 

Ex. 6. af'-aJa^-pa/^+qiV''r (a'*+(a-p)a? + o^-pa + g 

cT^ — OtP* 






+ (jr^pa '\-q)af — r 

(a^-pa + q)w -- {a? -pa^-^- qa) 

Remainder a^^pa^+ qa-^r 



TRANSFORMATION OF FRACTIONS TO 
OTHERS OF EQUAL VALUE. 

100. If the signs of all the terms both in the numerator 

and denominator of a fraction be changed, its value will not be 

altered. 

„ — oft , +«6 .ab ^ —ab 

For = + ö as ; and = — 6 = . 

— a +a — a +a 

101. If the numerator and denominator of a fraction 
be both multiplied, or both divided, by the same quantity, its 
value is not altered. 

^ (IC a . . 
For — = - (Art. 97). 
bc b 

Hence a fraction is reduced to its lowest terms by dividing 
both the numerator and denominator by the greatest quantity 
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thät Tneaaures them botb, which quantity is calied the Gr Batest 
Common Measure of the numerator and deDominator. 

[102. A fraction which has either its numerator or deno- 
minator a simple algebraical quantity is easily reduced to lowest 
terms ; for the greatest common divisor is at once found by in- 

spection. Inus to reduce -ttzt-^ to its lowest terms, we see 

that arb is the greatest common measure of the numerator and 

Sc 

denominator, therefore the fraction required is • 

^ 5ahd 

But in the case of fractions having for both numerator and 

denominator a Compound algebraical quantity the foUowing 

rule is needed.] 

103. The Greatest Common Measure of two Compound 
algebraical quantities is found by arr anging them according to 
the powers of some letter^ and then dividing the greater by the 
less^ and the preceding divisor always by the last remainder^ 
tili the remainder is nothing; the last divisor is the greatest 
common measure required, 

Let a and b be the two quantities, and let b) a (jp 
b be contained p times in a, with a remainder pb 
c; again, let c be contained q times in 6, ^ c) b iq 
with a remainder d, and so on, tili nothing qc 

remains ; let d be the last divisor, and it TJ ^ / ^ 

will be the greatest common measure of a ^^ 

and b. — 

104. The truth of this rule depends upon these two prin- 
ciples ; 

1^\ If one quantity measure another, it will also measure 
any multiple of that quantity. Let oj measure y by the units 
in n^ then it will measure cy by the units in nc. 

2^. If a quantity measure two others, it will measure 
their sum or difFerence. Let a be contained m times in 
iv, and n times in y; then ma^w and na^y; therefore 
a; Jcy ^ ma ± na^ = (m±w) a; that is, a is contained mJ^n 
times in ^ st ^, or it measutes ^ ^ ^ by the Units in m st n. 

* [This 18 merelj a thort meUiod of wriiing dr+y =ma+n(i, and »—ffssma-na]. 
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105. Now it appears from the Operation (Art. 103.) that 
a — pb = c, and ^ - ^c « d; every quantity therefore, which 
measures a and 6, measures pb^ and a — pb^ or c ; hence also 
it measures qc^ and b — qcy or d; that is, every common mea- 
sure of a and b measures d, 

It appears also from the division that a = pb ■\' Cjb^qc + d, 
c '^rd; therefore d measures c, and qc^ and qc + d or b; hence 
it measures pb^ andpft + e, or a. Every common measure 
then of a and 6 measures d, and d measures a and b ; there- 
fore d is their greatest common measure*. 

[Ex. 1. To find the Greatest Common Measure of a^+2a+ 1 

j • o j . j a* + 2a + 1 

and a'+ 2a*+ 2a + 1 ; and to reduce — r to its 

a*+2a*+ 2a + 1 

lowest terms. 

a^+2a + 1^ a^+2a*+2a + 1 (^a 

a^-f2a^+ a 



a + 1 



a + IJ «^ + 2a + 1 (a 4- 1 



a*+ a 



a + 1 
a + 1 



a + 1 is therefore the Greatest Common Measure of the two 
quantities; and if they be respectively divided by it, the 

fi-äction is reduced to -r , and h in its lowest terms.] 

a^+a + 1 -^ 

Ex. 2. To find the Greatest Common Measure of a* - «* 

a* — a?* 

and a^- a^^-aa?^+ «r'; and to reduce -r ;; to 

a* - arw - aar + <7r 

its lowest terms. 

* [This conclusion is more obvious when stated thus : — every common divisor 
of a and b i» & divisor of dj but no quantity can be a divisor of d which is greater 
than d, therefore every common divisor of a and b is not greater thim </; and 
since d is one of them, therefore «f is t^e gteatest.] 
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a* — d?a) — a*«2?^ + aar* 



o'o? + a*a?* - aap - a?* 
a^^ — c?o?^ aaP+ o?* 



ga^a?^- 20?*= 2a?2 («s« ^^) 
leaving out 2^, the next divisör is a' - aP. 

c? — J7-^ a^ - c^oo - ao?^ + o;^ (^a - 0? 



— C?X + 07^ 



— d^w + 0?^ 



Therefore a^ — a? is the g.c.m. required; and the fraction 

is reduced to ^, and is in its lowest terms. 

a —so 

The quantity Sa?*', found as a factor in every term of one 
of the divisors, 2a^a?'— 2ci*, but not in every term of the 
dividendy a'- c?üß — aa?+ ai^^ must be left out ; otherwise the 
quotient will be fractional, which is contrary to the supposition 
made in the proof of the rule: and by omitting this part, 2*2^, 
no common measure of the divisor and dividend is left out, be- 
cause, by the supposition, no part of ^a? is found in all the 
terms of the dividend. (See Note 4. Appendix i.) 

106. To find the Greatest Common Measure of three 
quantities, a, h^ c, take d the Greatest Common Measure of a 
and b ; and the Greatest Common Measure of d and c is the 
Greatest Common Measure required. 

Because every common measure of a, 6, and c, measures d 
and c ; and every measure of d and c measures a, h and c 
(Art. 105) ; therefore, the Greatest Common Measure of d 
and c must be the Greatest Common Measure of a, h and e. 

107* In the same manner the Greatest Common Measure 
of four or more quantities may be found. 
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The Greatest Common Measure of four quantities, a, 6, e, 
d^ niay also be found by taking w the Greatest Common Mea- 
sure of a and 6, and y the Greatest Common Measure of c and 
d ; then the Greatest Common Measure of x and y will be the 
common measure required. 

[That the continued division indicated in Art. 105 will 
come to an end is proved as foUows :— ] 

108, If one quantity be divided by another, and the pre- 
ceding divisor by the remainder, the remainder will at length 
be less than any quantity that can be assigned. 

For a^pb + c\ and by and Consequently p6, is greater 

than c; therefore p6 + c, or a, is greater than 2c, and - is 

greater than c; therefore from a, a quantity greater than its half 
has been taken ; in the same manner, when c is the dividend, 
more than its half is taken away, and so on ; but if from any 
quantity there be taken more than its half, and from the re- 
mainder more than its half, and so on, there will, at length, 
remain a quantity less than any that can be asigned (Euc. x. i.) 

[109. In practice the Greatest Common Measure of two 
or more algebraical quantities is frequently found by a more 
expeditious method than the preceding, as foUows. Taking 
Ex. 2. Art. 105. 

Ex. Required the g.c.m. of a*- a?* and a^-a^^-öa?'+a7^ 

Also d? - (t^x — aof^ + dfi^ cf{a^wy^ al^{a — w) 

*» (a*-a?^)(a-ia?); 

therefore o^ — a;^ is a common factor or divisor of the proposed 
quantities ; and since the other factors a* + (v^ and ö - or have 
no common measure greater than 1, therefore c^—o? is the 
Greatest Common Measure required* 

110. In the same manner fractions are usually reduced 
to their lowest terms without the application of the Rule for 
finding the g. c. m. of the nuraerator and denoroiinator. 
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/r* 4* 1 1 iH? + 30 
Ex. U Reduce to lowest terms 



•\-53of-^ 9^-18' 



07^+ IIa? + SO 07 (a? + 6) + 5 (a? + 6) 



9a^+ 53ar^ - 9«* - 18 9a?n^ + ö) - (a?^+ 9^ + 18) 

** 9^(^ + 6)-(a7+3)(a? + 6) 

(a? 4- 5) (a? + 6) 
" (9a?« -a?- 3) (a? +/6) ' 

dividing num'^. and denom^ by 1 a-h 5 






of + 6 j 9a?* — a? - 3^ 

Ex. 2. Reduce -r — V; ^ to its lowest terms. 

ar -^ (b '^c)w + bc 

a?*+ (a -^0)^ + ac=s ai^+ aw + civ + ac 

« a? (.17 + a) + ü (a? + ö) 
= (a? + c) (a? + a) ; 

also a7* + (ft + c) a? + 6c = (a? + c) (a? + 6); 

(a? + a) (a? -f c) 



.*. the fraction becomes 



(a7 + 6) (a? + c) ' 



and in lowest terms is^. 

a? -Jf 6 , 



Ex. 3. Reduce =— ; — 70 — to its lowest terms. 

4a«-aa6 + fe 

Sa'- Sa«ft + aft*- 6' _ Sa»(a - 6) + y(a - 6) 
4a*-5a6 + 6* 4a (a - 6) - 6 (a - fc) 

(3a'4-60(g-6) 
"" (4a - 6) (a - 6) 

4a -6 
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Ex. 4. Reduce ^y^o^'^^._y_^^2 ^^ '^ ^^^^s* *^™8- 
(a + b){(a + by - c*} (a + b)(a + b + c)(a -f 6 - c) 



46V - (a*- 6«- c*)» (26c + a«- 6«-c«) (26c - o» + 6»+ c*) ' 

(a + 6)(a + 6 + c)(a + 6 - c) 

(a + 6)(a + 6 + c)(a + 6 - c) 



(a + 6-c)(a+c-6)(a+6+c)(fe+c-a) * 
a + b 



{a +c — 6)(6 4-c - a) 
a + b 



c'-ia^by 







111. Fr actione may be changed to others of equal value, 
with a common denominator, by multiplying euch numerator 
by every denominator except its own^ for the new numera- 
tor; and all the denominators together for the commx>n de- 
nominator. 

a c e 1-1 adf cbf 

Let Y , -: > - be the proposed fractions ; then -r-f-^^ -—-l^ 
o d f '^ * bdf bdf 

^-— , are fractions of the same value respectively with the for- 

adf a 
mer, having the common denominator bdf. For 7-7^=7"; 

V. 

cb I c edb e 

T-T\^ -; and—-- B= - (Art 101); the numerator and deno- 

hdf d bdf f 

minator of each fractibn having been multiplied by the same 

quantity, m%. the product of the denominators of all the other 

fractions. 

112. When the denominators of the proposed fractions 
are not prime to each other, find their Greatest Common 
Measure; multiply both the numerator and denominator of 
each fraction by the denominators of all the rest, divided 
respectively by their Greatest Common Measure; and the 
fractions will be reduced to a common denominator in lower 
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terms than they woiild have been by proceeding according to 
the former rule. 

Thus — , — , ■ — reduced to a common denominator, 
moß my mz 

ayx bxx cxy 



are 



moßyss mwyz mwyz 



113. To obtain them in the lowest terms each must be 
reduced to another of equal value, with the denominator which 
is the Least Common Multiple of all the denominators. 

[If the denominators be simple algebraical quantities, and 
in certain other cases also, their Least Common Multiple will 
be found at once by inspection; but if they be Compound 
quantities, the foUowing rule is usually needed.j 

114. To ßnd the Least Common Multiple of two quan- 
titieSf or the least quantity which is divisible by each of 
them without remainder, 

Let a and b be the two quantities, a their greatest com* 
mon measure, 97» their least common multiple, and let m con- 
tain a, p times, and 6, q times, that is, let m sspa — qb; then 

- as - ; and since m is the least possible, p and q are the least 
p 

possible ; therefore - is the fraction - in its lowest terms, and 

p b 

consequently ? = - ; hence m s= qb^: - ^b. 

[The rule here proved may be thus enunciated : — 

Find the g. cm. of the two proposed quantities ; divide one 
of them by this 6. cm.; and multiply the quotient thus ob- 
tained by the other quantity. The product is the Least Com- 
mon Multiple required. 

Ex. Required the Least Common Multiple öf a*-a?* and 
a^ — d^w — aa!^-\- a^. 

The o.cM.of these two quantities (See Art. 105, Ex. 2), is 
o*— a^; and (a* — a7*)-t-(a* - x^) =3 0* + w^. Therefore the 
Least Common Multiple required 
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- (a*+a?*).(a^-a*ar-aa?*-v w^) 

115. IJt^ery other common multiple of a and b t« a 
multiple cf m^ 

Let n be any other common multiple of the twojquantities; 
and» if possible, let m be contained r times in ti, with a re^ 
mainder Sy which is less than m ; then n - rm « ^ ; and since 
a and 6 measure » and rm, tbey measure w - rwi, or « (Art. 
104); that is, they have a common multiple less than m, which 
is contrary to the supposition» 

116. To ßnd the Leasi Common Multiple of three 
quantUiea a, b, c, find m the Least Common Multiple of a 
and b, and n the Least Common Multiple of m and c ; then 
n is the Least Common Multiple sought. 

For every common multiple of a and 6 is a multiple of m 
(Art. 115) ; therefore every common multiple of o, 6, and c is 
a multiple of m and c; also every multiple of m and c is a mul- 
tiple of a, 6, and c; consequently the Least Common Multiple 
of m and e is the Least Common Multiple of a, 6, and e. 

[Ex. Required the Least Com. Mult. of a?'-o*a?-aa?*+aS 
•»* - o% and a^4- a'o? — a^a? - a*. 

Here aofi + a'^ - oW- a^ « ä (a?' + a*^ — öd?*- a') ; 

.*. to find the c. c. m. of this quantity and the first, reject the 
factor a ; 

- 0*0? - aa?*+ a^) a^+ d^w - ao? - a^ {\ 

ap — a^m --aa^-^c? 



2a* 0? - 2a* =s 2a* (^r - a) 
d? - a^ ar*- a*a? - aa?*+ a* (a?* - a* 



— a^x + a' 

— a*ct? + a^ 



0? - a is the o. c. m. of the first and last of the proposed 
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quantities ; and their least com. mult. is 

{aa?-{' a^w - a^x^^a*) (a?*- a*) (l). 

The other quantity is 

(o^+a^) (o^-a«) (2), 

The G.c.M. of (1) and (2) is (.r* - a*) x the o, c. m. of 
aa^ + a^w - a*^ - o* and a^ + a*. Rejecting the factor a in the 
former quantity. 



.•. the o. c. M. of (1) and (2) is {ofi + a") (/»^ - a*) ; 
»'. least com. mult. required is 

or oo?* - a^w^ - a'o? + a^ 



, 117. A more expeditious method of finding the Least 
Cdtn. Mult« of any number of quantities in certain cases is 
that of resolving each quantity into its component factors, as 
foUows : — taking the last Example, 

(1) Ä?^- a^.a?- aa?*+ a^Ä a?*(j? — a) - a^(.i? - (i) 

(2) **-.«*=(«;»+ a*) (o?»- a«) «(.»*+ a«)(,r-a)(a? + 0). 

(S) aa^ + a^ci? - a^o?- - a* « aa^(a? - a) + a^ (a? - a) 

tas a (a7-+ a*) (a?- a). 

Now the G. c. M. of (2) and (3) is {oß^ + a^) (o? - a) ; 

.•. least com. mult. of (2) and (S) is a (j/*- «*).,, (4). 

Again, the g. c. m. of (1) and (4) is a?^- a^\ 

.*. least com, mult. required is a(.2?* - a*) (a? - 0), 

or aip' - a-^"* - a*tr + 0".]] 
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ADDITION AND SUBTRACTION OF FRACTIONS. 

118. If the fractioM to he added have a common de- 
nominatoTy their sttm is found hy adding the numerators 
together for a new numerator and retaining the common 
denominator. 

Thus T + 7 « — r — . This foUows from the principle laid 

0.0 

down in Art. 99* 

119. If the fractions have not a common denominator 
they must be transformed to others of the same value, which 
have a common denominator (Art. 111...11S), and then the 
üddition may take place as before. 

^ a c ad bc ad + bc 

b d bd bd bd ' 

^ ^ 1 1 a — b a-fft ^,^.^r;-^ 

Ex. 2. + = + — — -^%0'?./>v 

a + b a-'b a^'-b^ a^^-b' /^^ t-<7^\ 

a-b + a + h L- ' • - '\rt\ 



2a 



a^— br 



(O -i 



^ e af e af+ e 

Ex. 3. a+--; = -7+- = 



f f f f 
Here a is considered as a fraction whose denominator is 1. 



a-^b a-b Qa^-^b^ .o*+2a6 + -. 
a - 6 a + b a^^-b^ a^-b^ 

a^-2ab + V ^a^-^b^-^-a^+Qab + V-^-a^-^ab-irt? 



d'-W 



[Ex. 5. Required the sum of 



and 



a^ ^ ai^jf. ,r + 1 it'- »r'*+ o?'- 1 

4 — 2 
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By Art. 114 or Art. 117 the Least Com. Mult. of the de- 
nominators is found tohe a/^^l; therefore the sum required is 



w — 


1) S(^+]) 
1 co^'-X. 


2w 


-2 +Sa? + S 




• 


5x 

0?* 


^•3 



120. If two fractions have a common denominator^ 
iheir difference is found by taking the difference of the nu-^ 
meratora for a new numerator and retaining the common 
denominator. 

Thus 7 - r =• —. — • (See Art. 99.) 
b b b ^ 

121. If they have not a common denominator, they must 
be transformed to others of the same value, which have a com- 
mon denominator, and then the subtraction may take place 
as before. 

-^ a c ad bc ad — bc 

b d bd bd bd ' 

_, cd ab cd ab -cd '* 

Ex.2. a--^-y--^--^. 

^ a c-\-d ac-^ad bc + bd ac—ad-bc'^bd 

Ex. 3. — s= Ä . 

b c-d bc-bd bc-bd bc — bd 

The sign of 6d in the numerator is negative, because every 
part of the latter fraction is to be taken from the former. 

+ 6 a-6 o^+2oi + 5* a^-Qab + b^ 
a- b a-^ b a^-b''' a^-^b" 

a'+ ^ab + 6*- a*+2a6 -6' 4a6 

a* —b* a^^b'^' 
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MULTIPLICATION AND DIVISION OF 

FRACTIONS. 

122. To multiply a fr actum hy any quantity muU 
Hply the numerator by that quantity and retain the deno^ 
minator. 

Thus - X c « ~- . For if the quantity to be divided be c 



times as great as before, and the divisor the same, the quotient 
must be c times as great. 

123. Coli. 1. -xfte:—-««; that is, if a fraction be 



multiplied by its denominator, the product is the numerator. 

124. Cor. 2. The result is the same, whether the nu- 
merator be multiplied by a given quantity, or the denominator 
divided by it. 

ad 
Let the fraction be 7— , and let its numerator be multi- 

bc 

. ade 'ad 
plied by c, the result is -- — , or — (Art. 101), the quantity 

which arises from the division of its denominator by c. 

126. The product of ttoo fr actione is found by multi- 
plying the numerator» together for a new numerator^ and 
the denominator» for a new denominator. 

_a,c n > . a c ac _ .^ 

Let - and - be the two fractions ; then -r x - = — - . For if 
b d b d bd 

- =.r, and -3 =yj by multiplying the equal quantities, and <r, 
b d b . 

by 6, a^boß (Art. 81); in the same manner, c^dy; there- 

fore, by the same axiom, ac = bdwy; dividing th^se equal 

ac a c 

quantities, ac and bdxy^ by 6d, we have --- = a?y » -x - , 

bd b d 

(Art. 82). 

126. To divide a fraction by any quantity multiply 
the denominator by that quantity^ and retain the numerator. 
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rill ä» . öf,, ,,-- .0 T»" ^ ^^ 1 

1 he fracUon - divided by c ig — . Becausc - *: 7- ^ and 

b '' hc b bc 

(t ' 
a c*** part of tliis is 7- ; the quantity to be divided being a 

0^^ part of what it was before^ and the divisor the same. 

127- CoE. The result is the same, whether the denomi- 
nator is multiplied by the quantity, or the num^rator divided 
by it. 

de 
Let the fraction be 7-; ; if the denominator be multiplied 

by c, it becomes V-3- or — - , the quantity which arises from 
•^ bac bd 

the division of the numerator by c. 

128. To divide one fraction by another invert the nu-- 
meraior and denominator of the divisor, and use ii as a 
multiplier according to the rule for multiplication. 

fJL Q 

Let T and r: be the two fractions, then 
6 d 

a c ad ad 
b * d b c bc* 

tL C 

For if -- s cßy and 3 = y« then as in Art. 125, a s &<r, and 
b d ' 

c = dy; also ad^bdw^ and bc^bdy; therefore by Art« 92^ 

ad bdoß X a c 

^^ ^^ ^^ > ^^ 

bc bdy y b ' d' 

129. The rule for multiplying the powers of the same 
quantity (Art. 90), will hold when one or both of the indices 
are negative. 

1 a* 

Thus a"'xa""aa'"""; for o"'xa""«a'"x— (Art. 64.) = — 

sa a*"*"; in the same manner ar*x ar~* * "U = ": = ^"'• 

et/ Or 

Again, a*'"xa~"=a"*'""*""^; because 

a-*x a"»« _ X — (Art. 64.) = -~- « a"^'"+"\ 
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130. Cor. If m « n, a"»xa"*« a*""« a®; also aJ^na^"* 
= — = 1 ; therefore a® = 1 ; according to the Dotation adopted 
(Arts. 62,. 64..) 

131. The rule for dividing any power of a quantity by 
any otber power of the same quantity (Art. 96.) holds, whether 
those powers are positive or negative. 

Thusa•-^a-•aa"^ -^ (Art. 64), - »"•xa*- a*+". 

Agam, a-" ^ a""« — -f- — « — (Art. 128.) « o«-« (Art. 

a"^ d^ a"* 

132. Cor. Hence it appears, that a factor may be trans- 
ferred from the numerator of a fraction to the denominator, and 
^ice versäj by changing the sign of its index. 

Thus -- — » ; . and — -- = — ; « ä^.a'\b-P. 

bP bPa-"* ä^b^ b^ 

INVOLUTION AND EVOLUTION. 

133. If a quantity be continually multiplied by itself, it 
is Said to be involved, or raised ; and the power to which it is 
raisßd is expressed by the number of times the quantity has 
been employed in the multiplication. 

Thus axa, or a*, is called the second power of a; axaxa, or 
a\ the third power; axa ...to n factors, or a% the n^ power. 

134. If the quantity to be involved be negative, the signs 
of the even powers will be positive, and the signs of the odd 
powers negative. 

For — öx-a SB a^; - ox- «x — a = — o', &c. 

135. A simple quantity is raised to any power by multi« 
plying the index of every factor in the quantity by the ex- 
ponent of that power, and prefixing the proper sign determined 
by the last article. 

Thus o* raised to the n^^ power is «"*'•; because a'^xa^x a"*... 
to n factors, by the rule of multiplication, is ä 



m+m + &c. tontenns 

5 
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er a*^; also (06)"« abxabxabxkc, to n factors» or anaxa.,» 
to n Factors x6x6x6...to n factors (Art. 87) = a*xb*\ and a^lPc 
raised to the fifth power is a^*^6'*c*. Also — a^ raised to the 
n^ power is ± «*"; where the positive or negative sign is to be 
prefixed, according as n is an even or odd number. 

[This last rule is algebraically expressed thus, 

(-a'")»«(-l)«.a"".] 

136.. If the quantity to be involved be a fraction, both 

the numerator and denominator must be raised to the proposed 

/a\ • a* 
power (Art. 125). Thus (-j « ~. 

137* If the quantity proposed be a Compound one, the in- 
Volution may either be represented by the proper index, or it 
may actually take place. 

Let a +•& be the quantity to be raised to any power. 
a + b 
a +b 



a*+ ab 

(a + by or a^+ 2ab +6* the square, or 2** power, 
a + 6 



a^+ 2a*5 + at^ 
+ a^b + 2a6* + 6^ 



(a + 6)' or a^+ Sa^b + 3ab^ + 6^ the 3^ power. 
a +b 

a*+3a''b-\-3a'b^'^ab'' 
+ a^b -^Sa^b^ + Sab^ + b* 



(a + 6)* or a* + ^a'fc + 6a* 6* + 4afe^ + fc* the 4*** power ; 
and so on for any higher power. 

If b be negative, or the quantity to be involved be a — fc, 
ivherever an odd power of b enters, the sign of the term will be 
negative (Art. 134), 
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[Hence (a-^by ^a* - 2ab + V^ 

{a-by - o' - Sa^'b + 3ab^ - V 
(a-6)* - a* - 4a«6 + ea^ti" - 4a6' + 6*.] 
(See Note 5. Appendix i.) 

138. EVOLUTION, or the extraction of roots, is the 
method of determining a quantity which raised to a proposed 
power will produce a given quantity. 

139. Since the «* power of a" is a"", the n^ root of a"» 
niust be o* ; that is, to extract any root of a Single quantity, 
we must divide the index of that quantity by the index of the 
root required. 

140. When the index of the quantity is not exactly divi- 
sible by the number which expresses the root to be extracted, 
that root must be represented according to the notation pointed 
out in Art. 69. Thus the Square, cube, fourth, n"*, root of 
a* + a?*, are respectively represented by 

the same roots of — -, or (a' + a?*)"', are represented by 

141. If the root to be extracted be expressed by an odd 
number, the sign of the root will be the same with the sign 
of the proposed quantity, as appears by Art. 134* Thus 

V^ is 2 ; \/^ is - 2 ; 8ec. 

142. If the root to be extracted be expressed by an even 
number, and the quantity proposed be positive, the root may 
be either positive or negative. Because either a positive or 
negative quantity raised to such a power is positive (Art. 134). 

Thus \/a^ is ± a ; \/(a + ^)® is * st (a + a?)* ; &c. 

143. If the root proposed to be extracted be expressed 
by an even number^ and the sign of the proposed quantity be 
negative, the root cannot be extracted ; because no quantity 
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raised to an even power can produce a negative result. Such 
roots are called impossible. 

1 44. Any root of a product may be found by taking that 

root of each factor, and multiplying the roots, so taken, toge- 

ther. 

1 i 1 
Thus (a6)'* = a'>xfe'»; because each of these quantities, 

raised to the 7i!^ power, h ab (Art. 135). 

i i 1 
CoB. If a = 6, then a" x a" = a** ; and in the same man- 

ner a^xa"«» »* • (See Note 1. Appendix i.) 

145. Any root of a fraction may be found by taking that 
root of both the numerator and denominator (Art. 136.), that 
ig, the root of the numerator for a new numerator, and the 
same root of the denominator for a new denominator. 

Thus the cube root of — is ti» ov a3xo"i^; and 

0* 6t 




I 1 

or a'*x 6 ^. 



« a" ^ ^ 



— \ 9 

146. To eoßtract the Square root of a Compound quantity. 

Since the square root of a^ + 2a6 + 6^ is a 4- 6 (Art. 137), 
whatever be the values of a and ft, we may obtain a general 
rule for the extraction of the square root, by observing in what 
manner a and b may be derived from a^ + 2a& + 6^. 

Having arranged the terms a* + 2a6 + 6' Ca+ 6 

according to the dimensions of ^8 

one letteTj «, the square root of ■ 

the first term, a\ is a, the first 2Ä+6;2a6 + V" 

term in the root; subtract its 2a6 + 6* 

Square from the whole quantity, ""^^ '^ 

and bring down the remainder 

2a6 + &^; divide 2a 6 by 2 a, and the result is 6, the other 

term in the root; then multiply the sum of twice the first 

term and the second, 2a-^b, by the second, 6, and subtract 

this product 2a6 + 6^, ft'om the remainder. If there be roore 

terms, consider a + 6 as a new value of a ; and its square, that 
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IS, a^ + 2ab •¥ 6®, having, by the first part of thfc process, been 
subtracted from the proposed quantity, divide the retnainder 
by the double of this new value of a, for a new term in the 
root ; and for a new Subtrahend, multiply this term by twice 
the sum of the former terms increased by this term. The 
process must be repeated tili the root, or the necessary ap« 
proximation to the root, is obtained. 

Ex. 1. To extract the square root of a* + 2ab + 6^ + 2ac 
+ 26c + c*. 

Having arranged the terms of the proposed quantity ac* 
cording to the dimensions of one letter, a, it becomes 

a^ + 2 (6 + c) a + b^ + 2bc + c*, 
Hence, foUowing the rule, we have 



a^ + 2(6 + c) a + y + 260 + 0^ [a + (6+c) 



a^ 



2a + (b + c)j 2(6 + c)a + 6^ + 2ftc + c^ 

2(i + c)a +6^ + 260 + 0^ 

' ■ " ■ ■ ■ ■ ■ r - 1 1 ■ ■ I I II I ^^^^_^_^^_ 

♦ * ♦ ' 

.*. a + 6 + c is the root required, 

Ex. 2, To extract the square root of a^ - aa? + — . 



a»- 


aoß + 


IT 


«« 






ID\ 




a» 


iJ- 


acß + 


4 




acß + 


4> 



ar ( OS 
-— \a — 
4 V 2 



,"•. a - - is the root required. 
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Ex» 5. To extract the Square root of 1 + .v 

«2? (v 

l+a?(l+ +&C. 



l w ar 

w 1 + 

\ 2 8 



1 



2 + 



2 + / 



x\ 

-\ w 

27 

^^4 


8 "*'64 


• 


d7^ af" 

et? 

8/ 4 

4 






-_ &c. 

8 64 

•• 





*• 2 4 288 64 

and so on ; \l x be of such a magnitude that each of these suc- 
cessive quantities uiider the root difiers from 1 + ^ less than 

the preceding one, the continued series of terms 1 + 

2 o 

+ — *- &c. will be an approximation to the true root of 1 + a? ; 
16 

that is, the more terms of the series are taken, the less will 
their sum diifer from the Square root of 1 + x. And, since 
it is evident that no expression whatsoever, simple or Com- 
pound, multiplied into itself, can produce 1 + <r, therefore an 
approximation to the root is all that can be required. 

But if X be not of such a magnitude as is here supposed, 
then it is clear that the Operation performed upon l-\-a leads 
to a result which is not even an approximation to its Square 
root, because as more terms of that result are taken and squared 
we obtain a quantity which recedes farther and farther from 
l +x, Its proper interpretation, in this stage of tbe subject, 
cannot well be given, and must be deferred. 
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Cor. If the approximate Square root of any binomial, as 
a + by he required ; since a + b^a (l+^l; and therefore 

a 
Example, putting — in the place of Wj 



V 



a 2a 8a^ 



147- It appears from the second example, that a trino- 

mial, a' - fl jr + — , ia which four times the product of the first 

4 

and last terms is equal to the Square of the middle term, is a 

complete Square. 

148. The method of extracting the cube root is discovered 
in the same manner. 

The cube root of a^+3a^b + Sa6^+ 6^ is a + & (Arts. 137, 
138); and to obtain a + b from this Compound quantity, arrange 

the terms as before, and «^ + Sa^fr + 3a6« + 6M a + 6 
the cube root of the first 3 

term, 0% is a, the first 

term in the root ; subtract Sa^J 3a^b -^ Sal^+b^ 
its cube from the whole 3a^6 + 3a6^+6' 

quantity, and divide the 

first term of the remain- * 

der by 3 a% the result is b, the second term in the root ; then 
subtract 3a^b+ 3ab'+b^ from the remainder, and the mrhole 
cube of a + b has been subtracted. If any quantity be left, 
proceed with a + b as a new a, and divide the last remainder 
by 3 (a + 6)^ for a third term in the root ; and thus any num- 
ber of terms may be obtained. 

[Ex. To extract the cube root of 8.1?'+ Gwy^-^ IQa^y^y^. 
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Sa^^lZaf^) -l^ya^-^efw^^ 






,• 2a? - y IS the cube root required.]| 



SCHOLIUM. 

149. The rules above laid down for the extraction of the 
roots of Compound quantities are but little used in algebraical 
Operations ; but it was necessary to give them at füll length, 
for the purpose of investigating rules for the extraction of th^ 
Square and cube roots in numbers. 

The Square root of 100 is 10, of 10000 is 100, of 1000000 is 
1000, &c. from which consideration it follows, that the Square 
root of a number less than 100 must cpnsist of only one figure, 
of a number between 100 and 10000 of two places of figures, of 
any number from 10000 to 1000000, of three places of figures, 
&c. If then a point be made over every second figure in any 
number, beginning with the units, the number of points will 
shew the number of figures, or places, in the Square root. Thus 

the Square root of 4357 consists of two figures, the Square root 

of 56478». of three figures, &c. 

Ex. 1. Let the Square root of 4356 be required. 

^ Having pointed it accord- ^-^g röO + 6 or 66 

ing to the direction, it appears ^^^ ^ 

that the root consists of two 

places of figures ; let a + 6 be 120 + 6; 756 

the root, where a is the value or 126] 756 

of the figure in the ten's place, ~ 
and b of that in the unifs; 
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thcn is a the nearest Square root of 4300, whicli does not exceed 
the true root, this appears to be 60 ; subtract the Square of 60, 
(a*), from the given number, and the remainder is 756 ; divide 
this remainder by 120, (2 a), and the quotient is 6, (the value of 
6), and the Subtrahend, or quantity to be taken from the last 
remainder 756, is 126x6, {(2a +6) 5}, or 756. 

Hence 66 is the root requiredi 

It is said that a must be the greatest number whose squarc 
does not exceed 4300 : it evidently cannot be a greater number 
than this ; and if possible let it be some quantity, o?, less than 
this ; then since üb is in the ten^s place and 6 in the unit^s, icJrb 
is less than a; therefore the square of ^ +.5, whatever be the 
value of A, must be less than ar^ and consequently ^ + 6 less 
than the true root. 

If the root consist of three places of figures, let a represent 
the hundreds, and b the tens ; then having obtained a and h as 
beforey let the new value of a be the hundreds and tens toge- 
ther, and find a new value of 6 for the units : and thus the 
process may be continued when there are more places of figures 
in the root. 

IßO. The cyphers being omitted for the sake of expe- 
dition, the foUowing rule is obtained from the foregoing 
process. 

Point every second fJgure beginning ^^^ ^^^ 

with the unifs place, dividing by this ^ 

process the whole number into several pe- 

riods; find the greatest number whose 126^ 756 
Square is contained in the first period, j^q 

this is the first figure in the root ; sub- 

tract its square from the first period, and 

to the remainder bring down the next period; divide this 
quantity, omittipg the last figure, by twice the part of the 
root already obtained, and annex the result to the root and also 
to the divisor ; then multiply the divisor, as it now Stands, by 
the part of the root last obtained, for the Subtrahend. If there 
be more pöriods to be brought down, the Operation must be 
repeatcd. 
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Ex. £« Let the Square root of 611525 be required* 

611525 {JS2 
49 

148^ 1215 
1184 



1562J 3125 
3124 



1 remainder« 

[The remainder in this example shews that we have not 
obtained the number which is the ea^act Square root of the 
proposed quantity; but 782 is a near approximation to the 
Square root, being in fact the Square root of 611524; and 783 
is too greaty being the Square root of 613089.] 

161 . In extracting the Square root of a decimal, the point- 
ing must be made the contrary way, beginning with the second 
place of decimals, and the integral part must be pointed as 
before, beginning with the unit^s place : or, if the rule be ap- 
plied as in whole numbers, care must be taken to have an 
even number of decimal places, by annexing cyphers to the 
right (Art. 40); because, if the root have 1, 2, 3, 4, &c. decimal 
places, the equare must have 2, 4, 6, 8, &c. places (Art. 46). 

Ex. 3. To extract the Square root of 64*853. 



. • • 



64-8530 (^8-053 &C. 
64 



1605) 8530 
8025 



16103^ 50500 
48309 



2191 

[The remainder in this example appears to be great ; but if 
the decimal point were retained throughout the Operation, it 
would easily be seen that its real value is very small, and that 
it becomes smaller for every figure that is added to the root.] 
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For every pair of cyphers wbich we suppose annexed to the 
decimal another figure is obtained in the root. 

[And in this and similar cases, when cyphers are added, 
the root can never terminate, Lecause no figure multiplied by 
itself can produce a cypher in the iinits" place.] 

152. The cube root of 1000 is 10, of 1000000 is 100, &c. 
therefore the cube root of a nuniber less than 1000 consists of 
one figure, of any nuniber between 1000 and 1000000, of two 
places of figures, &c. If then a point be made over every 
third figure contained in any number, beginning with the units, 
the number of points will shew the number of places in its 
cube root. 

Ex. 1. Let the cube root of 405324 be required. 



• • 



405224 (JO + 4 
a^ «= 343000 



3«*B 14700J 62224 the first remainder. 

58800 = 3 a^ft 

3360 ^Sab^ 
64 -6^ 



62224 Subtrahend. 



By pointing the number according to the direction, it ap- 
pears that the root consists of two places ; let a be the value of 
the figure in the tens^ place, and b of that in the units\ Then 
a is the greatest number whose cube is contained in 405000, that 
is, 70 ; subtract its cube from the whole quantity, and the re- 
mainder is 62224; divide this remainder by Sa^, or 14700, and 
the quotient 4, or 6, is the second term in the root: then 
subtract the cube of 74 from the original number, and as 
the remainder is nothing, 74 is the cube root required. Ob* 
serve that the cyphers niay be omitted in the Operation ; and 
that as a^ was at first subtracted, if from the first remainder 
5a*6 + 3a&* + 6^ be taken, the whole cube of a + 6 will be taken 
from the original quantity. 

5 
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153. In extracting the cube root of a decimal care must 
be taken that the decimal places be three, or 8ome multiple of 
three, before the Operation is begun, by annexing cyphers to 
the right (Art. 4<0) ; because there are three times as many deci- 
mal places in the cube as there are in the root (Art. 46). 

Ex. 2. Required the cube root of S11897*91- 

31 i 897-910 (67-8 
2l6... =o' 



Sa*« 108..^ 95897 first remainder. 

756.. =Sa*6 
882. ^Sab^ 



84763 Subtrahend. 



Sa*= 13467..^ 11134910 second remainder. 

The new value of a is 670, or, omitting the cypher, 67; and 
Sa^j the new divisor, is 13467.. hence 8 is the next figure in the 
root; and 

107736.. TnSdJ^b 

12864. ^Sah^ 

m 

512 = 6^ 



10902752 Subtrahend. 



232158 the third remainder. 



It appears from the pointing, that there is ohe decimal place 
in the root; therefore 67*8 is the root required nearly. If three 
more cyphers be annexed to the decimal, another decimal place 
is obtained in the root ; and thus approximation may be made 
tö tbe trüe root of the proposed number to any degree of 
aeeuracy. 

154. Since the first remainder is 3a*b + SaV+Vy the 
exact value of 6 is not obtained by dividing by 3 a*; and if up- 
on trial the Subtrahend be found to be greater than the first 
remainder, the value assumed for b is too great, and a less 
number must be tried. 
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The greater a is with respect to ft, the more nearly is the 
tFue value obtained bjr division ; [for the firdt remainder divided 

by 3a^ gives 6 + — + — r for the quotient; and if this be a- 

a 3a 

dopted for 6, the error = *- + — ^ , which for a given value of 

h IS evidently less as a is greater.] 

[155. In extracting the Square or cube root of a vulgär 

fraction the ruie stated in Art. 145 may be followed ; but it is 

generally preferable to convert the vulgär fraction into a deci- 

mal, and then extract the root. 

11 
Thu9 let the cube root of 5^ , or — be required. 

Now, if the rule of Art. 145 be applied to this case, the 
cube root of 11, and the cube root of 2, must be found to a 
certain number of places of decimals, and then the long division 
of the one root by the other must be effected : whereas, if 5^ 
be, first of all, converted into a decimal, viz. 5'5^ one single 
extraction of the cube root completes the whole process.] 

156. In extracting either the Square or cube root of any 
number, when a certain number of figures in the root have been 
obtained by the common rule, that number may be nearly 
doubled by division only. (See Note 6. Appendix i.) 



SÜRDS. 

157« • A rational quantity may be reduced to the form of 
a given surd by raising it to the power whose root the surd 
ewpresses and ajffiwing the radical sign, 



a ' — "» 



Thus a = y/a\= v «^ &c. and a + cT = (a + .a?)"» * 

In the same manner, the form of any surd may be altered; 

thus (a + w)l = (a + o?)* = (a + ^)S &c. The quantities are here 
raised to certain powers^ and the roots of those powers are 
again taken ; therefore the values of the quantities are not 
altered. 
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158. The coefficieni of a aurd may be introdttced under 
the radical sign hy ßrat reducing it to the form of the aurd^ 
and then muUiplying according to Art. 144. 

Exs. a \/w SS \/c^ X \Ar = y/ c?iß ; 

ay^^a-^ ai)i = {ar x (a - a?y } J ; 
4 \/2 = \/l6x2 = \/i2 . 

169. Conversely^ any qiiantity may he made the coejfficient 
of a aurd^ if every part under the aign be divided by thia 
quantity raiaed to the power whoae root the aign eivpreaaea. 



Thus \/a* - aoB « a-J \/a - aj ; ^/a? - a^w «= a\/a -«a?; 
(a'-cr')«««« f 1 -~j ; Veo = \/4 X 15 = 2 \/l5 ; 



ADDITION AND SUBTRACTION. 

160. When aurda have the aame irrational part^ their 
aum or difference ia fm^nd by affixing to that irrational part 
the aum or difference of their coejicienta. 

Thus a\/cr±6\/^sr(a±6)\/.^; lOy/s^Sy/s^Uy/Sj 
or Sy/s. 

[If the proposcd surds have not the same irrational part, 
they may sometiraes be reduced to others which have, by Art. 
159. Thus, 

Let the sum of y/sa^b and y/sb be required. 
Since y/sd^b = y/1? x ^/s^ = a \/i6, therefore 
y/sä'h + y/^b « a y/Tb + y/sb = (a + 1) \/s6. 
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If the proposed surds cannot be reduced to others which 
have the same irrational part, then they must be connected 
together merely by the signs + and - ,] 



MÜLTIPLICATION. 

161. If two surds have the same indeiCj their product is 
foUnd by taking the product of the quantities under the signs 
and retaining the common indew* 

Thus V ax V6 = a« X 6« « (aft)« (Art. 144) = \/ab. 
\/ix\/3 = -v/ß; (a + 6)ix(a-6)l= (««-fes^j. 

y/a + d? X \/ a — oo = y/d^ — sf. 

162. If the surds have coefBcients, the product of these 
coefficients must be prefixed. 

Thus ay/w xby/y :=i ahy/wy, 

163. If the indices of two surds have a common de- 
nominator^ let the quantities be raised to the powers ewpressed 
by their respective numerators^ and their product may be 
found as before, 

Ex. 2* X Si = SJ X SJ = (24)i ; 

also (a + ir)i X (ä - x)i « { C^ +. *') (a - ^Y} ^• 

164. Ifthe indices have not a common denominator, they 
may be transformed to others of the same value with a common 
denominatorj and their product found as in Art. 163. 

Ex. (a^ - LV^)i X (a - ,v)i = {a^ - «a?®)* x (a - ci?)l 

= {(o«-a^)x(a-a?)2}i; 

again 2« x 38 = 2? x 3? = (8 x 9)ä = (72)« . 

165. Iftwo surds have the same rational quantity under 
the radical signs, their product is found by making the sum 
of the indices the indew of that quantity <, 
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m n . . m-fn 

nin • 



Thus V ö X a/ö « ß" X a« s= a*»« x a*»» (Art. 157) j = <» 
(See Art. 144, and Note 1. Appendix i.) 

Ex. \/i'<V^=2« + 8 = 28. 



DIVISION. 

166. If the indices of iwo qi$antitie» havß a common de^ 
nominator^ the quotient of orte divided by the other is obtained 
hy raising them respectively to the powere expressed by the 
numerators of their indices^ and ewtracting that root of the 
quotient which is expressed by the common denominator. 

LI 25 1 1 

For - - (t) ; and — - ^ - -) (Art. 145.) 

5n ^pp^ü \^ 



j^ .b) ' A ,.„.1 \bP) 



2 



167t Tf the indiees have not a common denominator^ 
reduee them to others of the same value with a common de^ 
nominatorj and proceed aa before. 

Ex. (a^ - 0^)1 -T- (a' - a^)^ = (a' - 0")^ -r- («' - a?«)! ^ 

(d«-a?*)')i 






168. If two surds have the säme rational quantity under 
the radical sig^is^ their quotient is obtained by mdking the 
difference of the indices the index of that quantity. 



m 



Thus a^ divided by a'», or «"*'* divided by a"»« (Art. 157), 

m 

that is -^, is equal to a"^^; because thesie quantities, raised 

gmn 

to the power mn, produce equal results — and o"*"*. 



a" 



Ex. 2* -f- 28 = 28 -T* gJ » 2». 



INVOLUTION AND EVOLUTION. 

[169. Any power of a aurd Ufound by multiplying th4 
index of the aurd hy the number which ewpreases the power. 

170. Any root of a 8urd is found by dividing the indear 
öf the surd by the number which ewpressea the root. 

Thus V (va) = V a* « a»»» ; because each of these 

i 
quantities raised to the m^^ power will produce a». 



It will be Seen that the rules bitherto required for the 
management of surds are simply those which apply to quan- 
tities raised to powers expressed by Fractional Indices. See 
Note 1, Appeiidix. l.] . 

TRANSFORMATION OF SÜRD& 

[171* Having given a quantity containing quadratic 
surdSf to ßnd another quantity whichy multiplied into the 
formeTy shall produce a rational result. 

1. If the given quantity be a simple surd, as S\/a, the 
DEHiltipIier required is\/a, which gives the product Sa, a 
rational quantity. 

Sk If the given quantity be a binomial surd, as * \/a + \/S, 

then the multiplier required is \/a — \/&, and the {N*oduct is 
« — 5. 

3. If the quantity be a trinomial, as \/a + y/b + \/c, 

first multiply by \/ a + \/b — \/c, which gives {\/a + y/bY 

— {y/cY, or a + 6 — c + 2\/ab. Next multiply hj a + b ^c 

- 2 \/abj and the product is (o + 6 — c)* - 4a6. Therefore the 
multiplier required is {y/u + \/ 6 ^ V^c )x(a + 6-c — 2 ^/ab) . 

The use of this proposition is to enable us wlthout 
muQh labour to find the values of • fr^tions which have 
irrational denominators. Thus, suppose the actual value of 

— ^ y= were required to. 7 places of decimals ; if we 

VS+V2 
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were to proceed to extract the square roots of 2 and 3, and 
divide 1 by the sum of tbose roots, the Operation would be 
long and troublesome. But if we first multiply the nume- 

rator and denominator by \/3 — vSj ^^^ fraction becomes 
" or v3 — vS; and we have simply to extract the 

Square roots of 3 and 2 and subtract the one from the other, 
by which the long division is entirely avoided. 



So also -5-7= = 



and 



.- 1 r^ ,y 



each of which fractions is thus much simplified for purposes of 
calculation. 

Again, = -7-?= 5-== — jjsr- ; but the fonner 

quantity is in a simpler form than the latter. 
More generally, 

173. Required the multiplier which will rationalixe any 
binomialy one or both of its terms being irrational. 

1 . Let Of A-y represent the binomial, a; and y being, one or 
both, irrational, and let m be such a number that «r*" and y" are 
both rational, that is, let m be the Least Com. Mult. of thq 
denominators of the indices of the binomial ; then since 

vhere the uppcr or lower sign is to be taken, according as m is 
odd or even, the rationalizing multiplier required is 

2. Let ^ — y be the binomial, and m as before, then since 

^ - y" = (^ -y) • {^'^ + o^'^^'y + ••• + A'y«"* + y"»-^), (Art, 99- 
Ex. 5.) 

therefore the rationalizing multiplier is 

x"'^ + aT'^y + ... + .ry'"""^ + y*""'. 
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Ex. Find the multiplier which will rationalize \/s - v^ 
Here m^G^ the Least Com. Mult. of 2 and 3, 
'• mult. req^ - (1/5)*+ (x/5)*x ^% + (\/i)% {^%' 

- 25\/5 + 25 v^6 + 5 \/5 x (v^)*+ 30 
+ 6\/5xV^+6(v^6)'.] 



173. The Square root of a quantity cannot be partly 
rational and partly a quadratic aurd. 

If possible, let \/»»aH-\/m; then, by squaring these equal 
quantities, n^a^-\-2ay/m+my (Art. 81); and 2av wi=n-a*-ni, 

(Art. 80) ; therefore y/m = , (Art. 82) a rational 

SS a 

quantity, which is contrary to the supposition. 

174?. If any two quantities^ which are partly rational 
and partly quadratic surdsy be equal to one another^ the 
rational parte of the two are equal y and also the irrational 
parts. 

Let x + y/y = a + y/b, then üb ^ a^ and y/y«^\/b\ for 

if (D be not equal to a, let ^r =s a + wi ; then a + m ^^ \/y = a 

+ V^Ä, or m + x/y « \/b ; that is, Vo is partly rational and 
partly a quadratic surd, which is impossible (Art. 173); there- 
fore a? = ff, and consequently also \/y = vfc. 

175. If two quadratic surds \/x and vy cannot be re^ 
duced to others which have the same irrational part, their 
product is irrational, 

If possible, let ^/wy = ra*, where r is a whole number or a 

fraction. Then xy = t^a^^ and ya^^r^a^; therefore y/y^r\/~x^ 

that is, y/y and \/w may be so reduced as to have the same 
irrational part, which is contrary to the supposition. 
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.176. One quädratic surd, \/xy cannot be made up of 

two otherSf y/xn and v», wbich have not the eame irra- 
tional part 

If possible, let \/x = vwi + ^/n; then by squaring these 

equal quantities, ^ » m + ^ + S s/mn^ and ^ — m - n » 2 \/mn 
a rational quantity equal to an irrationatone; which is absurd. 

177« ^Äö Square root of a binömialy one of whose terms 
is a quädratic stird, and the other rational, may sometimes 
he expressed by a binomial, one or both of whose terms are 
quädratic surds. 

[Since (v 0? ± y/yY = «j? + y ± 2 \/^y> if any proposed bi« 
nomial surd can be put under the form (^ + y) «t 2 \/wy its 

Square root is \/af =t v y. Now, to . do this, take the term 
which contains the surd, and if it can be put into factors 

2 v^ X vy in more ways than one, take that pair of factors 
for which the sum of w and y is equal to the whole of the 
terui in the proposed binomial which is rational. The Square 

root required is \/a? ± v y, + or — according as the sign of 
the surd in the proposed binomial is + or — . 

Ex. 1. Required the Square root of 3 + 2 \/2. 

Here 2 y/2 = 2 V^ x \/l ; 

also 2 + 1 « 3 ; 

.*. the root required is 1 + \/2. 

Ex. 2. Required the square root of 7 - 2 v 10. 

Here 2 -x/lO = 2\/5 X \/2, 

also 5 + 2 = 7; 

.'. root requirpd is \/5 - v 2. 

Ex. 3. Required the square root of 2.2? + 2 \/a?*- 1. 

Here 2 vV' - 1 «= 2 ^/tV + 1 x \/«r- I, 
also a? + l+a?-l = 2a7; 

/. root required is \/w + 1 + y/w — 1. 
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Ex, 4. Required the Square root of 7 + v 13. 

Here \/li « 2 V — = 2 V — x V-, 

, 13 1 
also — + - = 7 ; 
2 2 

. . \/li+l 
.'. root required is =~ . 

[A more general method of extracting the roots of irrational 
expressions will be given hereafter.] 

IMAGINARY OR IMPOSSIBLE QÜANTITIES. 

[178. If an expression appear under the form v*- a, this 
indicates an impossibility ; for it signifies the Square root of a 
negative quantity, which has no existence, since there is no 
quantity, positive or negative, which, being multiplied by it- 
self, gives a negative product. It is evident, therefore, that if 
such Symbols are admitted into calculations, they may require 
special Rules for themselves, and some care in the application 
of those Rules. And it must be borne in mind, that they are 
mere symbols, and not expressions of quantity. 

We must observe especially, if we do meet with such im" 

aginary quantities, that the product of \/— a x y/ — a does 
not foUow the rule given in Art. I61, but that it is - a, because 

it is that quantity whose square root is \/— a. Also similarly 

V -ax\/-^ isnotv -ax -6, orv a6, butitisv^ax/x/-!. 

\/6x\/^, or s/ahx. (v - l)^ that is, - \/a&*.] 

Cor. Hence (<» - a + \/-~^0 x (^ - « + yZ-b^) 

* [The Student is recommended to have as little as possible to do with imaginary, 
quantities, that is, with quantities which have no meaning either as toyiumber pr 
magnitude. He need not wonder that difiiculties are likely to be introduced by the 
use of them, when he considers that \ —d signifies an Operation to be performed 
which is absolutely impossible. Any discussion upon the interpretation which may 
be given to such symbols, and the uses to which they may be applied, would be 
quite out of place in an Elementary Treatiae like t)i9 present.] 
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SIMPLE EQUATIONS. 

179. If one quantity be equal to another, or to nothing, 
and this equality be expressed algebraically, it constitutes an 
£quation, 

Thus 0? — a = 6 — a?isan equation^ of which a? — a forms 
one side, and 6 - ^ the other. 

180. When an equation is cleared of fractions and surds, 
if it contain the first power only of an unknown quantity, it is 
called a simple equation^ or an equation of one dimension : if 
the Square of the unknown quantity be in any terra, it is called 
a quadratic^ or an equation of two dimensions ; and in general, 
if the index of the highest power of the unknown quantity be w, 
it is called an equation of n dimensions. 

[To solve an equation is to find the value of the unknown 
quantity or quantities which will satisfy the equation.] 

181. In any equation quantities may he transposed 
from one side to the otker^ if their signs be changedy and 
the two sides will still be equal. 

Let iV 4- 10 B 15, then by subtracting 10 from each side, 
j? + 10 - 10 = 15 - 10 (Art. 80), or 0? = 15 - 10. 

Let o; — 4 = 6, by adding 4 to each side, (Art. 79) 

^ — 4 + 4« = 64-4, or,r = 6 + 4. 

If<r — a + &»y; adding a — 6 to each side, 
a?-a + 6+a — 6 = y + Ä-6; orir = y + a — 6. 

182. Coli. Hence, if the signs of all the terms on each 
side be changed^ the two sides will still be equal. 

Let 0? — a = 6 - 2a?; 

by transposition, -6 + 2a? = -a? + a; 

or a — 0? = 20? - 6. 

183. If every term, on eax)h side be multiplied by tlie 
same quantity^ the results will be equal (Art. 81). 
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184. Cor. An equation may be cleared of fractions, by 

multiplying every term successively by the denominators of 

those fractions. 

5tr 
Let 3.T+ — ä34; 

4 

multiplying by 4, 12^ + 5^ = 136. 

An equation may be cleared of fractions at once, by multi- 
plying both sides by the product of all the denominators, or by 
any quantity which is a multiple of them all. 

Let - + - + - = 13 ; 

2 3 4 

multiplying by 2 x 3 x 4, 

3x4xtr-f2x4xa? + 2x3xa?ar2x3x4xlS, 

or l^üß + So? + 6a? s 312 ; that is, 26«r » 312. 

If the Least Common Multiple of the denominators be 
made use of, the equation will be in the lowest terms. 

Thus, if each side of the last equation be multiplied by 12, 
which is the Least Com. Mult. of 2, 3, and 4, the equation 
will become 

12<r l2iV 12cr 

+ + « 156; 

2 3 4 

or 6a? + 4a? + 3a? = 156; that is, 13a? «156. 

[186. To clear an equation of surds. 

An equation may be cleared of a surd by transposing the 
terms so that the surd shall form one side, and the rational 
quantities the other, and then raising both sides to that power 
which will rationalize the surd. 

Thus, if y/a + o? - 6 = c, by transposition \/a + o? - 6 + c, 
and a + 0? « (6 + c)*. (Art. 81). 

If the equation contain two surdsr, connected by + or -, 
then the same Operation must be repeated for the second 
surd. 
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Thus, if \/ö + 0? + \/»t? = 6, 

by transp. y/ a + j? = 6 — v^ 

squaring, a + ^ « 6* — 26 \/a? + /r 

by transp. 2 6 \/ üb ^V— a 
squaring, 46' a? = (6^ — o)% 

an equation in which the surds do not appear.] 

186. If each aide of an equation he divided by the 
same quantity, the results will be equal. (Art. 82). 

Let 17^ = 130; then a? = — = 8. 

17 

187- Jf ^dch side of an equation be raised to the same 
poweTf the results will be equal. (Art. 81.) 

Leta?i = 9; then a? = 9x 9« 81. 

Also, if the same root be extracted on both sides, the 
redults will be equal. 

Let Of SS 81; then ofi^Q (Art. 138). 

[188. A ^^ simple equation"" can have only one Solution; 
that iSf there can be but one value of the unknown quantity 
which satisfies it. 

For every " simple equation ^ with respect to the unknown 
quantity w can be reduced to the form aa? + 6 = 0. Now, if 
possible, let there be two values of of which satisfy thid equa- 
tion, viz. a and ß ; 

then aa + 6 s 0, 

and aß + 6 « ; 

.". aa — aß = 0, 

or a(a-/3) ==0. 

But a cannot be equal to 0, for then the proposed equation 
would be no equation at all with respect to /r, therefore a ^ ß 
a 0, or a ^ j3 ; tbat is, a and ß cannot be different values ; oi" 
there is only one value of of which satisfies the equation.] 
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189. To find the value of an unknoton quantity in a 
simple equation, 

Let the equation first be cleared of fractions and surds, 
then transpose all the terms which involve the unknown quan- 
tity to one side of the equation, and the known quantities to 
the other (Art. 181) ; divide both sides by the coefficient, or 
sum of the coefBcients, of the unknown quantity, and the value 
required is obtained. 

Ex. 1. To find the value of x in the equation 3^-5sa23-a?. 

By transp. Sa? + a? = 23 + 5, (Art. 181.) 

or 407 = 28 

28 
by division j? « — = 7. (Art. 186.) 

Ex. 2. JLet a?H «40? -17; required x. 

2*2? 

Mult. by 2, 2a? + .r - — = 8a? - 34. 
•^ 3 

Mult. by 3, 6a? + 3a? - 2a? = 24a? - 102 (Art. 184.) 
by transp. 6w + 3x -2w -^ ZA^x = — 102, 

or - 17a? = — 102 

1707= 102 (Art. 182.) 
102 



. • (' 



a? = - - = 6. 
17 



Ex. 3. — + — = c ; required a?. 
a X 

ba 
1 + — = ca 

X 



X ^-ha^ cax 
X — cax SS — ba 
cax — X = ba (Art. 182.) 
(co — l) 0? = 6a 

ba 



•*• X ^ ___^_ 
ca — 1 
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^ /T + 4 . - 

Ex. 4 5 = 0? — 3 ; required a\ 

55 -a? -4« llaf- 33 
55-4 + 33« ll»r + a' 
84 = 12a? 



84 
12 



_ 5ar-5 2.r-4 . . 

Ex. 5. .r + = 12 ; required w. 

2 3 ^ 

4.1? -8 

2ci? + ScT - 5 « 24 

3 

6»r + 9ic - 15 « 72 - 4a» + 8 
6af + ya? + 4a? « 72 + 8 + 15 

19^ = 95 

95 ^ 

,\ Of SS SS 5. 

19 

n^ n 7^+8 9^'P-12 3.t?+l 29-80? . - 

Ex. 6. ~ — ae ; required o?. 

^ 8 16 10 20 ^ 

Here the Least Com. Mult. of the denominators is 80, 
(Art. 21); therefore, multiplying both sides by this number, 

700! + 80 - 45a? + 60 « 24a? + 8 - II6 + S^a, 

70a? - 45a? - 24a? - 32a? = 8 - II6 - 80 - 6ö, 



-31a? = 


-248 




or 31a?« 


248 




.•. 0? « 


248 
's!" 


8. 



Ex. 7. y/a + 07 + \/a - w « 2 \/^; required o?. 
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2\/ad? — ^—0? 
4a^ — 4^«a ^ 
4a«v« So^ 

4a«> 5^ 
4a 
5 

Ex. 8. \/ a + W'^ \/a^ + 5 a.T + 6* ; required w. 
Haising both sides to the 2m^ power, we have 

(a + wy ^o^-^haw -^-V 
.or a*+ 20ir + «2?*= j;*+ 5aw -{- V 

3a ^ 

[190. A very useful formula in solving equations is the 
foUowing : — If a, b, c, d be any quantities whatever, and if 

a c - a + 6 c + d .a-fe c — d 

- = - , then « — --; and » . 

b d o — 6 c-^d a + b f+.o 

To prove this, 

a c 

b^d' 

a c 

••• 6 + ^ = d + '' 



or 



a + b c + d 



. . a € 

Agam--l---l, 

I 

a — 6 c — d 
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a + b a — b c + d c — d 



IT' 



a+b c+d 
or 



Cor. Hence also 



a- 6 c — d 
o — 6 c — d 



a + b c + d 

Obs. In the application of this formula to cases in which 
one side of the equation is a whole number, the whole number 
must be considered as a fraction with 1 for its denominator. 

It is also useful to express the formula in language. viz. 
that, ^^ if one fraction be equal to another, the sum of the nu- 
inerator and denominator divided by their difference, or the dif- 
ference divided by their sum, for one fraction, is equal to the 
same expression for the other fraction. 

«r + 2 7 
Ex. 1. •« -; required the yalue of w. 

By the formula, — = — , 

4 2 

or - = ; 
2 

.'. 07 « 12. 
Ex. 2. --p= -y *: - ; required (v. 

By formula, .^^ = L±_«, 

2vo-a7 l-a 



or 



a — a? l — a 

squaring the equal quantities, 

a ^ /l +ay 



or 



o - j? /l — a\* 
a "" \i + ay 
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or 1 ml — ) ; 

a \1 + aj 



w 1 — 2a + a* 

4a 



.'. X 



(1 + df ' 

4 a* 

(1 + ay 

V 0? + 1 + va? — 1 2 



By formula, g '— ^ • - ; 

V/p — 1 1 

a? + 1 

cubing the equal quantiües, « 27, 

/ü — 1 

by formula again, w^ — 

«te 1- 

N.B. As a general Ruie it is not adrisable to apply the 
formula when the unknown quantity occurs on hoth sides of the 
equation ; for if the one side be simplified by it, the other side 
will often be rendered more complex ; and so nothing be gained.] 
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191. If there be two independent simple equations in- 
volving two. unknown quantities, they may be reduced to one, 
which involves only one of the unknown quantities, by any of 
the following methods :•>*- 

First method. In either equation, find the value of one of 
the unknown quantities in terms of the other and known quan- 
tities, and for it Substitute this value in the other equation, 
which will then only contain one unknown quantity, whose 
value may be found by the rules before laid down. 
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> ; to. find X and y. 



Ex. w-^ y "> 10 

From the first equation of «a lo — y ; hcnce So? s 20 - Sy» 

by Substitution in the second 20 - 2y - 3y s 5 

20-5 = 2y + Sy 

15 = 5^ 

15 
^ 5 
Hence also a? « 10 - y = 10 - 3 = 7. 

Second method. Find an expression for one of the un- 
known quantities in each equation ; put these expressions equal 
to each other, and from the resulting equation the other un- 
known quantity may be found. 

Ex. J?+y = al^Ä, , 

, > ; to find w and y. 

bw + cy^dej 

From the first equation a^a ^y 

de — cy 
from the second bof «de - cy, and x = — - — 

de — cy 
.'.a-y — 

ha ---by «^de —cy 

cy -by^de — ba 

(c — 6)y=:dß — fta 

de — 6a 

Also a? = a - y ; 

de — ba 

aas a — 

c-b 

ca — ba — de + ba 
ca — de 
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Third method. If either of the unknown quantities have 
the same coefficient in both equations, it may be exterminated 
by subtracting or adding the equations, according as the sign 
of the unknown quantity, in the two cases, is the same or 
difTerent. 

Ex. /p + y B 15 1 ^ . 

> ; to find Of and y. 

By addition 2 jr « 22, and w^ll. (Art. 79). 
By subtraction 2y s 8, and 9^4. 

If the coefficients of the unknown quantity to be extermi- 
nated be different, multiply the terms of the first equation by 
the coefBcient of the unknown quantity in the second, and the 
terms of the second equation by the coefficient of the same un- 
known quantity in the first ; then add, or subtract, the result- 
ing equations, as in the former case. 

Ex. 1. 3a?-5y«13| ^ n . , 

> ; to nnd of and y. 

Multiply the terms of the first equation by 2, and the terms of 
the second by 3, 

then 6af - lOy = 26 
and 6<r + 21y = 243 

By subtraction 3ly = 217 



} 



217 
.% y = a 7. 

^ 31 
Also 3w -- 5y^ 13, 

or Sof --35^ 13, 

3a? = 13 + 35 = 48 

48 

.'. 07 B as 10. 

3 

Ex. 2. aaf+by^c\ ^ ^ , , 

_ > ; to find iV and y. 
mw^ny^ d) 

From the first maw + mby ^ mc 
from the second max - nay » ad 
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by subtraction (mb'^'na)y mmo-^ ad 

mc — ad 



•• y 



mb + na 



Again naof + nby = nc 



hj addition 



mbäf -* nby 



»6d 



w 



nc + bd 

nc + fid 
na + m6 



Ex. 3. Söß^By 2^ + y' 

- 4- 3 «= -..~__ 



2 



0? - 2y ^r y 

cf "*•• » ■ » ■— ■ nfe ^"^ ■•• ^ 

4 2 3 



» ; to find X and y. 



From the first 3a? - öy + 6 =; 



44r + 2y 



|5iir -« %&y -f 30 m 407 4- ty 
15d? - 4ir - 25y - 2y = - SO 



Uw-^ly^ -30 



From the second 



4^ 4y 4y 

32-a? + 2y» — + — =:2a? + — 
96 - 3.r + 6y = 6a? + 4y 

96 = 6a? + 3a? + 4y - 6y 



- 961 

= -30 j 



9«- 2y 
and IIa?— 27y 

hence 99 a?- 22 y = 10561 
and 99a? - 243y = - 270 j 

221y = 1326 

1326 

.-. ys 

^ 221 



»6. 
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Also 9*1? - 2y e» 96 
9a? - 12 = 96 

# 

9a? = 96 4- 12 = 108 

108 
.•. a? = — = 12. 

9 

192. If there be three independent simple equations, and 
three unknown quantities, reduce two of the equations to one, 
containing only two of the unknown quantities, by the preced- 
ing rules; then reduce the third equation and either of the 
former to one, containing the same two unknown qviantities; 
and from the two equations thus obtained the unknown quan- 
tities which they involve may be found. The third quantity 
may be found by substituting their values in any of the pro- 
posed equations. 

Ex. 2a? -f Sy + 4j2? « 16] 

3a? + 2y - $^ "= 8 > ; to find a?, y and z. 
5a?-6y + 3iJ?a» 6J 

From the first two equations 

6a ^9y^ 12« " 48 

6a? + 4y - 10«? = l6 

by subtr. 5y + 22« ss 32 

From the first and third, 

10a? + löy + 20««80 

10a? - 12y + 6af = 12 

by subtr. 27y + 14« = 68 
and 5y + 22«as32 

hence lS5y+ 70Är::»«340 
and 135y + 594!% = 864 

by subtr 524« = 524 

.•. «= 1. 



} 



} 
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Also 5y + 22i8f«S2 
that is, 5;^ + 22 s 32 

5y ^ 32 '- 22 ^ 10 

.'. y « — « 2. 

Also 2af + 3y + 4x ^16 
that is, 2(V + 6 + 4 o> i6 

2a? «16 -6-4 = 6 

The same method may be applied to any number of inde- 
pendent simple equations, in which the number of unknown 
quantities is the same as the number of equations. 

[For other methods see Note 7. Appendix i.] 

193. That the unknown quantities may have deiinite 
values, there must be as many independent equations as un- 
known quantities. When there are more equations than un- 
known quantities, the value of any one of these quantities may 
be determined from different equations; and should the values 
thus found differ, the equations are incongruous ; should they 
be the same, one or more of the equations are unnecessary. 
When there are fetver equations than unknown quantities, one 
of these quantities cannot be found, but in terms which involve 
some of the rest, whose values may be assumed at pleasure ; 
and in such cases the number bf answers is indefinite. Thus, 
ita + yr^ay then W'^a — y; and assuming y at pleasure, we 
obtain a value of of such, that /» + y ^ a. 

These equations must also be independent^ that is, not 
deducible one from another. 

Let <r + y » a, and 207 + 2y « 2a ; these are not independ- 
ent equations, since the latter equation being deducible from 
the former, it involves no difierent supposition, nor requires 
any thing more for its truth, than that /r + ^ » a should be 
a just equation. 

[It is sometimes, however, not easy to discover at once 
whether proposed equations be independent or not. Thus in 
the equations 
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er 4- Sy + 4ä = 9 

3iV - 2y + 17« = 25 

w + 14y — Äf =5 11 

it is not obvious at first sight that th$ third equation is derived 
from the other two. But by multiplying the first equation by 
4, and subtracting the second, the resolt is the third equation ; 
and accordingly the usual process, being applied to find a, y, », 
would certainly faih] 



PROBLEMS WHICH PRODUCE SIMPLE 

EQUATIONS. 

194. From certain quantities which are known to investi- 
gate others which have a given relation to them, is the business 
of Algebra. 

When a question is proposed to be resolved, we must first 
consider fuUy its meaning and conditions. Then substituting 
one or roore of the symbols w, y, z &c. for such unknown 
quantities äs appear most convenient^ we inust proceed as if 
they were älready determined, and we wished to try whether 
they answer all the proposed conditions or not, tili as many in- 
dependent equations arise as we have assumed unknown quan- 
tities, which will always be the case if the question be properly 
limited (Art. 193); and by the Solution of these equations the 
quantities sought will be determined. 

PjEiOB. 1. A bankrupt owes J twice as much as he owes 
B9 and C as much as he owes A and B together ; out of 
£300^ which is to be divided amongst them, what must each 
receive ? 

Let Of represent what B must receive, in pounds ; 
then 2 a? = what A must receive, 
and w + 2a?, or 3 j? = what C must receive ; 
amongst them they receive £300 ; therefore 

tV + 2cV + 3a? = 300 
6a? « 300 
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300 ^ , „ 

.-. 0? = --—- s 50£. what B must receive 
o 

2«r = 100£. what A must receive 
Sof 8 150£, what C must receive. 

Pbob. 2. To divide a line of 15 inches into two such parts, 
that one may be three fourths of the other. 

Let AfOff = the number of inches in one part, 
then 3.27 8 '. the other. 

7^ « 15, by the question, 
15 

7 

60 4 
Hence 4^? = — = 8 - , one part ; 

45 3 

3w ^ — « 6 - , the other. 

7 7 

Fbob. 3. KA can perform a pieoe of work in 8 days, and 
B the same in 10 days, in what time will they finish it to- 
gether ? 

Let X be the time required, in days ; and to the work. 

fV 

In one day A performs ^th part of the work, or ~ ; there- 

o 
JXfZO 

fore in w days he performs -^- ; and in the same time B per- 

o 

forms — ; therefore — + — = «?, 
10 8 10 

w X 
or - + — = 1 
8 10 

lOiv + 8^ 8 80 

18 0? = 80 

80 8 4 , 

.•. a? = — t=4 — = 4- days. 
18 18 9 -^ 



«IMPLB EQUATIONS. 91 

Prob. 4. A workman was employed for 6o days, on con- 
dition that for every day he worked he should receive 15 pence, 
and for every day he played he should forfeit 5 pence ; at the 
end of the time he had 20 Shillings to receive; required the 
number of days he worked. 

Let «v be the number of days he worked, 
then GO^wis the number he played, 
15 a s bis pay, in pence, 
(60 — ,r) X 5 = 300 ^ 5x ^ sum forfeited ; 

15<v — 300 + 547 s 240, by the question, 
200? =5 240 + SOO « 540 
.•. ^t? «= 27, the number of days he worked, 
60 ~ 0? = 53, the number of days he played. 

Prob. 5. How much rye, at four Shillings and sixpence a 
bushel, must be mixed with 50 busheis of wheat, at six Shil- 
lings a bushel, that the pixture may be worth five Shillings a 
bushel ? 

Let (v be the number of busheis required ; 

then 9 a? = the price of the rye in sixpences 

600 s the price of the wheat 

(50 + a?) 10= the price of the mixture 

.'. 9a? + 600 = 500 + lOof 

100 = 0?, the number of busheis required. 

Pbob. 6. A and B engage together in play ; in the first 
game A wins as much as he had and four Shillings more, and 
finds he has twice as much as j? ; in the second game B wins 
half as much as he had at first and one Shilling more, and then 
it appears that he has three times as much as ^ ; what sum 
had each at first ? 

Let w be what A had, in Shillings, 
y what B had. 



i^ 
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Then 2/p + 4 « what A has after the 1** game; 
y — 0? - 4 = what B has ; 
•. by the question 2ir + 4 » 2y - 2a7 — 8 

or 2y — 4<r = 12 

Also y-a7-4 + - + l« what B has after the 

2 



second game; 



2j?4-4 1 = what A has : 

2 



y 3y 

.'. by the question y-a?-4 + - + 1 =60? + 12 — ^-3 



or 2y - 2^ - 8 + y + 2 « 12a? + 24 - 3y - 6 

hence 6y — 14a; « 24 

or 3y — 7a? = 
Also 



y- 7a? =12.1 
y ^2af SS 6 j 

.'. 3y ^6tV = 18 1 
and Sy - 7a? *s 12 j 

/. by subtraction a? «= 6 

. . and y — 2a7 s= 6, or y — 12 = 6 

.•. y es 18. 

Prob. 7. A smuggler had a quantity of brandy which he 
expected would raise £9« 18«-; after he had sold 10 gallons, a 
revenue officer seized one third of the remainder, in consequence 
of which hetnakes only £8. 2«.; required the number of gallons 
he had, and the price per gallon. 

Let a? be the number of gallons; 
then — is the price per gallon, in Shillings, 

the quantity seized, 
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and X — the value of the quantity seized, 

3 %v 

which appears by the question to be 36 Shillings ; 

a?-10 198 



X 



36 



3 W 

(o? - 10) X 66 - 36x 

6ßx - 660 » 36w 

30w »= 660 

.'. 07 s 2£,thenumberofgallons, 

198 198 
and -^— » — s 9 Shillings, the price per gallon. 

Prob. 8. A and B play at bowls, and A bets B three 
Shillings to two upon every game ; after a certain number of 
games it appears that A has won three Shillings ; but had he 
ventured to bet five Shillings to two, and lost one game more 
out of the same number, he would have lost thirty Shillings : 
how many games did they play ? 

Let cT be the number of games A won, 
y the number B won, 
then 2 a; is what A won of B^ 
and 3y what B won of A. 

••. 2w^ Sysz 3, by the question. 

Also (a? - 1) X 2 18 what A would win on the 2^ supposition, 

and (y + l)x5, what 5 would win .^ ..»♦.♦*• 

.'. 5y + 5 - 2a? + 2 = 30, by the question, 
or 5y - 2a? = 30 - 5 - 2 = 23 

-2a? «231 

-3y-s j 

by addition, 5y '^3y «n 26 

2y=:26 
/ » 13. 



and 207 
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And 2a? s= S + Sy = 3 + 39 * 42 
.•. a? = 21 ; 
and a? + y = 34, the number of games. 

Prob. 9. A sum of money was divided equally amongst 
a certain number of persons ; had there been three more, each 
would have received one Shilling less, and had there been two 
fewer, each would have received one Shilling more, than he did: 
required the number of persons, and what each received. 

Let w be the number of persons, 

y the sum each received, in Shillings ; 
then scy is the sum divided, 
and (^+3) X (y-l) = a?y 
also (57- 2) X (y + 1) ca wy 

/. ay — w + 3y -S^wyj or -w + 3yts3; 

und d^y + Ä? -2y-2« a7y, or ^-2y«2; 

.'. y a 5 Shillings, the sum received by each. 

And a? - 2y = 0? - 10 » 2, 

.*. Of = 12, the number of persons. 



> by the question ; 
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195. When the terms of an equation involve the Square 
of the unknown quantity, but the first power does not appear, 
the value of the square is obtained by the preceding rules; and 
by extracting the square root on both sides, the quantity itself 
is found. 

Ex. 1. 5aj* — 45 = ; to find o?. 

By transp. 5 a;* » 45 

d?'«9 

.'. (Art. 187), Of « \/9 «AS. 

The signs + and — are both prefixed to the root, because 
the Square root of a quantity may be either positive or negative 
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(Art. 142). The gign of a may also be negative; but still is 
will be either equal to + 3 or — 3*. 

Ex. 2. aa? =^bcd\ to find of. 

bcd 



a^^ 



a 



A Acd 
a 



196. If both the first and second powers of tlie unknown 
quantity be found in an equation, arrange the terms according 
to the dimensions of the unknown quantity, beginning with the 
highest, and transpose the known quantities to the other side ; 
then, if the Square of the unknown quantity be afiected vfkh a 
coefficient, divide all the terms by this coeiHcient, and if its 
sign be negative, change the signs of all the terms (Art. 182), 
that the equation may be reduced to this form, o?^ ^px = ± ^. 
Then add tb both sides the square of half the coefficient of the 
first power of the unknown quantity, by which means the first 
side of the equation is made a complete Square, and the other 
consists of known quantities ; and by extracting the square root 
of both sides, a simple equation is obtained, from which the 
value of the unknown quantity may be found. 

Ex. 1. Let af^ + pof « q ; now, we know that 4?* + p* + — 

4* 
P P^ 

is the Square of ^+— (Art. 14>7); add, therefore, — to both 

TP TP 

sides, and we have 

o P^ P^ 

ar -^pw + i- = g +— ; 

4 4 

* [This may be shewn as follows: — suppose jg'^a^, then extracting the Square 
root of both sides, since \/^=±ir, and Vo"aeio, we have 

+ 0?=+« (1) 

+ a? = -a (2) 

-j? = + a (3) 

. -a-sr— a (4) • 

But it is evident that (1) and (4) are in fact the same equation, and also (2) 
and (3); so that x=^a includes all the four equations.] 
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then by extracting the Square root on both sides, 

cT + i- es dL \/ q + — ; and by transposition 

In the same manner, if a^ -pwssq^ 

Ex. 2. a^ - 12a? + 35 « ; to find a. 

By transposition a^ - 12/v ^ — 35 ; and adding the Square of 6 
to both sides of the equation, 

a?* - 12a? + 36 « 36 - 35 « 1 ; 

then extracting the Square root of both sides, 

a?-6 = ±l 

.•, a? 8 6 tb 1 s 7 or 5 ; either of which, substituted for a 
in the original equation, answers the condition, that is, makes 
the whole equal to nothing. 

[197- If ^ quadratic equation appear under the form 
aa^^bw^ ^Ci the left band side may be made a complete 
Square by another method, as foUows :-^ 

Multiply the whole equation by 4 a, then we have 

4a*a?*± ^abw ^ :b4ac; 

add 6", then Aia^a? ^ 4a fett? + 6*«= ^^ac ^ l^ 

extract the Square root, 2aa? ± 6 = ± \/6*±4ac; 



(D 



2a 



_ '6 2 ^ - 

Ex. 3. + _ sa 3 ; to find w. 

Ä* + 1 ,r 

^ 2ar + 2 

6+ «= 3a? + 3 

w 

6a? + 2^7 + 2 «= S/i?*+ 3a? 
Six^-^ Bx = 2, 



1 
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Multiplying by 4 x 3, or 12, 

adding 5*, or 25, 36w^ - 60af + 25 - 24 + 25 = 49 

.•. 6a? — 5 =s ± 7 

6a? = 5 ± 7 = 12, or - 2 

1 
••. a? a= 2, or . 

3 

Ex. 4. aea^ — &cd? + ac2<r » &c2; required o?. 

Here aca^ - (6c — ad) iV^bd; 
multiply by 4ac, 4a"c'd?*- 4ac(6c- ad)a?=s 4a6cci, 
add (bc - ad)% ia^c^a^- 4fac {bc - ad) a? + (6c - ad)^ 

« (6c - ad)*+ 4a6cd 
«5 (6c + ad)^ 
Cxtract Square root, 2aca? - (6c - ad) = ± (6c + ad) ; 

2ac<r PB 6c ^ ad ± (6c + ad) 

^2bcy or ^2ad; 

b d - 

.•. er = -, or .1 

a € -^ 

198. Ex. 5. a? H- \/5/v + 10 =3 8 ; to find of. 

By transp. y/siu + 10 « 8 - a? 

squaring» 5a? + 10 =: 64 - l6cr + tv' 

^-21a? = -54 
completing the Square, 

441 441 
or- 210? + — « ■ 54 

4 4 

225 
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extracting the Square root, 

21 15 

2 2 

21 ±15 
... uß -s 18, or 3. 

2 

By this process two values of x are found ; but on trial it 
appears, that 18 does not answer the condition of the equation, 
if we suppose that v 5<» + 10 represents the positive Square 
root of 5a? + 10. The reason is, that 5j? + 10 is the Square 
of - \/5^ + 10 as well as of + \/ biß + 10; thus by squaring 
both sides of the equation \/ 5cß + 10 = 8 - /p, a new condition 
is introduced, and a new value of the unknown quantity corres- 
ponding to it, which had no place before. . Here 18 is the value 
which corresponds to the supposition that 

uo - V 5a? + 10 = 8. 

It should be particularly observed, that since + a? x + y is 
equal to - a? x — y, in the multiplication and involution of 
quantities, new values are always introduced; which, if not 
again excluded by the nature of the question, will appear in 
the final equation. (See Note 8. Appendix i.) 

[199. A quadratic equation haa no more than two die- 
tinct values of the unknown quantity which will aatiafy it. 

For, if possible, let the equation aa? -^-boß -{■ c^O have 
three distinct values of a?, viz. a, )3, 7. 

Then aa^ + 6a +c = ... (l) 
a/3^ + 6/3 + c = 0...(2) 
07^ + 67 + c«0... (S). 
^ Subtracting (2) from (l), a (a* - /3^) + 5 (a - ß) = ; 

.'. a(a+/3)+6«0 (i.) 

Again, o (a^ - 7^) + 6 (a -7) = ; 

.'. a(a + 7)+6 = (ii.) 

Subtracting (ii.) from (i.) a ()8 -7) = 0. 



aUADKATIC EatTATIOKS. 99 

But a is not equal to 0, for otherwise the proposed equa- 
tion would not be a quadratic equation ; 

or ßmy. 

Hence a quadratic equation has not three distinct values of 
Ä?5 but it may have two*] 

200. In any quadratic equation of the form a7^ + jt}<r + 9 = 0, 
— p Ä the sum of the two values of «?, 
and 9 « the product ;.... 

Let a, ßy be the two values of ^, then 

and/3^ + pj3 + g = 0; 

« 

or — p = a + ß (1). 

Again 9 = -pa-a* 

« (o + i3) a - <i* 
»aß (2). 

Cor. If the equation be of the form aa^ +b(v -^c^Oj then 

b c 
4»^+— Ä?+-»0. Therefore, by what has been proyed, 

— «s the sum of the two values of /p, 
a 

and £ = the product 

a 



201. The results proved in the last Art. shewing the re- 
lation between the values of ^ and coefficients in the equation, 
are of use in several ways ; first, in enabling us to verify the 
Solution of any quadratic equation ; secondly, in determining 
the values of the unknown quantities when an equation is pro- 

7 — 2 



• *• 



« 
s 
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posed in which certain relations are already known respecting 
those values ; and lastly, in solving various problems, reduced 
to quadratic equations, of which it is necessary for our purpose 
to know no more than the sum or the product of the values 
of the unknown quantity. Thus, ^ 

Ex. 1. 3 j;* - 5a7 = 2. The values of a? (See Art. 197. 

Ex. 3.) are 2, and — . 
^ 3 

Now, without repeating the work, to see if these values are 

5 2 

correct, we put the equation under the form a^ — ^ — = 0, 

and since 2 + ( — ) = - , and 2x— ~ = , we conclude, at 

\ 3j 3 3 3' 

once, that these and no other are the values required. 

Ex. 2. ^*- 21^ + 54 = 0; required the values of w, it 
being known that one of them is six times as great as the 
other. 

Suppose a to represent one of the values, 
then 6a is the other, 

and thdr sum, or 7a = 21, 

••. a = 3, 
and the values required are 3 and 18. 

Ex. 8. If a and ß be the values of x in the equation 

aa^-k-hüß + c = 0, find the value of - + -^ . 

a p 

h c 

Dividing the equation hy üb^, ö + - + —,« 0, 

or — + - + ö = 0. Assume y = — , 

then cy^ -^ by + a :s 0, 

• ' . . ■*• • 

_ 6 a 

or 2r+-y+ - = o, 

c c 
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and the values of y are - , -;5 j since y « - ; 

.-. - + — « — . (Art. 200.) 
aß c 

202. If an equation appear under the form 

in which JC represents an expression involving iv, the unknown 
quantity ; It is evident that either ^ + a s 0, or JIT s o, that is, 
J7 = — a is one Solution of the equation, as well as those which 
are found by proceeding with JC^O. So that, whenever an 
equation ia simplified by divisionf or the Omission of a factovy 
if the divisor or factor contain the unknown quantity, one 
Solution at least of the equation will be found by putting 
that divisor or factor equal to 0. 

Thus, let j?'+ Sa? = 7«t ; the whole equation is divisible by 
Wj therefore <r » is one Solution. 

Again, let ^p* - 5 «r + 6 = 0. This may be put under the 
form 

{w - 2) (o? - S) = ; 

••. a? - 2 « 0, or 07 « 2 1 , . , , _ 

> , which are the only values of t-p, 
and a?-3 = 0, ora? = Sj 

By this method, therefore, the necessity for solving a quad- 
ratio in the usual way may sometimes be superseded. 

Ex. Gi ven (jjo — c) y/ab - (a - 6) y/cw = ; required o?. 

Here (B\/ab '^ es/ab -- a\/c(ß -^-by/cw ^0\ 

.\ v^6a? (V^a^+\/*c) --\/(äo(\/aa? + \/6c) = 0, 
or {y/bx - \/ ac) {y/ax + y/bc) = ; 

.'. y/bw - y/ac = 0, and y/ax + y/bc = ; 
.'. biV Ä ac, and ax «= 6c, 



ac , bc 



.r = -. and 0; = -.] /^f^>X 



4 w^\ 
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203. Every equation where the unknown quantity is 
found in two terms, and its index in one is twice as great 
as in the other, may be resolved in the same manner as a 
quadratic. 

Ex. 1. « + 4«i =a 21 ; required x. 

X + 4i%i + 4 • 21 + 4 » 25 
^i + 2 « ± 5 

ivi B ab 5 <» 2 B 3, or - 7 
.% » a 9, or 49. 

Ex. 2. of'^ + a^'l = 6 ; required a. 

^-* + ^"» + - = 6 + - = — 

4 4 4 

, -1±5 

^-jai «2, or -3 

2 

wi^^y or -J, 
.'. a? = |^, or ^. 

Ex. 3. V - 6^ - 27 = ; required y. 

y*-6y» = 27 
!^-6»« + 9 = 27 + 9«S6 

y8»S±6« 9, or -8 
.'. y as :t 3, or ± \/^ 

Ex. 4. ^ + ry^ + — = 0; required J?. 

27 

^ ^ 27 
r* f^ 9« 

^ '^ 4 4 27 
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2 4 27 

2 4 27 

... y^\/Zz^^^7ni. 

2 ^ 4 27 

[204, ßome other equations may be conveniently solyed as 
quadratics, that is, by completing the Square, when they can 
be made to assume the form 

X representmg a Compound expression involving tbe unknown 
quantity. 

Ex. 1. aa? + y/aa^ -^bof + c = 6a? ; required w. 
By transp. aai^ - 6a? + \/aa^ — 6^ + c = 0, 

adding c, aar^ - 6a? + c + y/aai^ -bx -^ c = c, 
completing the square, 

(a^+6a? + c) + y/aa^ ^bw -^-c + - = c + - 

4 4 

\/aü^ — bw-^c + - s=sb \/ c + - 

2 4 

/--^ — 7 ± V4c~+1 - 1 

V aar - 6a? + c = 

2 

±\/4c + l -11* 



aai^ — 6a7 + 



^ J±\/4c + l -ir 



tbe equation is thus reduced to a common quadratic, from 
which a? may be found by the usual method. 

Ex. 2. oF -cß + 5 v2a?*-5a? + 6«-(3a?+S3) ; required a?. 

Here 2a;^ - 2a? + 10 \/2a?^-5a? + 6 = 3a? + 33 



2a?^-5a? + 6+ 10 \/2a?^ -5a? .+ 6 = 39 



104 aVADRATIC EatTATIO:NS. 

(2a?*-5d? + 6) + 10\/2a?*-5^ + 6 + 25 = 25 + 39 = 64 

\/2Äf* - 5a? + 6 + 5«± 8 

\/2af* - 5cr + 6 «±8-5 = 3, or - 13, 

2a7*-5«r + 6«9» or 169; 
which leaves two common quadratics for Solution.] 

205. When there are more equations and unknown quan« 
tities than one, a single equation involving only one of the 
unknown quantities may sometimes be obtained by the rules 
laid down for the Solution of simple equations; and one of 
the unknown quantities being discovered, the others may be 
obtained by substituting its value in the other equations. 

Ex. w « 4« I 

2 I 

>; to find w and y. 
a? + 3y 

• a? + 2 ^ 

From the first equation, 2a? - a? + y = 8 

0? + y = 8 

iT « 8 - y. 

From the 2nd equation, a?y + 2y -.2?- 3y = o? + 2 

or a?y — 2a? - y = 2 

by Substitution, (8 - y) y - 2 (8 - y) - y = 2 

8y-y2-l6 + 2y-y = 2 

9y-y'=' 16 + 2= 18 

J/'-9y«-18 

81 81 9 



y- 


9 

• ^^ SS 

2 


3 

±- 

2 








■ 
« • 


y = 


9=^3 
2 


6, 


or 


3. 


and 


a? = 


8-y = 


2, 


or 


5. 
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The Solution will often be rendered more simple by par- 
ticalar artifices, the proper application of which is best leamed 
by experience. 



>; to find w and y» 



Ex, 1. a?- + r = 65 

From the second equation, ^wy^56 

adding this to the first, .i?^ + 2j7y + y*«121 

subtracting it from the same, a? -^^aty -^-i^^g 

by extracting the Square roots, 

and 



} 



0? — y s =t 3 J 
adding, 2^ s :b 14 

.'. a? « 7j or - 7 
and y = 4, or — 4. 

[Ex. 2. - + - « 18 1 

y *^ f ; to find X and y. 

w + y = 12 j 

From first equation, /r* + y^=18a7y 
from second, aP + f^ + 3wy (^ + y) = 1728 
by Substitution 18 ^y + 36 wy = 1728 

54iry = 1728 
••. wy a= 32. 
Also 01^ + 2afy + y^ SS 144 
and 4t'ry »128 

.•. 07* - 2a?y +y^ = 16 

(T — y SS :t 4 1 

and a? 4-y = 12 j 

.*. 2a? = 16, or 8 1 
and 2y = 8, or 16 J 
.'. a? = 8, or 4. 
and y = 4, or 8.] 
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206. It may sometimes be of use to Substitute for one 
of the unknown quantities the product of the other acd a 
third unknown quantity*. 



+ a?y = 12 1 

^ ^ /; to find w and y. 
-2y«=rl j ^ 



Ex. 3. a!^ 
wy 

Let vy9z(D 
then «y + üj^ as 12 



«y + ©y» « 12 1 
and uy^ - 2y* =* 1 / 

12 



from the former y* = 



V* + 1) 



from the latter j^ s= 



t>-2 
12 1 



or tj* + V» 12ü -24 

«)' - lltJ = - 24 

121 121 25 

t)*-lltJ+ = 24 = — 

4 4 4 

11 5 

V =±- 

2 2 

11 ±5 

,«. «SS : — ä8, or 3. 

2 

and ff « o - , or 1, 

^ 1? -2 6 

1 

/. «s ab — 7=, or sfc 1. 

8 
and ZT « «y = als — ^ , or ±3. 

V 6 

* This Substitution may be successfuUy applied whenever the sum of the di« 
mensions of the unknown quantities in every tenn of each equation is the same. 
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207- The Operation may sometimes be facilitated by sub- 
Btituting for the unkaown quantities the sum and difference 
of two others*. 

[Ex,4, ar+y-4, l . ä j j 

, » fiv/ • ,v >; to find X and y. 

Assume so ^% ^n 
and y = « — ü, 

then cV + y » 2i2r = 4 
• • «f 5^ «»• 

Also ^ + y2 SS (2 ^ ü)2 ^ (2 - ü)2 

= 8 + 2ü^ 
and «^ + jr* « (2 + v)' + (2 - 'of 

= 8 + 12ü + 6ü^ + v' + 8 - 12t> + 6v* - 1>^ 
= 16+ 12üS 
/. (8 + 52 f)'^) (16 + 12 ti^) « 280 
or (4 + t?») (4 + 3«j2) « 35 
16 + l6t?* + 3v* « 35 

xr + — ü' SS — 
8 3 

, 16 . 64 19 64 121 
xr + — ir + — = — + — ris — 
3 ^ ^ ^ Q 

3 3 

, ill-8 19 
... u* SS » 1, or 

s ^ 

and t? » 1. 

.^ ^csjir + T9 = 3. 
and y «ir — t? = l.j 

[Other methods are given in Appendix ii.] 

* This artifice may be used, when the uuknQwn c^uantities in each ; equation 
are similarly involy^cL 
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PROBLEMS PRODUCING QUADRATIC 

EQUATIONS. 

208. PltOB. I* A person bought a certain number of 
oxen for 80 guineas, and if he had bought 4 more for the 
same sum, they would have cost a guinea a piece less; re- 
quired the number of oxen and price of each. 

Let HO be the number of oxen^ 

then — is the price of each, in guineas, 

80 
and the price of each on the second supposition, 

^ + 4 

80 80 , ^ 

1, by the question, 



• • 



<r + 4 w 





80« 


80 a? + 320 

0? 


-0?- 


-4 






80 ^r = 


80a? + 320 • 


-a?« 


— 4a? 






0?* + 4a? = 


320 








w" 


+ 407 + 4 = 
0? + 2» 


324 
±18 










••. 0? = 


±18^2 = 


16, 


or — 


20, 



, 80 80 . , . . , 

«nd — BS — SS 5 gumeas, the price of each. 

In this, and in many other cases, especially in the Solution 
of phüosophical questions, we deduce from the algebraical pro- 
cess answers which do not correspond with the conditions. 
The reason seems to be, that the algebraical expression is 
more general than the common language; and the equation, 
which is a proper representation of the conditions, will also 
express other conditions, and answer other suppositions. In 
the foregoing instance o? may either represent a positive or 
a negative quantity, and cannot in the Operation represent 
a positive quantity alone (Art. 197); and the equation 

80 SO 



07 + 4 W 
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when X is negative, or represents the diminution of stock, 
will be a proper expression for the Solution of the foUowing 
problem: A person sells a certain number of oxen for 80 
guineas ; and had he sold 4 fewer for the same sum, he would 
have received a güinea a piece more for them ; required the 
number sold. 

209. Peob. II. To divide a line of 20 inches into two 
such parts, that the rectangle under the whole and one part 
niay be equal to the Square of the other part. 

Let ÜB be the greater part, then will 20 ^ ^ be the less, 

and a?' =» (20 - cf)x20 ^ 400 - 20ar, by the question, 

CD^ + 20 J? = 400 

iß^ + 20a? + 100 « 400 + 100 « 500 

a? + 10 = ± \/500 

.•. Oß = \/500 - 10, or - \/500 - 10. 

The Observation contained in the preceding article may 
be applied here ; and it is to be remarked, that the negative 
values thus deduced are not insignificant, or useless. Here 
the negative value shews, that if the line be produced 

\/500 + 10 ' inches, the square of the part produced is equal 
to the rectangle under the line given and the line made up 
of the whole and part produced. 

210. Prob. III. To find two numbers, whose sum, pro« 
duct, and the sum of whose Squares, are equal to each other. 

Let (30 '\-y and o? — j^ be the numbers, 

their sum is 2*1? 

their product w^ — y* 

the sum of their Squares 2a^ + 2^ 

and by the question 24? = 2a?^ + 2y* 

or /i? a 4?* + y^ 

Also 2a7 = a?^-y^ 

adding 3.7 = 2 a?* 

3 

.*• M? SB •■• , 

2 
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2/P 


-«*-y» 




or 3 


-!-^ 




y' 


^9 3_9-12^ 

4 4 


-3 

4 


.'. y. 


= i^^^ 
2 


• 


a + yt 


S + yZ-S 

~ ■ ■ • 
2 




.« — « • 


S « y^- 3 





2 



Since the Square of every quantity is positive, a negative 
quantity has no square root ; the conclusion therefore shews 
that there are no such numbers as the question supposes. 

[A coUection of Problems may be found in Appendix ii.] 



RATIOS. 

all. Ratio is the relation which one quantity bears to 
another in respect of magnitude, the comparison being made 
by considering what multiple, part, or parts, one is of the 
other. 

Thus, in comparing 6 with 3, we observe that it has a 
certain magnitude with respect to 3, which it contains twice ; 
again, in comparing it with 2, we see that it has a difierent 
relative magnitude, for it contains 2 three times, or it is greater 
when compared with 2 than it is when compared with 3. The 
ratio of a to 6 is usually expressed by two points placed be- 
tween them, thus, a : b; and the former, a, is calied the 
antecedent of the ratio, the latter, 6, the conseqtient. 

212. Cor. 1. When one antecedent is the same multiple, 
part, or parts, of its consequent, that another antecedent is of 
its consequent, the ratios are equal. Thus, the ratio of 4 : 6 
is equal to the ratio of 2 : 3, that is, 4 has the same magnitude 
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when compared with 6, that 2 has when compared with 3, since 

4 2 

- = -; the ratio of a : 6 is equal to the ratio of c : d, if 

6 3 ^ . 

r- s -j, because -- and - represent the multiple, part, or parts, 
od od 

that a is of 6, and c of d. 

213. Cor. 2. If the terms of a ratio be multiplied or 
divided by the same quantity, the ratio is not altered. 

Por — = — - (Art. 101); .*. a : ft«ma : mb. 
fnb 

214. CoE. 3. That ratio is greater than another^ whose 

antecedent is the greater multiple, part, or parts, of its conse- 

quent. Thus the ratio 7 : 4 is greater than the ratio 8:5; 

7 35 . ,8 32 ^, 

because - , or — , is greater than - , or — . These con- 
4 20 ® 5 20 

clusions foUow immediately from our idea of ratio* 

[Ex. Which is greater a + o? : a-«r or a'+^ : a*-a?*? 
a + ^ : a - a? > or < a' + a?* : c? ^cf^ 

aecordmg as > or < -- — - , 

a — X Or ^ ar 

and since the former is the greater by the quantity 



a«- 



215. Def. A ratio is called a ratio of greater inequality^ 
ofless inequality^ or of equality^ according as the antecedent is 
greater than, Uss than, or equal to, the consequent. 

216. Ä ratio of greater inequality is diminished, and of 
less inequality inoreased, by adding any quantity to both its 
terms. 

If 1 be added to the terms of the ratio 7 : 4, it becomes 
the ratio 8 : 5y which is less than the former, (Art. 214). 
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And in general, let x be added to the terms of the ratio a : 6, 
and it becomes a-^- x : 6 + ^9 which is greater or less than 

the former, according as is greater or less than - ; or, 

by reducing them to a common denominator, according as 

-r-Ti r is greater or less than -r-— -; that is, as &> or 

o (6 + ^) ° 6 (6 + a?) 

217* Cor. Hence a ratio of greater inequality is increased, 
and of less inequality diminisbed, by taking from the terms a 
quantity less than either of them. 

218. Def. If the antecedents of any ratios be multiplied 
together, and also the consequents, a new ratio results, which 
is said to be compounded of the former. Thus ac : bd is 
Said to be compounded of the two a : b and cid. It is also 
sometimes called the sum of the ratios; and ivhen the ratio 
a : 6 is compounded with itself, the resulting ratio, a^ : 6*, 
is called the double of the ratio a : 6 ; and if three of these 
ratios be compounded together, the result, d? : 6^ is called the 
triple of the first, &c. Also the ratio a : 6 is «aid to be one 

i i 
third of the ratio a? i b^\ and a*» : 6^ is said to be an m^^ 

part of the ratio a : b, 

21 9* Cor. Let the first ratio be a : 1 ; then a^ : 1, 
a^ : 1, ...a" : 1, are twice, three times, ...n times the first 
ratio; where n, the index of a, shews what multiple, or part, 
of the ratio a" : 1, the first ratio a : 1 is. On this account 
the indices 1, 2, 3, ...n, are called meaaures of the ratios 
a} : 1, o' : 1, a^ : l, a" : l. 

220. If the cansequent of the preceding ratio be the aiu 
tecedent of the succeeding one, and any number of such ratios 
be taken, the ratio which arises from their compositum is that 
of theßrst antecedent to the last consequent. 

Let a : bj b : Cf c : d, he the ratios, the Compound 
ratio is axb^cc : bxc^d^ (Art. 218), or, dividing by 6xe 
(Art. 213), a : d; and similarly for any number of ratios. 
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221. A ratio of greater inequalitt/y compounded with 
another, increases it; and a ratio of lese inequality dimi^ 
nishes it. 

Let the ratio of : y he compounded with the ratio a : 6, 

and the resulting ratio aw : by is greater or less than the 

aTf a 

ratio a : 6, according as ^-^ is greater or less than -j- (Art. 214) ; 

that is, according as <v is greater or less than y. 

222. If the difference between the antecedent and conae^ 
quent of a ratio be smaU tvhen compared with either of them^ 
the double of the ratio^ or the ratio of their Squares^ is nearly 
obtained by doubling thia difference. 

Let a-\'X : a be the proposed ratio, where x is small when 
compared with a ; then a^ + 2a<r + x" : c^ is the ratio of the 
Squares of the antecedent and consequent ; but since x is small 
when compared with a, x^y or xy^x^ is small when compared 
with 2axa7, and much smaller than axa; therefore a" 
+ 2azp : a% or a + 2a? : a (Art. 213), will nearly express the 
ratio of a'4-2oar + «r* : «'• 

Thus the ratio of the square of 1001 to the square of 1000 
Js nearly 1002 : 1000; the real ratio is 1002-001 : 1000, in 
which the antecedent differs from its approximate value only 
by one thousandth part of an unit. 

223. CoE. Hence the ratio of the square root of a + 2^ 
to the Square root of a is the ratio a + o? : a, nearly ; that is, 
if the difference of two quantities be small with respect to 
either of them, the ratio of their square roots is nearly ob* 
tained by halving that difference. 

224. In the same manner it may be shewn that 
a^^x \ a\ a^^x \ a\ a^bx \ a\ &c. 

äre nearly equal respectively to the ratios 

{a^xf : a^; (a =fc j?)* : a*; {a^xf : a^\ &c., 

and also a^^x : a\ a^^x : a\ &c. are nearly equal 

to the ratios \/a st x : \/a ; v^a ± a? : a ; &c. if x be 
small when compared with a. 

(See Note 9, Appendix i.) 
8 
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PROPORTION. 

235. Def. Four quantities are said to be proportionalst 

virhen theiirst is the same multiple, part« or parts, of the ^second,^ 

o c 
that the third is of the fourth ; that is, when t "* ";i the four 

b d 

quantities o, 6, c, d^ are called proportionals. This is usually 

expressed by saying a is to 6 as c is to d, and is thus re- 

presented, a : b :: c : d; or, sometimes, a i b ^ c : d. 

The terms a and d are called the ewtremeSj and b and c 
the means. 

226. When four quantities are proportionalst the pro^ 
dicct of the ewtremes is equal to the produot of the means. 

Let a, bj c, d, be the four quantities; then, since they 

are proportionals, t = ;; (Art. 225) ; and by multiplying both 

o a 

sides of the eqtiation hj bd, äd^bc. 

227. Cor. 1. If the first be to the second as the second 
to the third, the produet öf the extremes is equal to the 
Square of the mean. 

228. Cor. 2. Any three terms in a proportion being 

given, the fourth may be determined from the equation 

bc 
ad = bc; for d = — . [Hence we have the Single Rule of 

Three in Arithmetic.] 

229- If the produet of two quantities be equal to the 
produet of two others^ the four are proportionals, making 
the terms of one produet the means, and the terms of the 
other the ewtremes. 

At h 

Let wy = abf then dividing by ay, - = -, 

a y 

or ÜB i a \: b i y* (Art. 225.) 
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230. If a \ b :i c i dy and c : d :: e i f^ then aha 
a : b :: e : f. 

T* a c . c e ^ ^ a e 

Because r = jj »od - = -s; therefore t = ■:; 
b d rf / * / 

or u : b :: e : f. 

231. Iffour quantities be proportionalst they are also 
proportional wh&n idken inversely. 

If a i b i\ e i dj then b : a :i d : c. For - » - , 

b d 

and dividing unity by each of these equal quantities, or taking 

b d . 

their reciprocals, - =» - ; that ia^ b : a :: d : c. 

a c 

232. Iffour quantities be proportionalst they are pro^ 
poftionals when taken :altemately. 

Ji a i b :i c i dj then a i c :i b i d. 

Because the quantities are proportionals, 7=3» and mul- 

b d 

tiplying by -, - « j, or a : c :: 6 : rf. 

Unless the four quantities are of the same &ifu{, the alter« 
nation cannot take place ; because this Operation supposes the 
first to be some multiple, part, or parts, of the third. 

One line may have to another line the same ratio that one 
weight has to another weight, but a line has no relation in 
respect of magnitude to a weight. In cases of this kind, if 
the four quantities be represented by numbers, or other quan- 
tities which are similar, the alternation may take place, and 
the conclusions drawn from it will be just. 

233. When four quantities are proportionßlsj the first 
together with the second is to the second^ as the third to~ 
gether with the fourth is to the fourth. This- (Operation is 
called componehdo. 

Let a : b :: c : df then also 

a -h b : b :: c -h d : d. 

8 — 9. 
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Because 7 = ^5 by adding 1 to each side, 

a c 

, .0 + 6 c + d 
that IS, — -— SS — — - ; 
d 

or a^b : b :: c + d : d* 

234. AlsOj dividendo, the ewcesa of tke ßrst above tke 
second is to the secondj as the excess of the third above tke 
^ourth ia to the fourth. 

Because r^-^i by subtracting 1 from each side, 

a c 

b-"d-'' 

that IS, — ; — = — -—; 
d 

or a — 6 : 6 :: c — d : rf. 

235. Again, convertendo, tke first ia to ita ewceaa above 
the aecondj aa the third to ita ewceaa above the fourth, 

By the last article, — ; — « ; 

•^ b d 

, b d 
and - SS - (Art. 231) ; 
a c 

a-^b b c-^d d a — b c^d 



. 



X — » — ; — X — ; or, 



ade a Q 

that is, a — 6 : a :: c — d : c ; 
and inversely, a:o — 6::c:c — cf. 

236. When four quantitiea are proportionala^ the aum 
of the firat and aecond ia to their difference, aa the aum of 
the third and fourth ia to their difference. 

Let a : b :: c : d; then a + 6: a-6::c + d:c-d. 
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^ . a + 6 c + d 

By Art 233, — r— » — -— ; 

od 

... a-'h c-d 

and by Art. 234, —5— « —3— ; 

o d 

therefore — ^ -i ; — « — -j- -^ — j— (Art. 82) ; 

o h d d 

+ 6 c + d 

^^ 1* :i' 

a — 6 c — o 

tliat is, a + 6 : a - 6 :: c + d : c - cl. 

237. TFÄen an^ nt«m&er of quantities are proportionaUi 
OS one antecedent i8 to its conseqtientf so is the sum of all 
the antecedenis to the sum of all the consequents* 

Let a : b :i c : d :: e : fi &c. 

then a : b :z o + c + e + &c. : 6+d + /+ &c. 

Because - *-i, ad^bc; in the same manner, af^be\ 
od 

also ab » &a ; hence a5 + a(2 + a/ e &a 4- &c + &e, 

or a (6 -h d +/) = 6 (a + c + c) ; 
.'. by Art. 229, a : 6 :: a + c + e : 6 + d+/; 
and similarly vhen more quantities are taken. 

238. When four quantities are proportionalst if the 
ßrst and second be multiplied, or dividedj by any quantity^ 
<is also the third and fourth^ the resulting quantities will 
be proportionals. 

c d 
Let a : b :: € : di then will ma t mb ::—:—, 

n n 

1 

For -7 =» j; therefore, — r-= — (Art. 101); 
a mb 1 

n 

c d 
or ma : mb :: — : — . 

n n 
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239. If the ßrat and thitd he multipHed^ qt divided, 
hy any quantity^ and also the ^econd and fourfh, the re- 
sulting quantitiea will he proportionals. 

_. a c . ' fna mc . ma mc 

For T = -; ; therefore —— = —- ; and = — ; 

h d\ b d l ^ 1, 

. . — .6 — .a 

^ . n n 

h d 

or mä, r — :: 'mc : — . 
n n 

240. Cor. Hence, in any proportion, if instead of the 
second and'fburth terms quantities proportional to them be sub- 

.ü.«Ud, .e h.,. «Ol . p,.p»d.. For i ..d ^ ^ to fte 

' ^ n n 

same proportion with h and d (Art. 238). 

241. In two ranhe of pfopoftumals^ if the correapond- 
ing terms he multiplied togetherj the producta wUl he pro^ 
portionals. 

Let a : h :: c : d 

and e ; f :: g : h 
then also ae : hf :: cg : dh. 

_ a c -i^ff-io^^^S 

Because r = ^ > ***« li "= t » tberefore t »^ :^ *** ~;^ 7 > ^^ 
od f h f a n 

ae cg . , , M ,, 

— = — ; that IS, ae : hf :: cg : dh. 

This is called mmpov/nding ihi^ proportions. 

The propositioii is true if applied to any number of pro- 
portions. 

^4^. tffouT quantities he propottio^nalSi the like ptHversy 

or rootSj of these quantities^ will he proportionals. 

» 

'•'■ ' a c o* c" 

Let a : h :: c : d, then r « - , and — ö^-r ; '>or a" : 6" 

:: c* : d" ; where w is wihole or fi^actional. 

[243. If a : h:: c.,: d, to prove that 

ma^nhi pa^qh :: mc^nd : pc^qh. 
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Siinilarly 



b d 

pa^qb pc^qd 



b d ' 

ma^nb ^ pa^qb mc^nd ^ pc^qd 
'' * "^ 6 " d "^ d 



or a= ; 

pa^qb pc^qd 

.V ma ± w6 : pa^qb :: mc ± wd : pc ± gd. 

24i4. If three quantities a^ i, ^ be in continued pro- 
portion, that is a : b :: b : c, then a : c :: a^ : W. 

^ a 5 

For " « - ; 
b c 

a a b a a 

c 6 c 6 6 

= 68^ 

i% a : c :: a* : 6*. 

245. If four quantities are in continued proportion, tfaat 
is, a : 6 :: 6 : c :: e : d, then a : d :: a^ : b\ 

a a b c a b c * 

rOT -- = 7x-x-, and -•=:-«-; 
d b c d b c d 

a a a (t 

.'. a : d :: a^ : 6^] 
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246. If iwo numbers^ a and b, be prime to each otker, 
they are the least in that proportion. 

a c 
If possible, 1^^ 7 ^ ;; » where a and b are prime to each 

other, and respectively greater than c and d. If the latter 
numbers be not prime to each other, divide thera by their 
greatest common measure. Tlien divide a by 6, and c by d^ as 
in Art. 103; thus, 

b) a {m d) c {m 

w) b (n T) d {n 

y * 

and because r ~ 1 9 ^he first quotients m, m, are equal ; 

b d 

a w . c r ^ w T 

affain, smce r'^^^-^-r^ and - = m + - , we have 7 « -^ , er 
^ b b d d 6. d 

- s -; also, because b is greater than d^ w ia greater than r. 

{ff 7* 
In the same manner, - s - , and y is greater than 9, &c« Thus 

y ^ 

the remainder in the latter divislon will become 1 sooner than 

the remainder in the former. Let « s i ; then - s r ; and yy 

which is greater than 1, will measure a and b (Art. 105), 
which is contrary to the supposition. 

CoB. Hence, if r^-^^ sn^ ^ &nd 6 be prime to each 
other, e and d are equimultiples of a and &• 

2^7* V ^ ^^^ ^ ^^ ^^^^ ^/ ^^^ prime to Cy ab is 
prime to q. 

Ifnot, leta&sfnr^ and c^ms\ then since a and 6 are 
prime to c, they are respectively prime to m«, and therefore to 

m\ and because aö=smr, we have — «r-5 therefore 6 is a 

m b 

multiple of m (Art. 246, Cor.), which is absurd, since it was 

before shewn to be prime to m» 
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Cor. I. If 6 be equal to a, theo a' and c have no common 

measure ; or — is a fraction in its lowest terms« 

c 

Cor. 2. In the same manner, — , — $ &c. are fractions in 

c c 

their lowest terms; 

Cor. 3. If a, 6, and c, be each of them prime to d, e, and 
fi abc is prime to de f. 

For, if a be prime to d and e, it is prime to de, and if it 
1>e prime to de and /, it is prime to def. In the same man- 
ner, b and c are prime to def; consequently, abc is prime 
to ete/1 

Cor. 4. If a be prime to 6, a* is prime to 6% and a^ 
to 6^ &c. 
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248. In the definition of Proportion it is supposed that 
one quantity is some determinate multiple, part, or parta of 
another ; or that the fraction arising from the division of one by 
the other, (which expresses the multiple, part, or parts, that 
the former is of the latter,) is a determinate fraction. This 
will be the case, whqnever the two quantities have any common 
measure whatever. 

Let Of he B, common measure of a and &, and let a « ma^, 

- , a niiV m . , , , 

bstna:; then — = — s — , where m and n are whole num- 

nüs tu 

bers. 

But it sometimes happens that the quantities are incommen* 
aurable, that is, admit of no common measure whatever, as when 
one represents the circumference of a circle and the other its 

diameter ; in such cases the value of ^ catinot be exactly ex« 

pressed by any fraction, — , whose numerator and denomi« 

n 
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nator are whole numbers; yet a fraction of this. kind may 
be foundy which will express its value to any required degree 
of accuracy. 

Süppose « to be a measure of b^ and let bmnw; ako let a 
be greater than mof bnt less than (m + l) ^; then is greater 

than — but less than , or the difference between — and 

n n n 

n. 1 

7- is less than — ; aiid as w is diminished^ since nw^h, n is in<» 
n 

creased, and — diminished ; therefore by diminishing Wp the 

difference between — and - may be made less than any that can 
be assigned. 

If a and b as well as c and d be incommensurable, and if 

when 7 lies between — and , - lie also between — and 

b n n d n 

iü^ , however the »agnitudes 1» and n are increaaed, then ^ 

91 

18 equal to -; • For^ if they are not equal, they must have some 

assignable difference; and because each of them lies between 

— and 9 this difference is less than - ; but since n may, 

fi n n 

by the supposition, be increased without limit, — may be 

fj • 

diminished without limit, that is, it may become less than any 

n c 

a3signable magnitude; therefore -- and r. have no assignable 

6 d 

difference ; that is, ~ is equal to - ; and all tbe preceding pro« 

o d 

positions, respecting proportionalst are true of the four magni^ 
tudes, a, 6, e, d. 
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VARIATION. 

249. In the investigatioQ of the relation which varjing 
and dependent quantities bear to each other the conclusions 
are more readily obtained by expressing only two terms in each 
Proportion, than by retaining the four. 

But though, in conddering the Variation of such quantities 
two terms only are expressed, it will be necessary for the 
Learner to keep constantly in mind that four are supposed ; 
and that the Operations, by which our conclusions are in this 
case obtained, are in reality the Operations of proportionalst 

250. Def. !• One quantity is said to vary directly as 
another, when the two quantities depend wholly upon each 
other, and in such a manner, that if one be changed, the other 
is changed in the aame proportion*. 

Let ^ and B be mutually dependent upon each other, in 
such a way, that if A be changed to any other value cp, B must 
be changed to another value 6, such that A : a ;: B : b, then 
J. is said to vary directly as B. 

[When it is simply stated that one quantity ^varies^ as 
another it is always meant that the one ^varies directly'* as 
the other.] 

Ex. If the altitude of a triangle be invariable, the area 
varies as the base. For if the base be increased, pr diminish^d, 
the area is increased or diminished in the same propörtion, (the 
area of a triangle being the half of the rectangle unda: the baa^ 
and perpendicular. See Euclid, Book i. Props. 36 and 41.) 

' The sign oc placed betwäen tWo quantities signifies that 
they Vary as each other. 

* [That Variation is mereljr ap abiidgment of Propovtioii is a point to be eai«^ 
fiilly bonle in mind; for one quantity is said to "vary " as another, not because the 
two increase and decrease togetheif, but because, as one increases or decteases, the 
other increases or decreases in the same propörtion, Thus, if^sVo^, in which 
X and y are yarying quantities and a is invariable, y incret^es as a increases, and 
dimfnishes as « ditninishes, but y does noi " vary " as sc^ because, as » increased, 
y does not increase in the same propörtion; for instance^ if x bedoubled y is not 
doubled.] 
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251. Def. 2. One quantity is said to vary inversely as an- 
other, when the former cannot be changed in any manner, but 
the reciprocal of the latter is changed in the aame proportion. 

A varies inversely as Ä, (-^ « •^)> *f> when A is changed 
to a, B be changed to 6, in such a manner that A : a :: 

-=-:-; or A : a t: : B. 
B b 

Ex. If the area of a triangle be given, the base varies in^ 
versely as the perpendicular altitude. 

Let A and a represent the altitudes, B and b the bases, of 

,.- , A X B a X b j n * 

two equal triangles ; then = » or Ax B =* a xb; 

therefore (Art. 229), A : a :: b : B :: -= : -r. 

B o 

252. Def. 3. One quantity is said to vary as two others 
jointly^ if, when the former is changed in any manner, the pro- 
duct of the other two be changed in the aame proportion. 

Thus A varies as B and C jointly, {A « jBC), when A 
cannot be changed to a, but the product BC must be changed 
to ic, such that A : a :: BC : bc. 

Ex. The area of a triangle varies as its base and perpen- 
dicular altitude jointly. Let A, B, P, represent the area, 
base, and perpendicular altitude of one triangle ; a, b, p, those 

A BP 

of another ; then BP = 2-4, and 6© =« 2a ; therefore — = - — , 

a bp 

or A t a :: BP : bp. 

253. Def. 4. One quantity is said to vary directly as a 
second and inversely as a third, when the iirst cannot be changed 
in any manner, but the second multiplied by the reciprocal of 
the third is changed in the same proportion. 

A varies directly as JB, and inversely as C, [-4 « ~| , 

B h 

when A : a :: -^ i ^\ Af Bf C9 and a, 6, c, being corre.- 

C c 

sponding values of the three quaiitities. 
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Ex* The base of a triangle varics as the area directly and 
the perpendicular altitude inversely. The notation in the last 

BP A 

Article being retained, -— = — ; and multiplying both sides 

oy «> ^^ have-r- = — ~ « -- -e- -; therefore, Ä ; 5 :: — : -, 
P b aP P p P p 

In the foUowing articles, A, 5, C, &c. represent corre- 
sponding values of any quantities, and o, 6, c, &c. any other 
corresponding values of the same quantities. 

254. If one quantity vary ds a second^ and that second 
as a third, theßrat varies äs the third. 

Let AazBy and B oc C, then shall A « G. For A : a 
z: B : b, and 5 : 6 :: C : c, therefore (Art. 230), A : a 
:: C : c; that is, A cc C. 

In the same manner, i{ A ocBf and 5 « — , then -rf oc — . 

C C 

255. If each of two quantities vary as a third^ their 
sum^ or differencey or the Square root of their producta will 
vary as the third. 

Let AccC and JB oc C, then A^B ozC; also y/AB « C. 
By the supposition A i a :: C : c :i B : b\ therefore A : a 
:: B : b; alternately A :, B :: a : b; aud hy composition 
or division A :i^ B : B :: a^b : b; alt. -4 ± J? : a ± 6 :: 
B : b :: C : c; that is, A ±5oc C. 

Again, A : a t: C : c 
and B : b :: C : c 
.-. AB : ab :: C^ : c* (Art. 241), 
and y/AB : \/ä6 :: C : c (Art. 242) ; 

that is, \/2s oc C. 

2o6. If one quantity vary as another, it will also vary 
as any multiple, or part^ of the other. 

Let AocBy and m be any constant quantity, then because 

B h 

A i a :: B : b, A : a :: mS : mb, or ^ : a :: — : — 

ß mm 

(Art. ^3S) ; that is, AccmB, or oc - . 

m 
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257- CoB. 1. I{ A Vary as J7, ^ is equal to jB'muItiplied 
by some invariable quantity. For A : a t: mB : mb; altern« 
A : mB :: a : mb; jf therefore vti be so assumed that 
A a mBy then in all cases a^mb. 

258. CoB» 2. If we know ajiy correftponding valueä of 
^ and Bf the constant quantity m may be found. 

Let a and 6 be tbe two values known^ then m b — 9 ^^d ^^ 

therefore known ; and, in general, A^-riB. 

Ex. Let 8 oc t^^ and when ^ « 1 suppose « = 165 thenj^ 
since s^mt^^ 16 » m, and 9 » 16/^ 

259. Ifone quantity vary äs anothefy any power or roöt 
of the former will vary las the same power or root of the latierl 

Let A Vary as JS, then A : a :: B : bj and by Art. 242, 
j<* : a" :: S* : 6"; that is, 4*«-B"* where n is whole or 
fractional. 

260. If one quantity vary as another, and each of them 
be mültvplied or divided by any quantity^ variable or inva^ 
riablcy the products^ or quotients^ will vary as each other. 

Let A vary as J?, and let T be any other quantity. Then, 

by the supposition, A : a :i B : b\ therefore AT : at :: 

^ A a B b 
BT : bt, »"^ y • 7 " 7? • 7 (Art. 2S9) ; «that is, ATo^BT^ 

^ A B 

261. Cor. If ^ oc 5, dividing both by S, ^ « f « 1 ? 

B B 

that is, -^ is constant. 

262. Ifone quantity vary as two others jotntly, either of 
the latter varies as theßrst directly and the other inversely. 

V V 

Let VocFT, theia by Art. gßOj^ F«— or 7"« — . 
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263. Cor. If the product of two quäntities be inva- 
riable, those quäntities varj inversely as each other. 

Let J5 X P be constant, or J? x P « 1 ; by division, J? «— . 

i . " * 

s 

V 

264. IffouT qucmtiHes be always proportionals, and 
one or two of them be invariable^ we may find how the Qtheir9 
Vary. 

Ex. Let py g, r, 83 be always proportionals, and let f be 
invariable^ then 8 « gr. Because ps^qr (Art. 226), pa ozqr\ 
and since p is constant, e ozqr (Art. 256). If both p and q be 
invariable, «ccr. 

265. If one quantity vary aa a eecondf and a third as 
a fourthy the product of the firat and third will vary ae the 
product of the second and fourth. 

Let J oc J5 and C « 2), then ÄC « BD. 

Because Ä \ a v. B x b 
and C : c :: 2) : d 

AC i ae :i BD : bd (Art. 241) ; 
that is» ÄC oc BD. 

266. When the increase or decrease of one quantity 
depends upon the increase or decreaae of two othera, and it 
appeara that if dther of theae latter be invariable, the firat 
variea aa the other ; when they both vary^ the firat variea aa 
their product. 

Let S oc V when T is given, 

and See T when V is given; 
when neither T nor V is given, S *c TV. ' 

For the Variation of S depends upon the variations of the 
two quäntities T and F; let the changes take place separately, 
and whilst T is changed to ^, let S be changed to S'; then, by 
the supposition, S : S' :: T : ti but this value aV' will again 
be changed to «, by the Variation of F, and in the same propor- 
tion that Fis changed; that is, S' t a :: V : v, and by com- 
pounding this with the last proportion, 
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S'S : STs :: TV : tv; 
or, S : 8 :: TV : iv (Art. 239), 
that is, See TV, 

[Ex. If 6 horses can plough 17 acres in 2 days, how many 
acres will 93 horses plough in 4^ days ? 

The number of acres ploughed oc number of horses, 

if the days are the same. 

••... •• oc number of days, 

if the horses are the same. 

when both horses and days are different, 

number of acres oc number of days x number of horses ; 

.'• number of acres required : 17 acres :: 93 x^^ : 6x2; 

number of acres required 93 x 4^ 

• • ■ ^ _ « 

17 6x2 

, . . , 31x2^x17 
••. number of acres required ss ^ ; 

« 592|.] 

267* Ifthere be nny number of magnittides P, Q, R, S, 
&c., each of which varies as anothery V, tvhen the resi are 
constant ; when they are all changed^ V varies a^ their pro^ 
dtcct. 

[Let FccP when Q, Ä, and Sf are given; 

Von Q when P, J?, and S9 are given ; 

rocjR when P, Q^ and «9, «re given; 

r oc iS" when P, Q, and J?, are given ; 

when P, Q, Ä, S, are all variable, V oc PQRS. 

Let the changes of V dependent upon the changes of P, Q, 
iZ, S take place separately, and whilst P is changed to /?, let V 
be changed to Vi ; when Q is changed to q, let Fi be changed 
to Fs; when R is changed to r, let V^ be changed to F^l and 
when iS' is changed to Sy let Fs be changed to t). Then, by the 
supposition, these changes are such, that we have the foUowing 
proportions :— - 
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r : Vi :: P : p, 
F,: n :: Q : q, 

V^: V :: S : a; 
.\ r : e :: PQRS : pqr8\ (Arts. 241,238) 
that IS, V ec PQRS. 

And the same proof may be cxtended to any number of 
inagnitudes.] 

ARITHMETICAL PROGRESSION. 

268. Def. Quantities are said to be in Arithmeiical 
Progression when they increase or decreasc by a common 
diflPerence. 

Thus 1, S, 5, 7, 9, &c. 

et, a + &9 a + 2 6, o + S&, &c« 

! a, o - 6, a - 26, a - 36, &c. 

! are in Arithmeiical Frosression. 

I Hence it is manifest, that, if a be the first term and a + b 

I the second, a + 2b is the third, a + Sb the fourth, &c..and 

! a + (w - 1) 6 the »*** terra. 

i 269. The sum of a series of quantities in Arithmetical 

Progression may be fotmd by multiplying the sum of the 
first and last terms by half the number of terms. 

Let a be the first term, b the common difierence, n the 
number of terms, l the last term, and s the sum of the series : 
Then, 

a + (ä + 6) + (a + ^b) + + / « » 

also Z + (Z-6) + (i -26) + + a = « 

adding, (a + i) + (a + Z) + (a + /) + ...to 71 terms es 2« 

or (ä + Z)w=:2ä 

n 
^ ^2 
Cor. 1. Since Z = a + (n - l) 6, we have also 

«= {2a4-(«-l)6}-'. 
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Cor. 2. Any three of the quantities «, a, n, 6, being given, 
the fourth may be found from the equation 

«= J2a + (n- l)6j X — . 

Ex. 1. To find the sum of 14 terms of the series 1, 3, 
5, 7, &c. 

Here a = 1, 6 = 2, n = 14 ; therefore, 

« = (2 + 26) X 7 = 196. 

Ex. 2. Required the sum of 9 terms of the series 11, 9, 7? 
5, &c. 

In this case a«ll, 6=-2, w = 9; therefore, 

«= (22 - 16) X - = 6 X - = 27. 
^ ^2 2 

Ex. 3. If the first term of an arithmetical progression be 
14, and the sum of 8 terms be 28, what is the common difierence, 
and the series ? 

Since {2a + (n - 1) 6} x - « «, 

28 

2a + (w - 1)6 = — 

n 

28 28-2an 

(n - 1) 6 a 2a = ; 

^ n n 

2ff-2a» 
... 5 « — . 

w(«— 1) 
In the case proposed « » 28, a b 14, n s 8 ; 

, 56 - 224 7 - 28 
... 6«— s «-3. 

8x7 7 

Hence the series is 14, 11, 8, 5, &c. 

[Ex. 4. If the first terra of an arithmetical progression be 
S^, the common diflferei^ce l|, and the sum 22 ; find the num- 
ber of terms. 

Generally 8 - (2a + »-1.6)-. 
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Here ««22, a«S^, b^l^, 

f20 IS] n 

.-. 22«<— + «-1 .— > -. 
\S 9J2 

or 396 « 47W + ISw'^ ; 

and by solving this quadratic equation it is found that w, the 
number of terms, is 4. 

In this and similar examples the negative value of n is 
excluded by the supposition under which n orignally enters the 
equation. 

270. The 8um of any two terms taken equidistant from 
the beginning and end of an arithmetical progression is equal 
to the sum of theßrst and last terms. 

This is proved in the demonstration of Art. 269 ; or it may 
be shewn independently, thus : — Let a, ä, c, d, e, /, g be in 
arithmetical progression, then, by Definition, 

b-a^g^f or b+f=a+g. 

Again, c — 6 =/— ^ ; r. c + e = b +/= a+g» And so on, 
whatever the number of terms in the series may be. 

271. If the number of terms of an arithmetical progres- 
sion be oddy twice the middle term is equal to the sum of the 
first and last terms. 

Let q represent the middle term, p the preceding, and r 
the succeeding term, then p — g = gr — r, by Definition ; 

.'. 2g5= jö + r, 

and p and r are equidistant terms from the beginning and end ; 

.'. p + r = a + /, by last Art. 

and 2q^a + L 

272. By the last two articles the summation of series in 
arithmetical progression is sometimes capable of being facili- 
tated. Thus, if the number of terms whose sum is required 
be even, and more than half that number of terms are given, 
it is sometimes easier to add together two terms equidistant 
from the beginning and end of the series, than to find either 
the " common difierence" or the last terra. 

9 — 2 
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If the number of terms be odd, and the middle term is 
one of those which are given, then, from what has been proved, 
the middle term multiplied by the whole number of terms will 
he the sum required. 

Ex« 1. Required the sum of 

2 7 4 1 

- + — + — \- — + &c. to 7 terms. 

S 15 15 15 

Here — is the middle term ; 
15 

••. sum required « — x 7 =* — • 
^ 15 15 

Ex. 2. Required the sum of 

3 5 

1+- + 2 + - + &c. to 6 terms. 
2 2 

Here the Sd and 4th terms are equidistant from the begin- 
ning and end ; 



•*• sum 



27 

- 1 - 'Hl 



GEOMETRICAL PROGRESSION. 

273. Quantities are said to be in Geometrical Progresmn^ 
or continual proportion, when the first is to the second as the 
second to the third, and as the third to the fourth, &c. that is, 
when every succeeding term is a certain multiple, or part, of the 
preceding term. 

If a be the first term, and ar the second, the series will be 
o, üTf ar*5 ai^^ ar^j &c. 

For a i ar V. ar i ar* :: an^ : ai^^ &c. 

274. The constant multiplier, by which any term is de- 
rived from the preceding, is calied the Common RatiOy and it 
may be found by dividing the second term by the first, or any 
other term by that which precedes it. 
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275, If any terms he taken at equal intervala in a 
geometrical progresHon^ they will be in geometrical progrea'^ 
Man, 

Let a, ar,..af^ ar*".,,..«»^ &c. be the progression, 

then Oj ar^9 ar^j at^, &c. are at the interval of n terms^ 
and form a geometrical progression, whose common ratio is r". 

276. If the two ewtremeSf and the number of terms in 
a geometrical progression be given, the means^ that isy inter^ 
vening termsy matf be found. 

Let a and l be the extremes, n the number of terms, and r 
the common ratio; then the progression is a, ar, ar% ar^.««.. 
0r"~^; and since l is the last term, 

or"'*«/, andr""'=-; 

a 

l\n^: 

.'. r 



ir-- 



and r being thus known, all the terms of the progression ar, 
ar^, ar\ &c. are known. 

277» To find the sum of a senes of qtcantities in ge- 
ometrical progression, 

Let a be the first terra, r the common ratio, n the number 
of terms, and s the sum of the series : 

Then s=^a + ar + ar^-h..» + Är""'+ ai**"V 

Subtracting r« - « = ar" - a ; 

ar"-a r*- 1 

•*• s 0: ' — s:s a » - • 

r - 1 r- 1 

Coli. 1. If l be the last terra, l = ar""', therefore 

rl--a 

s = ; 

r-1 

from which equation, any three of the qus^ntities «, r, l, a^ be- 
ing given, the fourth may be fownd, 



134 GEOMETUICAL PROGRESSION. 

Cor. 2. When r is a proper fraction, as n increases, tlie 
value of r% or of ar", decreases, and when n is increased with- 
out limit, ar^ becomes less, with respect to a, than any itiag- 
nitude that can be assigned. Hence the sum of the series, 

which, in general, is equal to — is reduced in this case, to 

r — 1 

- ö , . a 
, that IS, 



r — 1 1 — r 

This quantity , which we call the 8um of the series, is 

1 — r 

the limit to which the sum of the terms approaches, but never 

actually attains*; it is however the true representative of the 

series continued sine fine^ for this series arises from the divi- 

sion of a by 1 — r ; and thereforö may without error, be 

•^ 1 — r 

substituted for it. 

Ex. 1. To find the sum of 20 terms of the series, 1,2, 4, 
.8, &c. 

Here a = l, r = 2, n = 20; therefore, 

1x2^0-1 

»« ^ =22^-1. 

2-1 

Ex. 2. Required the sum of 12 terms of the series, 64, 
l6, 4, &c. 

Here a * 64, r = - , w = 12 ; 

4 .... 

1 ... 

V*~^ 4» 4»-l 1 4"-l 

1 4'^ 4 - 1 4^ S 

- - 1 

4 

Ex. 3. Required the sum of 12 terms of the series 

1, -3, 9, -27, &c. 



a 



* [That is, although no definite number of terms will amount to - — , yet, 

■\—T 

by taking a sufiicient number, the sum will reach as near as we please to it ; and, 
whatever number be taken, their sum wiU not exceed it.] 
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Here a e i, r « - 3, n « 12 ; 



.*. 8 



-3-1 4 



Ex 4. To find the sum of the series 1 — 4- + &c. 

2 4 8 

in infinitum. 

Here a «■ i, r « — ; 



.•. 8 



1 3 



278. Recurring decimals are made up of (juantities in 

ffeometrical progression, where — , — , .. &ais the com- 

mon ratio, according as one, two, three, &c. figures recur ; and 
the vulgär fraction, corresponding to such a decimal, is found 
by summing the series. 

Ex. Required the vulgär fraction which is equivalent to 
the decimal -123123123 &c. 

123 123 123 

THere the series is — ? + --r + — r + in infinitum; 

*- 10^ 10^ 10' 

123 , 1 

a= — 5, and r = --^; 
103 ' io3 

123 

TÖ^ 123 _ 4.1 
" * r "999'^ 333 '^ 

10^ 

Or, as foUows : — 

Let -123123123 &c. = «; then, as in Art. 277, multiply 
both sides by 1000; and 123-123123123 &c. = 1000*, and by 
subtracting the former equation from the latter, 123 = 999»; 

123 41 



8 =3 



999 383 
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[279. In a Geometrical seties continued in inf. tmu ierni 
ia >y xs ^ or <y the sum of all that followy accord vSiSß the 

common ratio w < , »s , or > - . 

2 

Let a'\'ar -¥ ai^ + ... + ar""^ + an^ + ...... be the series. 

Then the sum of the series after n terms is the sum of 

ar" + ar"+^ whichcsar*. ; 

1-r 

and ar^'^ is > = or <ar". 



1-r' 



according as 



as i 


• 

IS 


> 


r 


«= or < , 
1 -r 


... 1-r 


is 


> 


= or < r. 


1 


is 


> 


e or < 2r, 



r IS < as or >-.J 

2 -^ 



HARMONICAL PROGRESSION. 

Def. Any magnitudes ^, B^ C^Dy Ey &c. are said to be 
in Harmonical Progression, i{ A : C :: A-B : B^C; 
B : D :: B-C : C-D; C : jB :: C - D : 2> - -E; &c. 

280. The reciprocals of quantities in Harmonical Pro^ 
gression are in Arithmetical Progression. 

Let Ay By Cf &c. be in Harmonical Progression ; 

then by Def. A : C :: A - B : B - C; 

therefore AB-AC^AC- BC, 

and dividing both sides by ABC, 

1 1 1_ 1 

Again, B : D :: B-'C : C -D; 

therefore BC -- BD ^ DB - DC\ 
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and cl||iding by £CA 

1 1 1 ^1_ 

and 77 — ^ has been proved equal to -^ — j; therefore the 
C ß HA 

quantities -7 j *s > 7; > "t; > have a common difference ; that is, 

they are in Arithmetical Progression. And the same proof 
may be extended to any number of terms. 

[Hence every series of quantities in Harmonical Progression 
may be easily converted into an Arithmetical Progression, and 
then the rules of Arithmetical Progression may be applied to it.] 



PERMUTATIONS AND COMBINATIONS. 

281. Def. The different Orders in which any quantities 
can be arranged are called their Permutations. 

Thus the permutations of a, 6, c, taken two and two toge- 
ther, are a 69 ba^ aCy ca^ bcy cb, 

282. Def. The Combinations of quantities are the dif- 
ferent coUections that can be formed out of them, M^ithout re- 
garding the order in which the quantities are placed. 

Thus abf ac^ bcy are the combinations of the quantities, 
a, fe, c, taken two and two; ab and fca, though different per- 
mutations, forming the same combination. 

283. The number of permutations that can be formed 
out of n quantities^ taken two and two together^ is n (n-l); 
taken three and three together, w n (n - l) (n - 2). 

In n thingSy a, 6, e, d, &c. a may be placed before each of 

« ■ 

the rest, and thus form n — 1 permutations ; in the same 
manner, there are w — 1 permutations in which b Stands first ; 
and so of the rest ; therefore there are, upon the whole, n(n — l) 
permutations of this kind, ab, ba, ac, ca, &c. 

Again, of tz — 1 things 6, c, d, &c. taken two and tWo to- 
gether, there are {n — 1) (tz - 2) permutations, by the former 
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part of the article, and by prefixing a to each of tbese, there 
are (r^ - 1) (n - 2) permutations, taken three and three, in 
which a Stands first ; the same may be said of 6, c, d, &c. there- 
fore there are, upon the whole, w (ti — 1) (w - 2) such permu- 
tations. 

[284. To find the mmber of permutations of n thingg 
taken r together. 

By Art. 283, 

the number taken 2 together == ti (w- 1) 

3 =aw(w-l)(w-2) 

Similarly, 4 « n(»-l) (w-2)(n-3). 

Now, suppose the law, which is here perceived, to hold 
generally, that is, let the number of permutations of n things 

a, 6, c, d, &c. taken r — 1 together be 

w(n-l)(w-2) (n-r + 2). 

Then, omitting a, it is equally true that the number of permu- 
tations of 71- 1 things 6, c, d, &c. taken r- 1 together is 

(/i-l)(»-2) (7i-r+l). 

Prefix a to each of these last permutations, and there will be 
a series of permutations of n things taken r together in which 
a Stands first in every permutation, the number of them being 

(n-l) (w-2) (w-r+1). 

The same number may be made of similar permutations in 
which b Stands first ; and so also for each of the n quantities 
a, bf c, d, &c. 

Hence the whole number of permutations which can be 
made of n things taken r together is 

7i(w-l) (71-2) (n-r + 1); 

if it be true that the number of permutations of n things taken 
r - 1 together is 

n(n~l) (»-2) (w-r+2). 

That is, if the assumed law be true for any value of^r, it is 
proved true for the next higher yalue. But it has been shewn 
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to hold (Art. 28S) when r = 2, and 3; therefore^ it is true when 
r = 4 ; and, if for 4, for 5 ; if for 5, for 6 ; and so on generally 
for any number. 

Cor. The number of permutations o{ n things taken all 
together is 

w(w-l)(w-2) (n-n + 1) 

«»(Ä-l)(n-2) 1, 

or =1.2.3 w.] 

286. The number of Combinations that can he formed 

out of n things, taken two and two together j is n . ^ ; 

2 

n -" 1 n "^ 2 
taken three and three together, the number is n . . • 

The number of permutations in the first case is n(n^ l), 
but each combination ab, admits of two permutations, ab, ba; 
therefore there are twice as many permutations as combinations, 

or the number of combinations is n . . 

2 

Again, there are n(n ^1) (n — 2) permutations in n 
things, taken three and three together; and each combination 
of three things admits of 3.2.1 permutations (Art. 284. 
Cor.) ; therefore there are 3.2.1 times as many permutations 
as combinations, and consequently the number of combina- 
tions is 

w (n - 1) (n - 2) 



■ ■■ -^ "p 



1.2.3 



[286. To ßnd the number of combinations of n things 
taken r together. 

No. of permutations of n things taken r together 



= n.n — l .n-^2 ... n~r -\-l. 



But every combination of r things will make 1.2.3.... r per- 
mutations r together (Art. 284. Cor.) ; therefore there are 
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1.2.S....r times as many permutations as combinations : and 
coDsequently the No. of combinations is 

1 . 2 l S r 

287- Toßnd when the number of combinations ofa given 
number of things is the greatest. 

Since the No. of combinations of n things taken r together 
is equal to the No. taken r-1 together multiplied by , 

the No. of combinations will go on increasing as r increases, 

u ^ T + 1 w— r+1- 

until first ■■ or < 1. If r be such, that = 1, 

r r 

that is, if r^^(n + 1), and if n be odd, so that ■!(» + 1) 

is a whole number, then this value of r will give the greatest 

No. of combinations. If r be the least number which makes 

less than 1, that is, if r be the first number greater 

T 

than ^(« + 1), and n be even, so that -^(^+1) is a fraction, 
then the whole number next less than ^ (n + 1), that is, ^ w, 
will be the value of r, which gives the greatest No. of com* 
binations. 

288. The number of combinations of n things taken r 
together is the same as the number of combinations of n 
things taken n - r together. 

The number of combinations taken n-r together is 
n (n-1) (w-2) ... \n - (n-r) + l} 
1 . 2 ] 3 (w-r) * 

(putting 7i-r for r in Art. 286) 

n(w-l)(w-2) ... (r + 1) 
1.2. 3 (n-r) 

7i(w-l) ... (w-r + 1) (7*-r) ... (r + l) 

SS ■■■■'■■■■ ■ ■ ■ ■■»^^■i pi ■■^■^1 — ■■ ■■■! ■■ ■»■ ■ — !■ 

1 . 2 r . (r + l)...(w-r) 

n(n-l) ... (w-r+l) 

" 1 . 2 r 

«s No. of combinations of n things taken r together. 



PERMDTATIONS AND COMBINATIüNS. 141 

Hence in finding the number of combinations taken r toge- 
ther in certain cases, that is, when r > ^ w , it will be a shorter 

Operation to find the number taken w - r together. 

Ex. Required the number of combinations of 20 things 
taken 18 together. 

Number required — number taken 2 together 

20x19 



1x2 



«10x9 = 190. 



289. To find the numher of permutationa of n things 
taken all together, when the quantities recur. 

Let a recur p times, b recur q times, c recur r times, &c. 
And let P represent the number of permutations required. 
Then if all the a's be changed into different letters, these alone 
will form 1.2.3 ....p permutations instead of one, and out of 
each of the P permutations we should form 1.2.3 ..../) permu- 
tations; therefore the whole number would be P.1.2.3....|}. 
If again, all the 6^s be changed to diflferent letters, in the same 
manner, the Vs would of themselves form I.2.3....9 permu- 
tations, and the whole number of permutations would be in- 
cre^sed to 

P.1.2.S....p.l.2,3.g. 

And so on, tili all the quantities are diflferent. But when all 
are different, the number of permutations is 1.2.3.... w (Art. 
284. Cor.) 

.'. P.I.2.S.... j).1.2.S.... g.l.2.3.... r. &c. = 1.2.3 ....w; 

and P = ■ ; 

1.2.3. ...}). 1.2. 3.... g.1.2.3*«»« r. &c. 

or, if \n represent 1.2.3.,.. 92, for shortness, 

\n 

p « L^ ^ 

[p . [q^ . [r . &c. * 

Ex. Uequired the number of permutations that can be 
formed out of the letters of the wörd " Mississippi .""^ 
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Here the whole number of letters is 11. 
i recurs 4 times 

8 4f 

p 2 

„ 1.2.3.4.5.6.7.8.9.10.11 
•^ j^ -- - 

1.2.3.4.1.2.3.4.1.2 
= 5.7.9.10.11 
= 3i>650. 

290. To find the number of combinations of n sets of 
thingSj containing respectively p, q, r, Sfc. things^ one be- 
lüg taken out of each aet for each comhination, 

1. First, suppose there are two sets of things, containing 
p and q things respectively ; then the number of combinations 
niade by taking one out of each set is clearly p taken q times, 
or pq. 

2. Next, let there be another set introduced containing r 
things ; then each one of these being combined with pq com- 
binations, there will he pqr combinations of three sets of 
things, one being taken out of each set. » 

And so on : the number of combinations required being 
the continued product of the numbers which express the num- 
ber of things in each set. 

Cor. If there be the same number in each set, or p = q 
SS r s &c., then the number of combinations is p*. 

291. To find the number of combinations of two sets 
of thingSy containing respectively p and q things^ m being 
taken out of one set and n out of the other for each com- 
Unation. 

The number of combinations of the first set taken m toge- 

ther is ^-^ ■ — ; and the number of combinations 

1 . 2 m 

1.1^ 1 ..1 . 1 . 9(^-1) -.. (Q'-w + I) 

of the second set taken n together is ^—^ — . 

^ 1 . 2 n 
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And, to form the combinations required, each of the latter must 
be combined with each of the former ; tberefore the number of 
them will be the product of these two quantities, or 

p(p-l)(p^2) .,. (P-W4-1) g(g-l),..(g"n-fl) 

1.2. 3 m 'l . 2 n 



THE BINOMIAL THEOREM. 

292. The method of raising a binomial to any power 
by repeated multiplication has before been laid down (Art. 
187). The same thing may be done much more expeditiously 
by the foUowing general rule, which is called the Binomial 
Theorem. 

Let ^ + a be the binomial ; its n^ power is 

1 w — 1. ^ n — iw — 2_ ,„ 

2 2 3 

Where the index of j?, beginning from n, is diminished by 

unity, and the index of a, beginning from 0, is increased by 

unity, in every suceeeding term. Also the coefficient of each 

term is fouiid by multiplying the coefficient of the preceding 

term by the index of w in tbat term, and dividing by the index 

of a increased by unity. 

6,5 6.5.4 

Thus (w + aY « a?® + 6a«r' + -^ a^<j?* + -^— ^ a^w^ 

^ ^ 1.2 1.2.3 

6.5.4.3 , „ 6.5.4.3.2 ^ 6.5.4.3.2.1 « 
+ a* ar H a Of h a 

1.2.3.4 1.2.3.4.5 1.2.3.4.5.6 

= ^+ eaar^-i- 15aV+ 20a^w^+ 15a*<2?^+ 6a^w + a^ 

[293. To investigate the Binomial Theorem for a posi- 
tive integral index, 

By actual multiplication it appears that 

(^ + a)(<» + 6) s= a?^+ (a + i)^ + ab 
(^ + ö)(a? + 6)(a? + c) = a?^+(a+6+c)a?*+(a6+ac+6c)«J?+a6c 
(a?+a)(d7+fe)(a?+c)(a?+d) = j?* + (a + 6 + c + d) ar^ 

' + (afcc+acd+6cd+aftd)A'+a6cG[; 
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and the same law of formation of thc continued product is ob- 
served to hold whatever be the number of biDomial factors, 
w + a, w + bf a? + c, &c., actually multiplied together, viz. 
That it is coniposed of a descending series of powers of w, the 
index of the highest being the number of factors, and the other 
indices decreasing by 1 in each succeeding term. Also the co- 
efiicient of the first term is 1 ; of the second the sum of the 
quantities a, 6, c, See. ; of the third the sum of the products of 
every two ; of the fourth the sum of the products of every 
three ; and so on ; of the last the product of all the n quantities 

üf by Cy &c. 

Supposßr then, this law to hold for n binomial factors, 
d? + a, x + by a? + c, ...., a^ + Ä; so that 

(^+a)(a?+6)(a?+c)...(a?+&)«<»"+^a7""^+Äa?""*4.C.!i?""^+...+jr 

where ^ = a + 6 + c+...+Ä 
B tsz ab + ac + bc + •... 
C = abc + acd + 

&C. as &C. 

K ^ abcd ...Ic; 
introducing a new factor, ^ + Z, we have 
(a? + a)(a? + 6)(^i? + c) ... (a7 + ft)(a? + Z) = a?"+^ + (-4 + Oa?" 

Hence -44-/ = a + 6 + c+... + k + ly 

S + Z-4 = a6 + ac + 6c + ... + aZ + 6/ + ... -f- Jcly 

&c. » Sic. 

jrz = abcd... kl; 

so that, if the law above described holds when n binomial fac- 
tors are multiplied together, the same law is proved to hold for 

n + 1 factors. But it has been shewn to hold up to 4 factors, 
therefore it is true for 5 ; and, if for 5, then also for 6 ; and so 
on, generally, for any number whatever. 

Now, let a SS 6 SS c a &c., 
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then -4 « a + a + a + &c. to n terms « na. 

B = a* + a' + &c. to as inany ^ 

terms as is equal to the No. I ^ ^ "" ^ 2 
of combinations of n things | * 2 ' 
taken two together. ' 

C ^a^ + 0^-^ &c. to as matiy ^ 
terms as is equal to the No. 
of combinations of n things 
taken three together. 

&C. SS &c. 

JTs a.a.a ... to n factors = a\ 
Also (af + a) (a^+6)(j?+c) ... (a? + Ä;) becomes (/p + a)"; 

^ ^ 1.2 



1 . 2 



a"et?»-»+ + a". 



■ r^ ^ V w(n-l) - 
Cor. (1 + 0?)" « 1 + wo? + ^ar 

n(n-l)(n-g) ^;^^ 

1.2. 3 

294. To j9rove ^Aß Binomial Theorem when the index is 
fracHonal or negative. {EULER'S PROOF). 

Tl. ^ (Wl— 1) „ 1 -I /• 

Let the senes 1 + rwa? + + &c. be represented for 

X . ^ 

all values of m, whether positive, or negative, integral, or frae- 
tional, by the symbolJ\m) ; then it has been shewn that, when 
9» is a positive integer, 

It remains to prove that this equation is also true when m is 
either fractional or negative. 

By the notation assumed 



»(fi-1) « 
1 + no? + c^ + &c. =/(w) i 



10 
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therefore, by multiplication, y(m) .y(^) ■» the product of the 
two series, which will evidently be a series of the form 

1 + aco + ha^ + ca? + &c. 

ascending regularly by the integral powers of /p, the coefficients 
a, 6, c, &c. being difTerent combinations of m and n. 

Now, although by changing the values of m and n the 
valtiea of a, by c, &c. are altered, yet their forms, that is, the 
manner in which m and n enter the series will remain the same. 
Whatever, therefore, be the forma of a, 6, c, &c. when m and 
n are positive integers, the same will they be when m and n 
are fractional or negative. But in the former case 

1.2 
••• m + 91 is a positive integer. 

=y][m + w), by the notation ; 

.". universally fijn^.fin) ^fim-vn), 

Since, then, this last equation is true whatever be the 
values of m and w, for n write n ^p, and we have 

f(m + n + p) ^f{m) ./(n + p) ^f(m) .f(n) ./(p) ; 
and proceeding similarly, we have generally 

yi(m + n+p + &c.)'=y(^)v/'(^)vAp)' ^^' ^^ any number of 
terms. 

h 
Now, let fit a n B j} B &c. B - , h and k being positive 

rC 

integers; then 

and, if the number of terms be k^ 
y f r tjr + &c. to k terms) ■=/*(]:] '•/'(r) • ^c. to k factors, 



or 



m-{fm\ 
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or (1 + 



... (l+«F./(^) 



^ (- \ 

1 + — ^+ "^ + •••• 



by the Dotation, 

K 1.2 

vhich proves the Theorem for a fractional positive index. 

Again, ••• fijvi) 'J\n) =/'(m + n), for all values of tii and 
n, let » a — m, then 

« 1, since the aeries becomes 1 when n» « 0. 



1 



(1+0?)«' 

or (i+d?)-"=yx-»*) 



= 14- (- w) ^ + ^^ ar + 

^ ^ 1.2 



which proves tfae Theorem for a negative index, integral or 
fractional. 

295. The theorem may be easily proved for a negative 
index as foUows, when it has been previously proved for a posi- 
tive integral and fractional index. 

(1 +«)-»« 



(1 + w)* 

1 
«—————- y n being positive, in- 

nfn — 1) - 

1 +n^ + — ^^ -a^+ &c. 

tegral or fractional, as before proved ; which by actual division 
of the numerator by the denominator becomes 

10 — 2 
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1 -»a?+ ;; ^- ;; 0?'+ ... 

^^1.2 1.2. 3 

following the same law as the expansions proved before for 
positive indices. 

296. If 1.2.3....n be represented by In, n being any 
positive integer, the Binomial Theorem may be written in the 
following form : — . . 

'•^°> ■ l^-fe •" ITtHI-' UTEi ' - lEini * B- 

297« In applying the Binomial Theorem to any proposed 
case it is well to observe, that, if each term of the given bi- 
nomial be of one dimension, every term of the expansion will be 
of n dimensions. 

Also, if each term of the proposed binomial be of two di- 
mensions, every term in the expansion will be of 2n dimen- 
sions ; and so on. 



Ex, 1. (a«+af«)"= a«"x (l +ni) 



1 + w . — + » . . -7 + &c. , 

a* 2 a* / 

w — 1 
= a^^+wo^'^a^^+w. . a**"*^*+ &c. 



1 11^ 

--1 --1 --2 

Ex. 2. (1 +a?)'» = l+-a? + -.— 0?*+ — . . ar+&e. 

n n ^ n 2 3 

n 2nr 2.3.n* 

Ex.3. (I+a) « = i-_.r+ — a?^^ V T >yv — Z_Z^^gjc. 

n 2n'' 2.3.n'* 
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298. If either term of the binomial be negative» its odd 
powers will be negative; and consequently the signs of the 
terms^ in which those odd powers are found, will be changed. 

Ex. 4. (l-a?)"«l-na?+» o?«--^ ^-^ ^ar^+&c. 

d 1 • 2 • S 

in _ 1 

Ex. 5. (a»-a?*)»« a«-- na^-V + ». -^ a»»-*a?*- &c. 

2 

299. If the index of the power, to which a binomial is to 
be raised, be negative, and either term of the binomial be 
negative, then everj sign in the series is positive. 

-D /, X— , n(n+l) 5 n(n+l)(n+2) , 

Ex. (l^wy-^l+naf+ ^ ^ ^ "^ l . 2 3 ^ "^'" 

300. To find the general term of the exparmon of 
(x + a)°. 

The Ist term is a?" 

2nd wa^^**"', 

srd ^.!Lzi«v- 

2 

4tn ..X n. , aar , 

2 3 

in which we observe that the coefficient of any term is formed 

w w — 1 w — 2 

of the product of the factors — , , , &c. in number 

^ 1' 2 3 

one less than the number which expresses the position of the 

term ; therefore the coefficient of the r^ term will be 

n{n -l)(7i-2) (ti -r- 2) 

1 . 2 . 3... (^- 1)' 

Also the index of a is always the same as the denominator 
of the last factor of the coefficient ; and the index of <r is the 
difference betweenn.and the index of a\ therefore the whole 
-*^ term is 

n{n^l){n-i) (n-r + 2) ^,.3^».,+,^ 

1.2. 3 (^-1) 
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By substituting ia this expression any proposed number for 
r any siogle term of the expansion may be found indepeiH 
dently of the rest. 

Ex. Reqnired the 5th terra of (a* - 6*)". 

Here r » 5, and n^l2; 

12.11.10.9 , ,^4 . ,.g 

.-. term required « — . (-o^*. (a )* 

1.2.3.4 

301. If the indeäf of ihe Unomial be a podtif>e inieger^ 
every coefficient in the ewpanricm^ formed by the indew^ ia a 
positive integer^ 

For; the coefficient of the (r + 1)*** term is 

n(n-l)(n-«)...(»-r+l) 



1 . 2 



änd this (by Art. 286) is the same as the number of combina- 
tions of n things taken r together. Now this latter number, 
by the nature of the thing, must be a whole number if n and 
r be positive whole numbers ; therefore also 

w(«-l)(n-2)...(w-r + l) . , _ , 

5- IS a whole number. 

1.2 . 3 r 

A proof of this independent of the theory of Combinations, 
will be given hereafter. 

302. To find the number of terms in the eä^pansion. 

The r+Tj term of (* + a)« is 

n(«-^l)(n-2),.,(n >-r + l) ^^.^ 
1.2. 3 r ' 

and if r be such that n - r + 1 is equal to 0, tfaat is, if n be a 
positive whole number and r « n + 1, there is no term after the 
r% or the number of terms is n -i- 1» that is, greater by 1 
than the index. 

If n be negative or fractional» since r must necessarily 
be a positive integer, no value of r can make « - r + 1 equal 
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to 0, and therefore in thei^ cases the number of terms is 
unlimited. 

Thus the number of terms in the expansions of (4r+a)S 
(a!+ a)% is 4 and 8 respectively ; but the number for (o? + a)"^, 
er (<r + a)i is unlimited, or indefinitely great. 

303. To prove that, in an earpanded binomial, tohen 
the index ia a positive integer^ the coefficientsy formed hy 
the indeafj of any two terms taken equidistant front the he- 
ginning and end, are the same» 

Since the number of terms is 9i + 1» the r + 1 1 term from 

the end is the n - r + 1 1 term from the beginning, and its co- 
efficient (Art. 299» putting w - r + 1 for r,) is ^ 

n(n-l)(w-2),..(^-n-r-l) ^^-"r v vs:^/^ 

1.2 . S (n'-r) i^i ^'i-:^''] %i 



n(n-l)(n-2)...(r+l) Vfe-i^ 



1.2. 3 (n-'r) ^^dlJ> 

w(n-l)(w-2)...(»-r+l)(«-r)...(r+l) 



1.2. 3 r . (r + l)...(n-r) 

_ y^(n'"l)(n-2),.,(n-r + l) 
"" 1 . 2 . 3 r 

= coefficient of the r + l[* term from the beginning. 

This result is shewn at once by Art. 296. 

CoK. Hence in expanding a binomial, with the index a 
positive integer, the latter half of the expansion may be taken 
from the first half. 

Ex. Required to expand (a + by. 

Here the number of terms is 8 ; and it will be necessary to 
calculate the coeiScient up to the 4^^ term only ; 

^ ^ 1.2 1.2.3 

;= a' + 7a^b + 21 a^b^+35a%^+ 35a^b* + 21a'6' + 7ab^ + 6". 
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304. To find the greateat term in the expansion of 
(a + b)'*. 

The r + 1 [ term of the expansion is 

n(n-l)...(n^r+l) ^„_^ ^^ 
1 . 2 r • 

and the r^^ term is 

1. 2 (^-1) 



Therefore the r + 1 1* terra is obtained from the r*^ by mul- 

71 — r + 1 6 
tiplying the latter by — 



r a 



Hence the r*^ term will be the greatest when 



w - r + 1 b 



a 



is first < 1, 



or (n-r+l)6<ar> 
or r (a + 6) > (w + 1) 6, 

or r>(n + l) 



a-i-b 



Take r, therefore, the first whole number greater than 
(w + l) -, and that term will be the greatest. 



If (n + 1) 



a + b 



be a whole number, then two terms are 



equal, each of which is greater than any of the other terms. 

Cor. By thus ascertaining the greatest term we determine 
the point from which the terms of a series become less and less, 
or, as it is usually stated, the point at which the series begins 
to converge. 

Ex. Required to find which is the greatest term in the 

expansion of (ß + Sa^Yf when a?=»-. 



r i> 



tu 
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5 



h 2 

Here (n+l) - = (8 + 1). ^ 

^ ^ a + 6 ^5 

5 45 , 
11 11 " 

The first whole number greater than 4^ is 5 ; therefore 
the terra required is the 5*^. 

305. To find the sum of all the coeffidenta of an ew^ 
panded binomial. 

_, , . wfw — 1) , „ ^ , 

Smce (1 +a?)"« 1 + «0? + 0?'+ &c., for any value 

1.2 

whatever of a?, let /r = 1, then 

^^ 1.2 1.2.3 

or, 2*= the sum of the coefBcients. 

Ex. (a? + a)* = ^ + 5aw^ + lOaV + lOaV + 5o*a? + a^, 
and the sum of the coefficients =1 + 5 + 10 + 10 + 5 + 1 
= 32 = 2*. 

306. To find the approximate roots of numbers by the 
Binomial Theorem. 

The theorem being proved for a fractional index, we have 

•/ / X- 1 1 w-1 , 

Vl+a?=(l + a?)'» = l+-.a? . ar + .... 

ißv n n 2n 

riD^ Now, if N represent a proposed number whose n^^ root is 

required, take p such that j^" < JV, and (p + iy>N, so that 

1 N =^ p"* + q, q being small compared with p" ; 

then \/N s= jp f 1 + -^ I ; and writing — ^ for o?, 



, 1 qr 1 n-lfqy . 

^ « j^' n 9,n Vp"/ ^ 



154 BINOMIAL THEOESM. 

of which series a few terms only will give the required root to 
a considerable degree of accuracy. 

Ex. Required the approximate cube root of 128. 

Here v^lü « ^S? + 3 = 5 V 1 + — 

^125 

; ^ — 11M^' 15/3y . 

1111 . 

= 5 + 0*04 - 0-00033 + 0*0000042 - ... (Art. 56) 
= 5-0396842. 

307* A trinomial, a -f 6 + c, may be raised to any power 
by considering two terms as one, and makiDg use of the Bino- 
mial Theorem. Thus, 

(a + 6+c)*= (a + 6 + c)* 

= (a+6)- + »(a + 6)-^c + ?^^^^(a + 6)-V + &c. 

1.2 



in which the various powers of a + 6 may be replaced by their 
expansions found by the Binomial Theorem. 

Ex. Required the cube of 1 + J7 «f ^. 

(1 JfX^-a?y « (yno-^a^Y 

= {l^aif + 3 (l +wya^ + 3 (l +a?) o?* + a?* 
« 1 + 3a; + 3a?^ + 07^ + 3^ + 6i»^ + 3a?* 

« 1 + 3ar + 6a?^ + 7a;^ + 60?* + Sjt* + a?*. 

Similarly (a-^b + e+d)* may be expanded by considering 
a + 6 as one term and c + d as another ; and any multinomial 
may be expanded in a similar manner by dividing the whole 
into two terms and considering it as a binomial. 



j 
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308. Required to find ihe Remainder after talnng r 
terms of the ewpansion of {l ^ x)"*. 

By the Binomial Theorem, 

(1 -or)-* ^1 +2x + Sa^ + ... -¥ ra?*"-' + Ä, 
R representing the remainder after r terms; 

.-. r« 1 + 2a? + Sc»^+ ... +raf'-* + Ä; 

1 - 2.r + 0?" 

-2^-4d?*+ ... -2(r-l)a?'-*-2r»'^-2Äcr 

+ 0^ + ...+ (r-2)a7'-» + (r-l)a7''+ra7'+^ + Äa?« 

«1 1 - (r + 1) w'' + ra?'+^ + Ä(l -^)«; 

(r+l)^''-ra?''+* 

In the same manner may be found the remainder after 
taking r terms of the expansions of (l -a?)"% (l -a?)"S &c, 

309. To find the number of homogeneous producta of r 
dimensiona which can be made of n thinga a, b, c, d, <$*c. ar^ 
their powera. 

By common division, 
1 



1 ^ aw 

1 

1 -fco? 

1 



« 1 + aa? + aW + a'«* + 



1 + 6d? + iV + 6W-f ,..,. 



= 1 + ca7 + c^/p* + a^afi + 



1 1 1 



• &c. = 1 + (a + 6 + c+ &c.)(i7 



1 - «4? 1 - 6a? 1 - CO? 

+ (a* + a6 + 6^ + oc + fec + c* + &e.) «* 

+ (a^ + a*6 + ab^ + 6^ + a*c + 6*c + a(? + c' + &c.) «r' 

+ &c. &c. 
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the coefficient of of being the sum of the homogeneous products 
of n things a, 6, c, d, &c. of r dimensions* 

Now to obtain the number of these products^ let ö = 6 
s e = d = &c. = 1, then the coefBcient of j?*" will give the num- 
ber required. But on this supposition, the left-hand side ot 
the equation becomes (l - ^)"'*j which by the Binomial The- 
orem is 

^ + 1 o n+1 w + 2 . . 

1 + nw -{-n. ar + n. — -— . — r— ^ + - &c. 

2 2 5 



w.w + l.n + 2 n + r-1 ^ 

a?*^ + 

1. 2 . 3 r 



, w.w + l.w + 2 w + r-1 

.'. numb. required = -- . 

Cor. Hence also the number of terms in the expansion 
of («i + ög + «3 + . . . «r)" is known ; for it is the same as the 
number of homogeneous products of r things taken n together, 

that is, 

r(r4-l)(rH-2) (r-i-»-l) 

1.2.3 n 

If 9.-2, that is for a binomial, (a + 6)% the expression 

becomes 

2.3.4 (w + 1) 

^ , or w + 1. 

1.2.3 n 

If T=^S^ the number is for (a + 6 + c)* 

3.4 (n + 2) (n + l)(n4-2) 

' — —"—""■ • or • 

1.2 n 1.2 

If r = 4, or the quantity to be expanded be (a + 6 + c + d)", 
the number of terms is 

4.5.6 (w + S) (n + l)(w + 2)(n+3) 

, or , 

1.2.3 n 1 . 2 -. 3 

and so on for any value of r.] 
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THE EXPONENTIAL THEOREM. 
[310. To expand a* in a series of powers of x. 

= {l+n(a-l)+w. {a-iy+n. . (a-l)V&c.}" 

2 2 3 

= {l+[(o-l)-^: -■¥- i--&c.]n+B»*+Cn*+...}" 






Bi C, &c. containing powers of o - 1 only ; 

£ 1 



2 



w 
--1 



w n 2 
= 1 +^(J + JB» + ...) + ^- (^ + JBn+...)*+ ... 

Since o' is clearly independent of w, n may be any value 
whatever ; let, then, n = ; 

.'. a'= 1 + Ja? + — -- + — -— + ... 

1.2 1.2.3 

CoB. If € be that value of a which makes A equal to 1 , then 

€'=1+ -+-— + _^+... 
1 1.2 1.2.3 

Hence, making <r s i, 

€ = ! + -+ + + ... = 2-7182818 (Art. 56).] 

1 1.2 1.2.3 ^ ^ -* 



THE MULTINOMIAL THEOREM. 

[311. The Multinomial Theorem is a rule or formula for 
expanding any power of a quantity which consists of more than 
two terms. 

The expansion of a multinomial may frequently be effected 
by the Binomial Theorem, as is done for a trinomial in Art. 307; 
for (a + 6 + c + d+ &c.)"* may be expanded as a binomial by con- 
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sidering any number of terms as one term, and the remainder as 
another term. But a more general method is as foUows : — 

312. To ewpand (a + b + c + d + fec.)**, when mis a posi- 
tive integer. 

g(a+6+«-hd+*c.)«^ e*^. €**. e**. €^. &c. 

and if 6 «2*7182818, expanding by tbe Exponential Theorem, 

1 + (a + 6 + c + d + &c.)- + (a + 6 + c + d + &c.)*r +... 

1 ^ |2 

+ (a + 6 + c + d + &c.)~T— +&e. 

im 

» (l+aa?+ -|— + -j— +... + -J +&C.) 

x(l + 6a?+-r— + -j— +...+ -7— + &C.) 

l£ 11 11? 



&c. 



Now, as this Operation merely exhibits the same quantity 
expanded in two different ways by the same theorem, the cor- 
responding terms, that is, the terms involving the same powers 
of w will be equal to each other ; therefore equating the co- 
efficient of af^ on the one side with the coeiBcient of a^ on the 
other, and observing that each separate term on this side of the 
equation which involves oT will be the product of as many 
terms as there are series to be multiplied, one of which is taken 
out of each series, and will therefore be of the form 

l£ Li Lü |£.l9.[r.8fc. 

where p+q-\-r + &c. ■= «», we have 

(a + 6 + c + d+ &c.) (^b^d'. &c. ^ 



* 2 Stands tat the ezpression <<the siun of «11 the quantities of the fonn of." 



J 
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\m 
.-. (a + b-^-c + d-^ &€.)"•= 2 1 r-^= — r— a^b^c\ &c. ; 

and by giving p, g, r, &c. all the positive integral values which 
the condition p + 9 + r + &c. s m admits of, the several terms 
of the expansion will be obtained. 

Cor. 1. If 9 + r + « + &c. = TT, then p » m — tt, and the 
general term becomes 

1 . 2...q . 1 . 2...r . &c. 
which form is sometimes found more convenient. 

Cor. 2. If it be required to expand 

the general term raay be obtained from the former by writing 
a^Wy «2^? Ö3^''j &c. in place of 6, c, d, &c. respectively, by 
which it becomes 

m(»w-l)...(m-7r + l) . ^ „ ^ „ «j.Q.a.i.,xA, 



1.2.3...9.1.2.3.».r.&c. 

and all the terms of the expansion may be found as before, by 
giving 9, Ty 8, &c. all possible integral and positive values which 
the condition 9 + r + « + &c. a tt admits of. 

Obs. The proof here given of the Multinomial Theorem 
extends only to the case of positive integral indices, for by the 
Exponential Theorem m cannot be any thing but a positive in- 
teger. But if the Multinomial be deduced from the Binomial 
Theorem, then since the latter is proved for fractional and nega- 
tive indices, the former is also proved to hold for such indices. 

Ex. Required the term in the expansion of (a-6-c)''' 
which involves a^b^c\ 

Here m=:7» w-7r = 2, 9«S, r ^2; 
. •. the term required = — — *—^ — —. 0*. (-by. (-c)S 

= - 2100263^2.] 
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EVOLUTION OF SURDS. 

[A practical luethod of finding the Square root of a bino- 
mial surd was given in Art. 177 ; the foUowing is the one more 
usually adopted. 

313. To ewtract the Square root of a quantity which is 
under the form a + y/h. 

Assume y/w + y/y = V a + y/b^ 
then 0? + y + 2\/^ = ö + vfe; 

_1 [ (Art. 174) : 

and 2 \/oßy = v 6 ) 

from these two equations we find w and y, thus: 

or + 2wy + y^ = a^ 

4a?y = b ; 

.•. a^ ^Qofy -\- y^^a^ -b 

a? - y = \/a* - 6, 

and 07 + y = a ; 

and 2y ^a-- y/a^ - 6, 
a + 'v/a* - 6 



^ 



and j^ 8«B 



2 
2 



... x/^+v'y- \/«±^^+ ^a-Va^-b 



2 2 



From this conclusion it appears that the Square root of 
a + y/b can only be expressed by a binomial, one or both of 
whose terms are quadratic surds, when a' - 6 is a perfect 
Square. 
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If the proposed surd be of the form' a - vÄ? then we 
assume \/bß — Vy " v « — y/by and proceed as before. 

314. It must be observed that thismethod applies only to 
cases in which one of the terms of the binomial is a quadratic 
surd^ and the other rational. 

If, however, a binomial is proposed which can be put 
under the form y/a*c + \/oc, or \/c {a + y/b), its Square 
root may be found, by finding the Square root of a + y/b, and 
multiplying the result by v^c. 

3 /— 

Ex. 1. Required the square root of - + v 2. 

Assume y/w + y/y = \/ - -f y/2 5 

then a? + y + 2 y/opy = - + \/2 

2 

3 

••• «^ + y = 2 

and 2 \/d?y « \/2 
a?2+2a?y + y*«- 
. 4a?y =s 2 

4 



0? 






and 07 + y 



.-. 2^ = 2, orcT*!, 

1 
and 2y = 1, or y = -. 



.'. v^ + \/y = 1 + - \/2, the root required. 

2 



11 
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Ex, 2. Required the Square root of 'x/ä? + \/24] 
Here y/9n + \/24 = \/9 x 3 + x/sTF* \/i (s + \/8 ); 

and applying the method of Art. 313, v 3 + y/s is found to be 
1 + \/2 ; (or see Art. 177 Ex. 1) : therefore 

the root required is y/s (l + y/^) or y/s + \/l2- 

315. Lemma. If "V bl + \/b = x + \/y> ^Am afao 
va - \/b = X - -v/y- 

For if V a + \/6 *= o? + \/y 

ö + V ^ = ^ + 3d7^ vy + 3«ry + y vy, 
,•. (Art. 174) a =s 0?* + 3a?y, 

and vfe = Sa^y/y + y\/y 
hence a - vfc = ti?^- Sa^^y + 3a?y -yy/yi 

.'. V o - \/6 = J7 - V y. 

316. To find the cuhe root of a hinomial Surd of the 
form a + vb» when it can he expressed by a binomial of 
the same description. 

Assume a? + y/y « v a + y/b 

then a?-y/y=s\/a-y/bf (Art. 315); 

.•. a^^y =z y/ar - 6, 

Now, if «*— 6 be a perfect cube, let it be equal to c^ ; 

then a^—y =^c 
but ci?^+ 3^y = a, (Art. 315) ; 
.'. a?^ + 3a? (a;^ - c) = a, 
or 4ia^^ 3cw = a. 
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From this equation m muBt be found by trial, atid then j^ is 

known from the equation y = a?* - c ; thus m + \/jf is known, 
which is the required root. 

It appears from the Operation that the cube root of a + \/h 
can only be expressed by a binomial of the same form when 
a^— 6 is a perfect cube. This test, therefore, ought to be ap- 
plied to every proposed case. 

Ex. Required the cube root of 10 + v 108. 

Here o* - 6 = 100 - 108 = - 8 = (- 2)^ therefore the method 
of Art. 316 may be applied. 

Let w + \/y = V^IO + \/l08 ; 

.'. ^ - \/y = V 10 - \/l08 

a^-y « A^IOO- 108*= -2. 
Also afi + ^(sy ^ lO ; 
.'. 57*+ 3tT(/i;^+2) = 10, 
or 40?^+ &(Xi = 10, 
an equation which is satisfied by ^ = 1 ; therefore y « 3 ; and 

cß + y/y e= 1 + vS. 

If therefore the cube root of 10 + ^^108 can be expressed in 

the proposed form, it is 1 + y 3 ; which, on trial is foutid to 
succeed.] 

317* Lemma. If n he an odd numher^ a and b one 
or hoth quadratic surds, and x and y involve the same surds 

that a and h do respectively, and also (a + b)^ = x + y? then 

1 

(a-b)» = x-y. 

By involution a + b^(<iv + y)\ 

n^\ « ^ w-l w-2 9 - « 

or a + 6 = a?*+7i^"^V+^ a?""V+w. . ^""V+&c. 

2 2 3 

where the odd terms involve the same surd that w does, because 
n is an odd number; and the even terms, the same surd that y 

11 — ^2 
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does; and since no part of a can consist of y^ or its mul- 
tiples or parts (Art. 176), 

2 

and b « ncü^''^y + n. . a?"" V + ^^'] 

^ 2 3 ^ ' 

hence, 

^ 2 ^ 2 3 "^ 



= (^ - y)"; 



1 



.'. (a - 6)« = <2? - y. 



318. The n*^ roo^ o/ a binomialy one or hoth of whose 
terms are possible quadratic surdsy may sometimes be eoßpressed 
by a Hnomial of that description. 

Let A + Bhe the given binomial surd, in which both terms 
are possible ; the quantities under the radical signs whole num- 
bers ; A greater than B ; and n an odd number. 

Assume V (^ + 5) x ^/Q = a? + y, 

then \^(J-'B)x^Q = o? - y, (Art. 317) 

by mult. \/(^'-5')xQ = ^' - f 5 

let Q be so assumed that (A^ — B^) x Q may be a pcrfect w"* 
power = p% then ai^ -i^ ^p. 

Again, by squaring both sides of the first two cquations, 
we have 



\/{A + 5)« X Q « et?- + 2ct?y + tr 

^{A-^Bf^Q ^a^- 2ajy + y« 

hence ^{A + BfxQ + ^{A^-BfxQ = ^af" + 2y«, 

which is always a whole number, when the root is a binomial 
of which each term is either rational or a quadratic surd ; take 
therefore 8 and t the nearest integer values of 

>/(^ + 5)»xQ and ^{A'-By^Q, 
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one of which is greater, and the other less than the true value 
of the corresponding quantity; then since the sum of these 
surds is an integer, the fractional parts must destroy each 
other, and ^ai^ + 2y^ - 8 + t exactly, when the root of the 
proposed quantity can be obtained. We have therefore these 
two equations 

07^ +y^ = 



,2 __ 



.*. 2ar = p + 



2 



8 + t + 2p 



Also^ 2y^ = 



w = 

2 

s + ^ - 2 jö 
2 

\/« + ^ - 2p 



and 1/ =s 

^ 2 

therefore, if the root of the binomial \r(A + B)Ky/Q 

be of the form a? + y, it is 

\/« + ^ + 2p + \/ä + ^ - 2p 

and the ri*** root o{ A + B is 

\/« + t + 2p 4- v« + I? - 2p 
2V^^Q ' 

319. In the same manner, the n^^ root of -4 - -B is 

\/s -\-t + ^p- \/s -irt -^.p 

Wo. ' 

in which expression, when A is less than By p is negative. 



166 ^VOL0TION OF SDRD8. 

320. If the iftdex of the root to be extracted be an even 
number, the square root of the proposed quantity may be 
found by Art. 313, when it can be expressed by a binomial of 
the same description ; and if half the index be an e\en number, 
the Square root may again be taken, and so on, until the root 
remaining to be extracted is expressed by an odd number, and 
then the method of the preceding Art. may be applied. 

Ex. 1. Required the cube root of 11 + 5 vT. 

Here ^ = 5\/7, Ä-11, ^^-5» = 54; therefore Q = 4, 
and p^ - 216, or p « 6. 

Also v^(^ + Ä)*x Q = V^ (296+1 10 \/7) x4 

= V^2268-44 
= 13+/; 
Similarly \/{A-ByxQ^ S-/; 

or « = 13, and ^ = 3 ; therefore, by Substitution, w » v?, and 
y = 1 ; hence d? + y = v? + 1 ; and the quantity to be tried 

for the root is — ft^— • 

Ex. 2. Required the cube root of 2 y/l + 3 y/s. 

Here A^^y/l^ B^Sy/s^ J^-Ä'-l; hence Q«l, 
and jp s 1. 

Also ^{Ä^Bf.Q = \/{55 + 12 -v/il) . 1 

= v^ 109-96 ' 

= 4+/. 
Similarly ^{A-By.Q = 1 ^ /; 

or « = 4, and / « 1 ; therefore o? « - - , and y « ; hence 

2^2 

^ + y = , the quantity to be tried for the root, 

SS 

which is found to succeed. 
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321. In the Operation, it is required to find a number Q, 
such, that (^^•'JB") x Q may be a perfect n^ power; this will 
be the case, if Q be taken equal to {Ä^ — B^Y"^ ; but to.find a 
less number which will answer this condition, let J? ^ B^ be 
divisible by 

a, a, &c....a times; 6, b^ &c....j3 times; c, c, &c....'y times, 

in succession, that is, let A^ -^ B' ^ a^bPc'^ kc. Also let 
Ö = a'feycf &c. then 

(J* -S*) . Q = a«+' X 6^+y X cy-^' &c. 

which is a perfect n^ power, if ^, y^ z^ &c. be so assumed that 
o + a?, )3 +.y, 7 + Äf» are respectively equal to n, or some mul- 
tiple of n. Thus, to find a number which multiplied by 180 
will produce a perfect cube, divide 180 as often as possible by 
2, 3, 5, &c. and it appears that 2.2.3.3,5 = 180; if, therefore, 
it be multiplied by 2.3.5.5, it becoraes 2^,3'. 5', or (2.3.5)^ 
which is ä perfect cube. 

322. If Ä and B be divided by their greatest common 
measure, either integer or quadratic surd, in all cases where 
the n*** root can be obtained by this method, Q will either be 
unity, or some power of 2, less than 2*. See Dr. Waring^s 
Med. Älg. Chap. v.. 

[323. The square root of a multinomial, of which one 
term is rational, and the rest quadratic surds, may sometimes 
be found by assuming 

!V a + \/h + VC + vd = y/w + vy + \/xj 
and proceeding to find ^, y^ and %y as in Art. 313.] 

INDETERMINATE COEFFICIENTS. 

[324. //* A + Bx + Cx» + &c. = a + bx + ex* + &c. be an 
identical equation^ that i«, if it hold for all values tvhatever 
of X, then the coefficients of like powers of x are equal to each 
other, that ia, A = a, B =b, C = c, &c. 

For H A •\- Büß = a + 6a?, then 
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an equation which admits of one value of w only (Art. 188), 
unless S - 6 =5 0, or B ^h^ and therefore also \k - a « o, or 

Again if -4 + Bw + Ca^ = a + 6a? + ca^^ then 

^ - a + (5-fe)j? + (C-c) a?^ = 0, 

a quadratic equation with respect to x which admits of no morc 
than two distinct values of w (Art. 199), unless B -b^Q^ or 
B^b^ and C — c^O^ or C =^Cf and therefore also A --a^Oy 
or A = a. 

Similarly, if any number of terms be taken, or 

(A-a) + (B-b)af+(C-c)af^+ &c. = 0, 

there are certain values of w which will satisfy the equation, and 
none other, as long as it remains an equation with respect to <r. 

But, by the supposition, the equation must be true for any 
value whatever which we may please to give to d?, and con- 
sequently for any number of values of «r ; and this, therefore, 
can only be attained by the coefficients of the powers of x being 
separately equal to ; that is, we must have 

A-a^Oj 5-6 = 0, C - c = 0, &c. 

or A^üj B = by C =iCy &c. 

Cor. If there be found any power o{ of on one side of the 
proposed equation, and no corresponding one on the other, 
then the whole coefficient of that power is of itself equal to 0. 
Thus, if -4 + Bx + Cor' + &c. = 0, for all values whatever of 
d?, then -4 = 0, S = 0, C^O^ &c. 

The application of the preceding proposition will be shewn 
in the foUowing Examples : — 

a — bx 

Ex. 1. Expand to four terms. 

a + ca? 

a — bw 
Let ^ A-\' Bw -{-Cor -\- DaP -^^ ...\ in which the 

coefficients Ay By C, D, &c. remain to be determined. 
.a - 6a; = -4a + Baw + Caai^ + DaaP + ... 

+ Acx + Bca^ + Ccx^ + ... 
= -4a + {Ba'\-Ac)x + (Ca + -ßc)a?^+ (2)o+Cc)cX'^+ ... ; 
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and equating cocfficients of like powers of ^r, 

Aa 8 0, or ^ s 1. 

Ba + -4c=s -6, 

6 + c 

.-. fia»-(6 + c), or J5 = . 

a 

Ca + Bc=^ 0, 

.•. Ca = . c, or C = „ . c. 

a ar 

Da + Cc = 0, 

.". Zla a= 7— -^j or Z? =s . c . 

a^ . a^ 



a — hx b -^ c b + c b + c 



«2 



. . = 1 0? + — COf CW^ + ••• 

a-\-coß a a** a^ 

Ex. 2. Resolve 7 — ;^ rr- into its partial frac- 



tions. 



1 ABC 

Let --, rr-. = + + 



(<r + a) (a?-*-fe) (a? + c) a? + a x + b x-^-c 

.'. 1 = -4(j? + 6) (j? + c) + B(x + a)(x-\'c) + C(x + a) (x + b). 

Now, since this equation (by the theory) is true for any 
value of «r, 

let iT = — a, 

then lsj(a-.6.a-c); or^= • 

^ ^ {a-b){a^c)' 

let 0? s= — 6, 

then l=-J?(a-ö.ö-c); or5 = - -— ; 

^ ^ (a-6)(6-c)' 

let a? = - c, 

• -i 

then \ = C (a-c.b - c); orC = -— ; 

(a-c)(ö-c) 



(a?+a)(.r+6)(«r+c) (a-6)(a-c)(.i7-fa) 

1 



+ T- 



(a-6)(6-c)(.p+ö) (a-c)(6-c)(.r-fc) 
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Ex. 3. Resolve ~ -— — -— mto its partial 

(1 + aof) (1 +bw) (1 +ca?) ^ 

fractions. 

A + B,v + Caf^ P Q R 



Let 



(H-a^)(l + 6t»)(l+ca?) l-k-aoß 1+6^ l+co?' 
then A-¥Büß+ Ca^ = P(l+6a?) (1+c.t) + Q (l+a.t?) (l+co?) 

+ Ä(l+aa?)(l+6a?), 

let 07 =s , that is, 1 + ao? = 0, 

then ^ ^.--=:Pl 1 U or P= ; 

a a* V ayV ay' (a-6) (a-c) 

, 1 , . 

let a? = - - , that is, 1 + feti? = 0, 
6 

let j? = — , that is, 1 + c/i? = 0, 
c 

. j. B C „ f a\f b\ „ Jc^-Bc+C 



J + 5<2? + Ca?^ Aa^-Ba + C 



{1 + aw)(l '\-bx)(l -\- ex) {a — h){a — c) (l + a<») 

Ab^^Bb + C Ac'-^Bc + C 



(a-6)(6-c)(l +6^) (a-c)(6-c)(l + co?) 

Ex. 4. Let t^-- 3y + Off = 0; required the value of y in 
a series of ascending powers of o?. 

Assume y=^Aw + BaP-\- Ccd^+ DaP+ &c.*, 

then y»= -4V+ S^2JBar^+ 3^'Ca?'+ &c. 

+ 3AB^ai'+kc. 

> = 0. 
''3y^-'3A3ß''3Ba^- 3Ca^- 3DaP - 



■j i 



+ (p=+ /p 



?^-&c.| ' 



* [The even powers of x are omitted because, from the given equation, it'appears 
that the relatioa betwixt x and y is such that, if —x be written for x, and —y ior y, 
the equation is not altered. If the even powers w^re retained, their coefficients would 
be found equal to 0.] 
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and supposing the coefScient of each power of cd to be equal to 
0, (Art. 324. Cor.) 

1 J^ 1 

- 3J + 1 =0, or ^ = -; ^'-35 = 0, or S = — = — ; 

3 3 3* 

3J*S - 3C = 0, or C = ^'B « ^ ; &c. 

CD d^ a? 

•■•^"?+? + ? + '^''- 

Ex. 5. Let a? « ay + 6y*+ cy* + &c. required the value of 
y in terms of cd. 

Assume y = iiti? + Äa?*+ Ca?*+ &e. 

then ay ^ aAcß •\'aBx^-{- aCa^+Szc. 
by"^ bJ^ai^+ 2bABa^+ &c. 

cy^= CuiV+&c.^«6; 



hence a-4 — 1 = 0, or ^ = — ; 

a 

aB + bA'=0, or5 = ^^l^=— ,; 



a 



er. 



aC + ^bAB +cA^=^0, orC = 



-2bAB cA^ 2b^-ac 



a 



a 



a' 



; &c. 



y=T" 



^ 6^- (äfe"-ac)a?' 



+ &c. 



a a" 



a'' 



Ex. 6. Let a? = y — ay^+ 6y*- &c. required the value of 
y in terms of d?. 

Assume y = ^a? + -B^+ Ccfi-^ &c. 

then y=:Aaf+ Bai^+ Car^+kcA 

-ay^^ - aA^afi- SaA^Ba^ - &c. 
+ fey* = 4. 6 J\i?*+ &c. ) » 0, 

&c. = &c. 

— OD ^ — CD 
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hence ^-1 = 0, ov A^ 1 ; S- aJP= 0, or S = ; 
C-SaÄ^B-\-bA^^O\ or C^Sa^-b; &c. 
therefore y ^ x + aa? + (3o^ - 6) ar* + &c. 

The method of determining the proper series to be assumed 
in each case, without previous trial, is given by Maclaurin, 
Alg. Part li. Chap. 10. 

CONTINUED FRACTIONS. 

a , 
325. To represent - in a continued fraction. . 

o 

Let 6 be contained p times in a, with &J a (p 
a remainder c; again, let c be contained q c) b [q 

times in 6, with a remainder d, and so on ; dj c {r 

then we have e &c. 

b = qc -{■ d 
c ^ rd+ e 
&c. 

or -=:p + - = p + 



6 6 qc-^-d 

1 
= p + - 






= p + 



d 
9 + 



p + 



1 



1 
9+ — 



e 

&c. 

, . a 1 

tnat IS, Y-P + 



b ^ ' 1 



1 

8 + &C. 
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326. CoB. 1. An approximation may thus be made to 
the value of a fraction whose numerator and denoniinator are in 
too high terms ; and the farther the division is continued, the 
nearer will the approximation be to the true value. 

327. Cor. 2. This approximation is alternately less and 
greater than the true value. Thus p is less than - ; and 

p + - is greater, because a part of the denoniinator of the 

fraction is omitted : + - is too great for the denominator. 

r 

therefore p + is less than 7 ; &c. 

1 h 

T 

[Def. The quantities — , i^ + - > p + , &c., when 

^ 9 + - 

r 

reduced to simple fractions, are called the " Converging Frac- 

tions to - . J 

. 

Ex. To find a fraction which shall be nearly equal to 

314159 , . 1 

. and in lower terms. 

100000 

lOOOOOJ 314159 (S 

300000 



.14159^100000(^7 
99113 



887^14^159(^15 
887 



5289 
4435 



854J 887 {} 
854 

33 &c. 
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Here p « S, g = 7, r « 15, « « 1, &c. therefore 

314159 1 

3 + 



100000 1 

7 + 



15 + &c. 

The first approximation is S, which is too little, the next is 

1 22 
3 ^ - -, — j too great ; the next is 
7 7 

1 15 333 

1 106 106 ' 

too little ; and so on. This fraction expresses, nearly, the cir- 

cumference of a circle whose diameter is 1 ; therefore the cir-* 

22 
cumference is greater than 3 diameters, less than — diameters, 

333 
and greater than — - diameters, &c. 

[328. To convert any continued fraction into a series of 
converging fractions. 

Let the continued fraction be (Art. 325) 

1 
P + 1 

9 + ~ 



1 
r + 



8 + &C., 

then the converging fractions are 

P 1 1 1 o 

9 + " 9+ 

T 1 

r + - 

8 

p pq+1 pqr^p + T pqr8 + p8 -}■ rs + pq -{■ 1 

or — • , 9 9 &c. 

1 q qr+l qr8 + q'\-8 

P Pq-^^ (pq+l)r'^p {pq-^l.r + p)8+pq+l 

or — - 9 ■ 9 7 V 9 &c. 

1 q qr + l (qr+l)8+q 

in which the law of forraation is observed to be as foUows : — 
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Write down in one line the quotients py q^ r, «, &c., and 
the first and second fractions at sight, then the other fractions 
may be obtained thus : — 

For the Srd. 

{num^ = 3d quot. x num^ of 2d fract. + num'. of Ist fract. 
denom'. « Sd quot. x denom^. of 2d fract. + denom'. of Ist fract. 

For the 4th. 

{num'". = 4th quot. x nutn^ of Sd fract. + num^ of 2d fract. 
denom^ = 4th quot. x denom''. of Sd fract. + denom'". of 2d fract. 

And generally, for the n^^ fraction in the series, 

Multiply the.w*^ quotient by the numerator of the w — 1 1 
fraction and add the product to the numerator of the n-2| 
fraction. This will give the numerator. 

Multiply the n^^ quotient by the denominator of the w-l| 

fraction, and add the product to the denominator of the w-2 
fraction. This will give the denominator. 

84 



th 



Ex. To find a series of converging fractions for 



227 
84 1 



227 1 

2 + - 



1 

1 + " 



1 

2 + - 



1 

2+- 



1 

1,+ — - 

,•. the quotients are 

2, 1, 2, 2, 1, S, 2, 

and the fractions are 

113 7 10 37 84. 

i' i' i' 19* 27* lOO' 227 
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329. To express \/e? + l in the form of a " Conänued 
Fraction.'^ 1 



Va* + 1 = a + \/a" + 1 - a 

1 



•« 

1 



= a + 



y/a^ + 1 + a 



« a + , /' 



a + 



a + a + \/V+l — a 

1 

1 

2o + - 



l 
« 



1 
2a + 



2a + 

Ex, \/l7=\/?n 

1 



= 4 + 



I 
8 + 

8 + 



8 + 



4 1 1 

the converging fractions will be - , 4 + - , 4 + , &c. 

1 o 1 

4 33 2ßS 

or - , — , — — , &c. each of which is nearer to the true value 
1 8 65 



of V 17 than the one preceding. 



330. To ea^press \/il in a continued fraction; and to 
ßnd the converging fra^ctions. 

y— y— 2 1 

Vll «S + \/ll-3=:S + -7== -3 + -_= 

Vll+3 \/ll + 3 



2 



^/ll+3 \/ll-3 2 



2('\/ll + 3) 3+y^ii' 
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\/u «3 + 



s + 



= 3 + 



3 + \/ll 
1 



1 

3+ 

1 



3 + 3 + 



1 

3 + 

1 



3 + 3 + 



3 + &c. 



1 



6 + 



3 + 



1 



6 + J- 

3 + 



1 



6+ &c. 

the quotients are 3, 3, 6, 3, 6, &c. 

, ^ . 3 10 63 199 1257 ^ 

the fractions are - , — , — , - , -— — » &c. 

1 3 ' 19 60 379 

331. As a test of the correctness of the fractions, it may 
be observed, that the difference between any two consecutive 
fractions is always a fraction having + 1 or - 1 for its nume- 
rator, according as that which is subtracted from the other is 
in an odd or even place. For 

p p(l+l -1 P9+1 (pg + l)^*+P 1 

1 "" q """?"' q "" qr + l 9(9^+0* 

and so on. 



Thus, in the last example, 

1 10 1 10 63 1 63 199 1 



3 3 3^ 3 19 57* 19 60 1140 



, &c. 



Again, every converging fraction, correctly obtained accord- 
ing to the Rule, is in its lowest terms; for if —and -- be any 

12 
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two consecutive ones, we know that •— — — =: st ■— - , that is, 

AD — BC ^^l. Now if Ä and B have a common measure 
greater than 1, it will measure AD and BC, and, therefore, 
AD - BC or 1, which is impossible, since it is greater than 1. 

-4 . . • 

Hence — is in its lowest terms. 
Ji 

332. Hence also we may determine the limit of the error 
in taking any convergent for the true fraction —. 

For if •— and -- be any two consecutive convergents, we 

A C 

know that AD — BC = ± 1, and of •- and -- we know that 

B D 

d 

- < one, and > the other, therefore the difFerence between 
o 

ö , . , ^ , . , , A C AD'-BC 1 

— and either of them is less than — ^ — < — zr^ir — < 



b B D BD BD 

a A 1 
Or, since D> B, k fortiori ^ '^ r=L< =rr. • 

b B B^ 

Thus in Ex. Art. 327, — differs from the value of S'14159 

1 1 S3S 

by a quantity less than or — ; and — ;; differs from 

^ ^ ^ 7x106 742 106 

the true value by a quantity less than - — — - or — — .] 

^ ^ ^ {i06y 11236 -^ 

333. To find the value of a continued fraction, when the 
quotients j, r, «, &c. recur in any certaifi order. 

Ex. 1. Let a= w; 

1 

9 + i 

r + 



q + in inf. 

r + &c. 



INDETSmiflKATE EQUATIONS, &C. I79 



. , 1 r+w 

tnen » a?, or «= «2? ; 

1 or + fl^a? + 1 

9+ 

r + 57 

hence r + ^p = orror + qx* + o?, and s^ -\-Taf =« 0, 

? 

by the Solution of which quadratic equation the value of ät 
may be obtained. 



Ex. 2. Let a? s /a + 



/ ^ — '. . 

/a H — y in inf 

V ^/a + &c. 



by squaring both sides, 



o 6 b 

üT^a^- / == = a + -; 



\/ %/» + &c. 



and 0?^ — aa? — 6 = ; whence the value of a? is to be found. 



INDETERMINATE EQUATIONS AND 
UNLIMITED PROBLEMS. 

334. When there are more unknown quantities than in- 
dependent equations, the number of corresponding values which 
those quantities admit is indefinite (Art« 19S). This number 
may be lesaened by rejecting all the values which are not inte- 
gers ; it may be farther lessened by rejecting all the negative 
values ; and still farther, by rejecting all values which are not 
Square or cube numbers ; &c. By restrictions of this kind, the 
number of answers may be confined within definite limits. 

336. If a simple equation ewpress the relation of two un- 
known quantities^ and their corresponding integral values be 
requiredi divide the whole equation by the coefficient which is 
the less of the two^ and suppose that part of the result^ 

12 — ^ 
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w^ich ia in a fractional form^ equal to some whole number ; 
thti8 a new simple equation ia obtained, with which we may 
proceed aa before ; let the Operation be repeafedj tili the coeffi* 
dient of one ofthe unknown quantities is 1, and the coefficient 
of the other a whole number ; ihen an integral value of the 
former may be obtained by substituting 0, or any whole num- 
ber^ for the other ; and from the preceding equations integral 
values ofthe original unknown quantities may befound. 

Ex. 1. Let 5a? + 7y = 29; to find the corresponding inte- 
gral values of <r and y. 

Dividing the whole equation by 5, the less coefficient, 

2y 4 

^ + y + -r = ^ + 7 

5 5 

or 0? = 5 - f/ + • 

^ 5 

. 4-2y 
Assume = p, or 4> -^Qy = 5p 

5 

then ^ ^yszQp +tL 

p 
••• !/ = 2-2p"-- 

Let p = 2«, then y = 2 - 5«, 
and a?=:5-y + p = 3 + 5s + 2s = S + 7«. 

If « = 0, then a?sS and y = 2, the only positive whole num- 
bers which answer the conditions of the equation ; for if « « 1, 
then a?=10, and y^-^3; and if «s=-i, then zp = — 4, and 

y«7. 

Ex. 2. To find a number which being divided by 3, 4, 5, 
the remainders are 2, S, 4, respectively. 

Let «r be the number, 

. a?-2 
then «a jo, a whole number, or o? = Sp + 2 ; 



AND UNLIMITBD PROBLEMS. 181 

also, from the second condition, 

, or = 7> a whole nurober, 

4 4 

that IS, 3p - 1 = 45^, or p = gr + ; 

let s= r, or 9 = Sr - 1, 

3 

then p«4r-l, and .r = 3p + 2 = 12r - 1 ; 

again^ from the third condition, or is a whole 

5 5 

2r 

number, that is, 2r + 1 is a whole number, 

5 

2r 
.'. — is a whole number; 
5 

let — = 2m ; then r » 5m, 
5 

and ^ = 12r - 1 = 60to - 1. 
If m =; 1, a? « 59 ; if m « 2, o? = 119 ; &c. 



336. If the simple equation contain more unknown quan- 
tities, their corresponding integral values may be found in the 
same manner, 

Ex. 3. Let 4.2? + 3y + 10 = 5^; to find corresponding in- 
tegral values of a?, y and z. 

Dividing the whole equation by 3, the least coefficient, 

.r+1 2z 

^ 3 3 

2z -x-l 

•^ 3 

25? -a?- 1 
Assume — = p, ov 2z - a; -' 1 = 3py 

then d? = 2;?f — 3p — 1 
and ^ = Äf-2;?r + 3p + l— 3-fp^4p-;i-2; 
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and for p and z substituting 0, or any whole numbers, integral 
values of ^ and y are obtained. If ^^^«3, and p»!, then 0^ = 2 
and y = — 1 ; if « « 4, and p = 0, then j? = 7 and y «= — 6 ; &c. 

[Indeterminate equations may also be solved as follows : — 

337. To ßnd the integral values of x and y which 
satisfy an equation of the form ax +by = c. 

Suppose a and b prime to each other ; for, if they are not, 
a, b and c must have a common measure, and by division 
the equation is reduced to one in which (he coefficients of .r 
and y are prime to each other. Hence it is only necessary 
to consider the case when a and b are prime. 

Let <r B a, y = ßhe one Solution ; then 

ao + 6)3«c; 

.-. a (o? - a) = - 6 (y - /3), 

and since a and b are prime to each other, y -^ ß must be some 
multiple of a ; or y ^ ß^ aty 

.". 0? — a = — btf 

or üß^a-^bt, and y » ß + a^ ; 

which values of w and y, upon Substitution in the original equa- 
tion, are found to satisfy the equation, whatever be the value of 
tj positive or negative. 

Hence all the integral values of w and y are found by 
giving different integral values to t in the equations 

y^ß-^at]' 

The question, then, is reduced to £nding one Solution 
/p « a, y =» /3. This may be done by Art. 335, or as fol- 
lows:— Find the series of fractions converging to — , and let 

— be the fraction immediately preceding — , then 

a p a p 

(Art. 331) — = ±1, +or- according as - > or < -; 
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imd compftring this with the original equation, 

X SS cq^ and y «b — cp, 
or a? Ä — cqr, and y = cp, 

accordins as — is > or < — . 

Ex. 5zr + 7y s 29 ; required the values of w and y in posi- 
tive integers. 

12 5 
The coDFerging fractions are - , ~ , *- , 

o 7 

and — = - , which < - ; 
q S' 7 

.•, ^ = 29 X S = 87, and y=-29x2 = -58: 

and the general Solution is 

y « - 58 + 5/. 

Let ^ = 12, then «r « 3, and y = 2 : which is the only Solu- 
tion in positive integers. 

w 

338. To ßnd the number of Solutions in positive tit^ 
tegers of the equation ax + by = c. 

Let the series of fractions converging to — be found, and let 

— be that which immediately precedes — , then (Art. 331). 
either ag — fcp«ai, or aq — hp^-^l^ 
according as ~ > or < - • 

I. Then a,cq -^b^cp^Cf in the Ist case, 
or a (cq — bt) + b (at — cp) = c ; 
therefore, comparing this with the original equation, 

w ^ cq — btj and y = at— cpy 
and the several Solutions will be found by giving t such values, 
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that cq - bt and at - cp may l>e positive integral quantities, 

CO CD 

that is, t may be less than — and greater than -^ , but no 

other number. 

Hence the number of Solutions will be expressed by the 
greatest integer contained in 

cq cp 
h a 

II. Let --be<-, then ag-ijjss-i, and it may be 

shewn, as before, that the number of Solutions is the greatest 
integer contained in 

cp cq 

a b 

Ex. In how many different ways may £lOOO. be paid in 
crowns and guineas ? 

Let X be the number of guineas, and y the number of 
crowns, then 

21a? + 5y = 20000; 

and it is required to find how many Solutions this equation ad- 

mits of in positive integers. 

4 21 a p 

The fractions are - , — ; .-. « = 4, ö «= 1, and r > - ; 

15 ^9 

cq cp 20000 20000x4 

hence -; = • 

b a 5 21 

= 4000 - 3809^ 

= 190i?; 
.'. the number of Solutions required is 190. 

For further information on the subject of unlimited pro- 
blems and continucd fractions the Student is referred to 
Barlow''s Theory of Numbers, Arts. 40, 41, and Part 11. Chap. 
I. and II.] 

339* In the Solution of different kinds of unlimited pro- 
blems different expedients must be made use of, which expe- 
dients, and their application, are cbiefly to be learned by 
practice. 



AND UNLIMITED PROBLEMS. 185 

Ex. 1. To find a " perfect number,'*' that is, one which is 
equal to the sum of all the numbers which divide it without 
remainder. 

Suppose y*iT to be a " perfect number ;'' its divisors are 
.". y*a?= 1 +y + y' +y* + Of + tvy + wy^ -i-ay^'K 

Now i+y + tr +y* « 

y-i 

y» — 1 

and aß + wy + iVj^ +a?y""^= xw (Art. 277) ; 

y- 1 

.'. y^iV SS 

^ y-i 

or y^^' «2? — y"a? sa y""*"^ - 1 + y"a7 — w ; 

y»+^- 1 

yn + l « 2y« 4. 1 

and, that ar may be a whole nuraber, let y**"*"' — 2y" « 0, 

or y - 2 = 0, that is, y = 2 ; then ^ = 2"+^ - 1. 

Also, let n be so assumed that 2""''* — 1 may have no divisor but 
unity, which was supposed in taking the divisors of y"^; then 
y'^x, or 2" X (2"+^ - l) is a "perfect number."" Thus, if w = 1, 
the number is 2 x 3 or 6, which is equal to 1 + 2 + 3 the sum of 
its divisors ; If « = 2, the number is 2* x (2^ - 1) = 4 x 7 = 28. 

Ex. 2. To find two square numbers, whose sum is a 
Square. 

Let a^ and y^ be the two square numbers; 

Assume w^ + y^ = (^»"P- y)^ = ^^^ - 2wa?y + y^, 

then (v^ ^ 7i^a^ -- 2nwy 

w = n^o! - 2ny 

hence (n- — l)a7 = 2«y 

2wy 
or 0? = — — - . 

7i — 1 



• *. tu SS» -\ -r ^ 



\ 
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And if n and y be assumed at pleasure, such a value of x is 
obtained that a^-\-y^ i^ a Square number. 

But if it be required to find ihtegers of this description, let 
y =s n^ — 1, then w^^n^ and n being taken at pleasure, integral 
values of oß and y, and consequently of w^ and y^, will be found. 
Thus, if 7* = 2, then y = 3, and o? = 4, and the two Squares are 
9 and l6, whose sum is 25, a Square number. 

Ex. S. To find two square numbers, whose difference is a 
Square. 

Let a^ and y^ be the two Squares ; 
Assume a?* — y* = (^ - nyY 

Then y^ = 2 n/ry - w^y" 

or 9,niß^{n^-\'l)y 

n* + 1 
2w ^ 

And if y « 2», then or = 7i* + 1. Thus, if n = 2, then y = 4, 
and Ä? = 5 ; hence o?^ - y^ = 25 — 16 = 9*« 



SCALES OF NOTATION. 

[340. To ewplain the different Systems of notation. 

In the common System of notation each figure increases its 
value in a tenfold proportion in proceeding from right to left. 
Thus 3256 may be expressed by 

6 + 5 X 10 + 2 X 10*+ 3 X lOl 

The figures 3, 2, 5, 6, by which the number is forraed, are 
called its digitsj and the number 10, according to whose powers 
their values proceed, is called the radiof of the scale. 

It is purely conventional that 10 should be the radix ; and 
therefore there may be any number of different scales, each of 
which has its own radix. 

* On this Bubject see the Edinburgh Transaethns^ Vol. ii, p. 193, 
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If 3256 expressed a number in a scale whose radix is 7» 
the number might be expressed thus, 

6^-5x7 + 2x7* + Sx7^ 

And generally, if the digits of a number be a^j a^^ a^^ a^y &c., 
reckoning from right to left, and the radix r, the number will 
be properly represented by 

Oo+ai^ + «2^+ a3f^+ &c. 
Or, if there be n digits, the number will be 

«11.1^"^+ «.-8^"^+ ö|i-3^""^+ ••• + «1^ + Od- 

In any scale of notation every digit is necessarily less than 
r, and the number of them, including 0, is equal to r. 

341. To ewpresa a number in any proposed scale. 

Let N be the number, and r the radix of the proposed 
scale. 

Then if a^, a^ Og, &c. be the unknown digits, 

JV=ao+ «ir + 021^+031^+ &c. 

If this be divided by r, the remainder is aQ, 
If the quotient be again divided by r, the remainder is «j. 
If is »2, 

and so on, until there is no further quotient. 

Therefore all the digits Oq, a^, a^, 039 &c. are found by 
these repeated divisions ; and consequently the number in the 
proposed scale. 

Ex. To'express 1820, written according to the denary 
scale, in a Scale whose radix is 6. 

1820 



6 


303, 


2 


.•. Ist remainder «0=2, 


6 


50, 


3 


2d remainder «i s 3, 


6 


8, 


2 


3d remainder «2=2, 


6 


1, 


2 


4th remainder «g = 2, 




0, 


1 


5th remainder a^ « l ; 



,*, the number required is 12232. 



188 SCALES OF NOTATION. 

This may be easily verified. Thus if the result be correct, 

2 + 3x6+ 2x6^+2x6^+1x6* 

must amount to 1820; ^hich, upon trial, it is found to do. 

By the same method a number may be transformed from 
any given scale to any other of which the radix is given, It 
is only necessary to bear in mind throughout the process 
that the radix is not 10, as usual, but some other number. 
Thus, 

Ex. Transform 3256 from a scale whose radix is 7 to a 
Scale whose radix is 12. 

Bearing in mind that the digits in 3256 increase from right 
to left in a sevenfold proportion, the division by twelve will be 
performed thus. 



12 
12 
12 



3256 



166, 4 .*. Ist remainder «0« 4, 



11, 1 2d remainder «1=1, 



0, 8 3d remainder ^2» 8 ; 
,'. the number required is 814. 

342. The most useful scale of notation, after the common 
denary scale, is the one which has twelve for its radix, called 
Duodecimal. Here it is necessary to have two new Symbols, 
in addition to 0, 1, 2, 3, 4^ 5, 6, 7» 8, 9, for the purpose of ex- 
pressing ten and eleven; since 10, and 11, in the duodenary 
scale, signify twelve and thirteen respectively. These new 
Symbols may be any thing, distinct from the other digits, and 
are usually two letters, as t for ten, and e for eleven. 

The common pence-table will be found of considerable Ser- 
vice in the use of the duodecimal notation. 

Ex. 1. Multiply 25ft. 7in. by 7ft. lOin. 

The lengths are here expressed in the denary scale. In 
the duodenary the question is, what is the product of 21*7 
by 7-/? 
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21-7 
Tt 



\9St 
12el 



148*4^ 

/. the product is 148ft. 4'. ^" in the duodenary Dotation, 

or8 + 4xl2 + lx 12^ft# 4'. 10" in the denary ; 
that is, sooft. 4'. 10" 

Ex. 2« A fioor in the form of a rectangular parallelogram 
contains 1532 sq. feet, 9'.9'\ and is 81 ft. 9' long; required the 
breadth. 

The whole area -r the length » the breadth ; and in the 
duodenary scale the given quantities are tl%'99 and 69*9 re- 
spectively. 

%'9) ^78 '99 (^1 6-9 ft. in the duodenary scale, 
699 

S9e9 
SU6 



5139 
5139 



* * 
.'. in the common scale the breadth of the floor is 18ft. 9in. 

343. In every syatem of notation, of which the radix 
is r, the sum of the digits ofany number divided by r — 1 will 
leave the same remainder as the whole number divided byr — l, 

Let öj + «ir + 02^** + «3^ + + o«^" te the number (JV), 

then N = ao+ ai+ 02+ ... + a« 

+ «1 (^-1) + «2 O'^- 1) + + a«(^- 1) ; 



r — 1 r-1 ' "^ , "y«.x' 
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r"-l 

But is a whole number, whatever positive whole num- 

r — 1 



ber n may be ; 



^ ^ «0 + ^1 + ••• ö« 



= p+ 



r — 1 r — 1 



or the number divided by r - 1 leaves the same remainder as 
the sum of the digits divided by r — 1. 

CoB. Hence, if the sum of the digits of any number be a 
multiple of r-1, the number itself is a multiple of r-l.] 

Pbob. To find what number 8 are divisible bjf 3 and 9 
without remainders. 

Let a, 6, c, d, &c. be the digits, or figures in the units', 
tens\ hundreds\ thousands^ &c. place of any number, then the 
number is 

a + lOb + 100c + lOOOd + kcr- 

this divided by S is 

- + 36 + - + 33c + - + 333d + - + &C. 
3 3 3 3 

ö + 6 + c + d + &c. , _ „ 

or + 36 + 3Sc + 333d + &c. 

3 

,. -. ,- , , a + 64-c + d+&c. . 

which IS a whole number when is a whole 

3 

number ; that is, any number is a multiple of 3 if the sum of 

its digits be a multiple of 3. Thus 111, 252, 7851, &c. are 

multiples of 3. 

In the same manner, any number is a multiple of 9 if the 
sum of its digits be a multiple of 9. 

a + 106 + 100c + lOOOd + &c. 



For 



ab c , d 

-4.6 + - + IIC+ +llld + -H-&c. 
9 9 9 9 

a + b + c + d + kc. _ , „ 
. + 6 + 11c + llld + &c. 
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i_. 1. 11 f 1 a + ft + c + d + &c. . 

which IS a whole number when is a whole 

9 

number. Thus 684, 6588, &c. are multiples of 9. 

CoB. 1. Hence, if any number, and the sum of its digits 
be respectively divided by 9, tbe remainders are equal. 

CoB. 2. From this property of 9 may be deduced a rule 
which will sometimes detect an error in the multiplication of 
two numbers, called casting out the Nines. 

Let the multiplicand be 9a + w^ that is, let it consist of 
a nines, with.a remainder w; and let 9b -i-y he the multiplier, 

then 81 «6 + 9baf + 9ay + wy is the product ; 

and if the sum of the digits in the multiplicand be divided by 
9, the remainder is a? ; if the sum of the digits in the multiplier 
be divided by 9, the remainder is y ; and if the sum of the di- 
gits in the product be divided by 9, the remainder is the same 
as when the sum of the digits in wy is divided by 9, if there be' 
no mistake in the Operation. 
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[344. The product of any two consecutive numbers is 
divisible by 1x2. 

Of the two numbers one must evidently be even, that is, 
divisible by 2, therefore their product is divisible by 2. 

345. The product of any three consecutive numbers is 
divisible by 1.2.3, or 6. 

Evfery number must be either of the form Sm, or 3m ± 1, 
or Smst2, since it must be either divisible by 3 without re- 
mainder, or have a remainder 1 or 2; therefore the product of 
any three consecutive numbers may be represented by one of 
the forms 
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3m(3m'\' l)(3w» + 2), 

(Sm - 1) 3m {3m + 1), 

{3m - 2) {3m - 1) 3m. 

Now, since by last Art. (Sm ± 1) (Sm i 2) is divisible by 
1.2, and Sm is a multiple of S, therefore the first and third 
fornis are divisible by 1.2.3. Also, if m be an even number, 
that is, divisible by 2, it is clear that 3m, and therefore the 
second form is divisible by 1.2.3; and, if m be an odd num- 
ber, 3m is odd, and 3m + 1 even ; consequently the second 
form is divisible by 1.2.3. 

Hence, in all cases, the product of three consecutive num- 
bers is divisible by 1.2.3. 

346. The continued product of any r consecutive num^ 
bers is divisible by 1.2.3...r. 

-.^ m-1 w^-r + l 
Let /{m.r) represent m. , 

2 r 

y n, V m-1 m - r 

then y(m, r + 1) = m. 



=/(m, r) . 



r + 1 
m — !• 



r + 1 
m + 1 



/(m, r) -/(m, r) 



r + 1 
=/(m + 1, r + 1) -/(m, r) ; 

••• /(w + 1, r + 1) -/(m, r + 1) «/(m, r). 

Hence y(r + 1, r + 1) =1, 

f{r + 2, r + 1) -/(r + 1, r + 1) =/(r + 1, r), 
f{r + 3, r + 1) -/(r + 2, r + 1) =/(r + 2, r), 



/(m, r + 1) -/(m - 1, r f- 1) =/(m - 1, r) ; 
.-. /(m,r+l) = 1 +/(r+l, r) +/(r+2, r) +...+/(w»-l, r), 
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Ifr=l,/(w,2) = l+/(2,l)+/(3,l)+ +/(wi-l,l) 



= 1+2 + 3-1- + f» - 1 3= a whole numb. 

If r = 2, 

/(m, 3) - 1 +/(3, 2) +/(4, 2) +.../(iw-l, 2) = 

If r - 3, 
/(m, 4) = 1 +/(4, 3) +/(5, 3) + ..;/(m-l, 3) = ... ,.. 
&c. = &c. &c. « 

And f{m,T) = 1 +/(r+l,r) 4-/(r+2,r) + ... ^ßm-lyt-l) 
«= a whole number. 

Ex. 1. If n be any whole number, then will »(»*-l) 
(w^ — 4) be divisible by 120. 

n (n^- 1) (w*- 4) = n (n - 1) (w + 1) {n - 2) (n + 2) 

= (n - 2) (n - 1) w (n + 1) {n + 2), 

which is the product of 5 consecutive numbers, and is therefore 
divisible by 1.2.3.4.5, or 120. 

Ex. 2. If n be any even number, n^ + 20n is divisible 
by 48. 

Let n B 2m, since it is an even number, 

then w^+ 20n = 8 m' + 40m 

= 8m(m*+5) 

= 8m (m*- 1) + 48m 

=s 8 (m - 1) m (m + 1) + 48 m. 

Now, (m - 1) m (m + 1) being the product of three con- 
secutive numbers is divisible by 1.2.3 or 6; therefore w'+ 20ti 
is divisible by 48. 

347- Every number which is a perfect Square is of ane 
of the forms 5m or 5m ± 1. 

For every number is of one of the forms Sm^ 5m+l, 5m+2» 
5m + 3, 5m + 4, all of which are included in the forms 5m9 
5m ^ 1, 5m :^ 2. 

13 
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But {Bmf « 5 (5wi*) = 5m\ which is of the form bm ; 

(5m ^ ly = 25m^ =fc 10 iw + 1 = 5 (5m^ ± 2m) + 1, which is 
of the form 5m + 1 ; 

(5m ± 2)^ = 25m* ± 20m + 4 = 5 {5m^ ± 4m + 1) - 1, which 
is of the form 5m - 1 ; 

.*. every Square is of one of the forms 5mj 5m+l, 5m — 1. 

348. Every ^^prime number"^ greater than 9, is of one of 
the forma 4m ± 1. 

For every number is of one of the forms 4 m, 4m + 1, 
4m + 2, 4m + 3 ; but neither 4m, nor 4m + 2 can represent 
prime numbers, since each is divisible by 2 ; therefore all prime 
numbers greater than 2 are represented by 4m + l and 4m + 3. 
But 4m H-3 = 4(m+l)-l= 4m'— 1 ; therefore the two forms 
are 4m ± 1. 

CoE. Since m may be odd or even, that is, of the form 
2n or 2/1 + 1, all prime numbers are represented by ^n ± 1, 
or 8w±3. 

349. Every prime number greater than 3 is of one of the 
forms 6m ± 1. 

For every number is of one of the forms 6m, 6m + 1, 
6m + 2, 6m + 3, 6m + 4, 6m + 5, of which the Ist, 3d, 4th, and 
5th obviously cannot represent prime numbers ; and therefore, 
all prime numbers greater than 3 are represented by 6m + 1 
and 6m + 5. But 6m + 5 = 6(m + l)-l = 6m'— 1. Therefore, 
6m ± 1 will include all prime numbers greater than 3. 

Cor. Since m may be odd or even, that is, of the form 2n 
or 2n + 1, all prime numbers greater than 3, will be included 
in 12» ± 1, or 12w ± 5. 

360. No Algebraical formula can represent prime num- 
bers only. 

Let p + qaf + rw^ + &c. be a general algebraical formula ; 
and let it be a prime number when x^m\ therefore (P) the 
prime number in that case is 

p + qm + rm^ + &c. 
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Now let o? = m + nP; 

•'• p + 9^ (»» + ^P) + r (m + nPy + &c. 
is the number ; and is equal to 

p + qm + riw* + &c. + MP^ 

(M representing " sorae multiple of,'') = P + PMy which is 
divisible by P, and therefore not a prime; consequently the 
formula does not represent prime numbers only. 

351. The number of primes is indefinitely great 

For if not, let there be a fixed number of them, and let 
p be the greatest; then 

1.2.3.5.7.11 p is divisible by each of them, 

and 1.2.3.5.7.11 p+l not one of them. 

If this latter number, then, be divisible by a prime number, it 
must be one greater than p ; if not, it is itself a prime, (since 
every number is either a prime, or capable of being resolved 
into factors which are prime) and is greater than p. There- 
fore, in either case, there is a prime greater than p ; that is, 
we may not assume any prime to be the greatest; or, the 
number of primes is indefinitely great. 

352. To determine whether a proposed number be a 
prime or not. 

It is obvious that this may be done by dividing the pro- 
posed number by every number less than itself, beginning with 
2, until we have either proved it to be divisible by some one of 
them without remainder, or that it is a prime, from not being 
divisible by any one of them. But there is no necessity to pro- 
ceed so far, as may thus be shewn« If the proposed number 
(p) be not a prime, then p = a6, the product of two other 

;numbers. If then a > \/p, b < y/p ; and if a < \/p, b > \/p, 
Hence in both cases p is divisible by a number less than the 
Square root of itself. If, therefore, a proposed number be not 
divisible by any number less than the Square root of itself, it 
must be a prime.] 

13 — 2 
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353. Toßnd tke value of a fraction when the numerator 
and denonnnator are evanescent. 

Since the value of a fraction depends, not upon the abso- 
lute, but the relative, magnitude of the numerator and denomi- 
nator, if in their evanescent State they have a finite ratio, the 
value of the fraction will be finite. To determine this value, 
Substitute for the variable quantity its magnitude, when the 
numerator and denominator vanish, increased by another va- 
riable quantity; then suppose this latter to decrease without 
limit, and the value of the proposed fraction will be known. 

a?* — a* 

Ex. 1. Required the value of , when .v = a. 

OB ^ a 

Let <!r « a + t^, and the fraction becomes 

and when i9 » 0, or j? « a, the value is 2 a. 

Ex. 2. Required the value of -t-^ — rr when 

(1 - aif 

w ^ 1. 

Let 0? = 1 + V, and the fraction becomes 
1 ~(y^-H)(l4•1?)" + n(l+^?)"+^ 

1 " ln + 1) (l-^-nv + n. v^-^n. . v^+ &c.) 

\ j \ 2 2 3 

+ j 

n + 1 (n + l)n(n-l) „ , 
= n . + ^ V + &c. the remaimng terms 

being multiples of v; 

92 + 1 < 
and when v = 0, or 0?= 1, the fraction becomes n . . 
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[354. It is clear that every fraction, whose terms are made 
evanescent for a particular value (a) of some quantity (iv) 
contained in them, is capable of being reduced to the. form 

— — ; and, upon dividing the numerator and denominator 

by their greatest common factor, the fraction will no longer 
have hoth its terms evanescent, when w = a. 

Hence by whatever process this common factor can be 
discovered, and divided out, the value of the fraction will be 
found. 

A simple algebraical reduction is frequently sufBcient for 
this purpose, as will be shewn in the foUowing Examples. 

1 — Sib^ + Scp' 
Ex. 1. Required the value of — r^ — , when a?= 1. 

^ (1 - wy 

Here = ^^ 

(1 - wf (1 - wY 

1 + ^P - 2^p^ 
1 -a? 

" 1 -a? 

= 3, when a? = 1. 



0? — a + *v 2 a^ — 2 a* 
Ex. 2. Required the value of . , when 

w ~ a + y/^aoß — 2a* «r — a + \/2^ • *>/ ^ — « 



Here 



y/w^—a^ y/x + a . y/of — a 

y/ Oß — a 4- v2a 
V^ + ä 



^ 2a 
= , when CG = a, 

V 2a 
= 1, 
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m 



Ex. 3. Required the value of , when A = 0. 

h 



mm mm 



Here = — tt 

h (<2?+Ä)— tP 






iT + Ä 



= (a^+Ä)»» . — -, if -— = %, 

!»-i 1 + 1 + 1+ ...tow terms .. 

= 0?" . , if «= 1, 

1 + 1 + 1+ ...to n terms 

= — . a?** , when Ä = 0. 
n 



INFINITE SERIES. 

[355. De F. An infinite series is a series of terms pro- 
ceeding according to some law, and continued without limit. 
Thus the series treated of in Art. 277- Cor. 2. is an " infinite 
series." 

De F. The sum of an infinite series is the limit to which 
we approach more nearly by adding more terms, (as in Art. 
277. Cor. 2.) but cannot be exceeded by adding any number of 
terms "whatever. 

Def. A convergent series is one which has a sum or 
limit, as here defined. A divergent series is one which has 
no such 8um or limit. 

Hence every infinite series in Geometrical progression, in 
which the common ratio is less than 1 , is convergent. 
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356. To determine generally in what casea a series is 
convergent or divergent. 

I. Let ^1 + 02 + 03 + 04+ ....... be the series, in which all 

the terms are positive. Then the sum is equal to 

C^ ^2 O3 O4 j 

Ol {1 +— + — + — + { 

o, o, a, ' 

, O^ O3 O2 O4 03 O2 , 

or a, |i+— + —.— + —._.— + i, 

Ol O2 a, 03 O2 Ox 

And, if each of the quantities — , — , — j &c. be less than 

Ol O2 O3 

some quantity p, the whole series is less than 

Ol {1 +p+l>^ + p^+ }. 

But if phe less than 1, the sum or Limit of this latter series is 

Ol . ; therefore the proposed series also häs a sum or limit 

less than this quantity. Hence an infinite series of positive 
terms is always convergent^ if the ratio of each term to the 
preceding term is less than some assignable quantity which 
is itself less than 1*. 

II. Next, let Ol — Og + 03 — 04 + be the series, in 

which the terms are altemately positive and negative, and go 
on decreasing Without limit. 

Then, since the series may be written in the two foUowing 
ways, 



Ol— O2 + O3— O4 + O5— Oe + 



I.. •••.•••• 



Ol — O2 — O3 — O4 — O5 — 

and since 03— 04, 05— Og, &c. ; O2—O3, 04—05, &c., are se- 
verally positive, it is evident that the sum or limit of the series 
is greater than a^ — Og and less than Oi , that is, the series has a 
sum or limit ; consequently it is convergent : — or, every series^ 
in which the terms continually decrease and are alternately 
positive and negative^ is convergent. 

* [This demonstration is taken^ with some slight alterations, from De Morgan *s 
Algebra., a Treatise which will be found most usefal to the higher class of Students, 
especially as regards the theoretical difficulties of Algebra.] 
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CoE. If each of the quantities — , 7 , — , &c. be less than 

a b c 

p, the series a-^ baf + cof- + düfi 4- ••.. is convergent whenever 

X is less than — . And if p be less than each of the quantities 

b c d 

-, --, — , &c. then the series a + 6^ + ca?* + .... is divergent 

a b c 

for every value of o? greater than — . 

Ex. 1. To determine whether 

111 1 

1+- + — + — --: + 



1 1.2 1.2.3 1.2.3.4 
be a convergent series. 

each of which ratios, after the second, is less than - , which is 

' 2 

itself less than 1. Therefore the series is convergent. 

Ex. 2. To determine whether 1 + - + - + - + be 

2 3 4 

a convergent or divergent series. 

«2 1 «3 2 «4 3 

Here — =-, — = -, _ = _^ &c. 
O] 2 «2 3 «3 4 

and, as these ratios continually increase, and approach towards 
1, no quantity can be named which is greater than each of 
them, and which is itself less than 1. Hence the proposed 

sä^j^s^'is'.d^ivergent. 

■ •• • . ,.' 

357. Another method of determining the convergency or 
divergen(t^;(^f series is to find the limit of the sum of the series 
fifter tK^ .^^st n terms; which also determines the limits of the 
error arising from taking any number of terms instead of the 
whole series. Thus, 

Ex. 1. In the series 1h \- + 1- the sum 

1 1.2 1.2.3 

of the series after n terms 
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1 1 1 



I» |n+ 1 |n + 2 



~ [» * »+ 1 "*" (« + l)(w + 2) ^ 

1.111 ^ 

<r- {! + - + — 2 + "T+ } 

' — V 

1 1 

<7— . 



l^ i-i 



n 
1 



< -. . , or < === . . 

p- 1 w-1 1.2.3...W-1 w-1 

But this quantity decreases as n increases ; and, by increasing 
n without limit, it may be made less than any assignable quan- 
tity. Therefore the series is convergent; and if n terms be 
taken for the whole series, the error is less than 



1.2.3...»-! w-1 

Ex. 2. In the series 1 + + the sum of the 

2 3 4 

series after n terms 

=(_i)..n _^W-^--L-U 1 

[n+l w+2 \»+3 n+4ij j 

[n+l V»+2 n+3j \n+4f n-^-Sj j 

and, since the quantities within the smaller brackets are all 
positive, this sum •'fv^^'^^/^JK 

Vy-r-i.*--. . /^'l 



> 

1 



and <(-l)". 






both which quantities are diminished without limit as n is 
increased. 

Hence the series is convergent; and if n terms be taken 

for the whole series, the error is less than the n + 1*** term. 
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Ex. 3. lo the series 1 + - 4- - + - + the sum of the 

2 3 4 



series after n terms 



1 1 1 

+ + r + 



nn- 1 n + 2 n + S 



111 1 

+ — - + r + + — 



W+l » + 2 « + 3 2« 

111 1 

+ 4- 4- .-.. + — 



2n + l 2n + 2 2n + 3 4n 



^ 1 1 o 

> — + — + — + &c. to n terms 
2n 2n 2n 

1 1 1 • 
+ — + — + — 4- &c. to 2» terms 

4tn 4in 4in 



1 1 

> n. — H-2n. — + 
2n 4n 



1 1 1 

2 2 2 



> any assignable quantity. 
Hence the series is divergent. 

358. In the series Oi^ + a^a:^ + a^a^ + in inf. such 

a value may be given to w^ that the value of the whole 'Series 
shall be less than any proposed quantity p, 

Let k be the greatest of the coefficients Oi, a^, Oj, , 

then the whole series is less than 

kw + ka? 4- kaP -^ in inf. 

< k . , if a?. < 1 ; 

\ — a 

hence that which is required is done, if at be such a value that 

koß 

\ — w 

that is, ktß <p - püBy 

P 

or a}< . 

p + Ä 
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Cor. Hence afso in the series Oq + Oiiv + Os^ + in 

inf. such a^value may always be given to ofy that the first term 
is greater than the sum of all the other terms. This value of 

X will be any quantity less than — —- .] 



LOGARITHMS. 

359« Def. If there be a series of magnitudes 
a^, a}y cfy a^, ...a'; a"\ o"', a"', ....0"^, 
the indices, 

0, 1, 2, 3, ...a?; -1, -2, -3, .... -y, 

are ealled the measures of the ratios of those magnitudes to 1, 
or the Logarithms of the magnitudes, for the reason assigned in 
Art. 219. Thus Wy the logarithm of any number n, is such a 
quantity, that a* = n. 

Here a may be assumed at pleasure, and is ealled the base; 
and for every different value so assumed a different system of 
logarithms will be formed. In the common Tabular logarithms 
a is 10, and consequently 0, 1, 2, 3, ... o?, are the logarithms of 
1, 10, 100, 1000, ... 10* in that System. 

360. CoB. 1. Since the tabular logarithm of 10 is 1, the 
logarithm of a number between 1 and 10 is less than 1 ; and, in 
the same manner, the logarithm of a number between 10 and 
100 is between 1 and 2 ; of a number between 100 and 1000 is 
between 2 and 3; &c. 

These logarithms are also real quantities, to which approx- 
imation, sufficiently accurate for all practical purposes, may be 
made. 

Thus, if w be the logarithm of 5, then 10* = 5 ; let % be 
substituted for 07, and 10^ is found to be less than 5, therefore 
1^ is less than the logarithm of 5 ; but 10^ is greater than 5, or 
f is greater than the logarithm of 5; thus it appears that 
there is a value of oß between | and £, such that 10*= 5; 
the value set down in the Tables is 069897, and lo®**^^ s 5, 
nearly. 
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[361. CoE. 2. Since a®= 1, 6®= 1, &c., in any system the 
logarithm of 1 is 0. Also since a^ « a, the logarithm of the 
base is always 1.] 

The method of finding the logarithms of the natural numbers, 
or forming a Table*, is explained in Treatises on Trigonometry. 
[See Snowbairs Trigonometry, 5th Edition^ Appendix i.] 

[Def. If n be any number, log^n signifies the logarithm 
of n to base a ; and log n the logarithm of n to any base.] 

362. In the same System the sum of the logarithms of 
two numhers is the logarithm of their product ; and the differ- 
ence of the logarithms is the logarithm of their qicotient. 

Let w = log^ n, and y = log^ n ; then a' = «, and a^ ^n' ; 

n ' ' 

hence a*'''^ = nn\ and a'"^ = — ; or o? + y is log^ »n', and 

n 

W'-y is log^ — ; that is, log^wn'=log„w + log^» ; and log^- 

= log^w-log«w'. 



Ex. 1. Log 3 X 7 = log 3 + log 7. 



Ex. 2. Logp^r = logpg -f log r = logp + log q + log r. 
Ex. 3. Log y a= log 5 - log 7. 

[Ex. 4. Logio 0-6 = logio 6 - logio 10 = 0-77815 - 1. 
Ex. 5. Log,oO-06 = logio 6 - logio 10^= 0-77815 - 3. 
The last two results are usually written 1-77815, 3*77815.] 

363. If the logarithm of a numher be multiplied by n, 
t?ie product is the logarithm of that number raised to the n^^ 
power. 

Let N be the number whose logarithm is w, or a*^ N; 

then a'^^N*; that is, nof is the log. of iV", or log^JV"=».log^JV. 

Exs. Log (13)* = 5 X log 13. Log ft* = » X log b. 

* [Tables of Logarithms have been lately published in a very cheap and con- 
venient fonn by Taylor and Walton, London, undei the superintendence of the 
Society for the Diffusion of Useful Knowledge.] 
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364i. If the logarithm of a numher he divided hy n, the 
quotient is the logarithm of the n^ root of that numher. 

L L X 1 

Let a* ^Ny then a»» = JV», or - is the log. of JV»», that 

I 1 
is, log^JV» «-.log^JVT. 

n 

Ex. Log 5^ = ^ X log 5. 

365. The Utility of a Table of logarithms in arithmetical 
calculations will from hence be manifest; the multiplication 
and division of numbers being performed by the addition and 
subtraction of these artificial representatives ; and the involu- 
tion or evolution of numbers by multiplying or dividing their 
logarithms by the indices of the powers or roots required. 

Ex. 1. Let the value of v 7 vS x v 3 be required. 
The log. of the proposed quantity to base 10 is 
\ {logio 7 + i logio 2+1 logio 3} . 

And by the Tables log,o 7 « 0-845098 

^logio 2 = 0-150515 
^logio 3 = 0-1590404 

5) 1-1546534 

0-2309306 = log,o 1-70188 &c. 
.-. the value required is 107188 &c. 

r* — 1 

fEx. 2. Given « = a. ; required the value of n. 

L r — 1 

Here ar" = « (r - 1) + a 



.-. log a + log r" = log « (r - 1) + a 



n . log r = log « (r — 1) + o — log a 



• • 



log (ä . r - 1 + a) - log a 

« = .J 

logr 
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INTEREST AND ANNÜITIES. 

366. Def. Intereat is the consideration paid for the use 
of money which belongs to another. The rate of interest is 
the consideration paid for the use of a certain sum for a certain 
time, as of 1J& for one year. 

When the interest of the Principal alone, or sum lent, is 
taken, it is called Simple Interest ; but if the interest, as soon 
as it becomes due, be ädded to the principal, and interest be 
charged upon the whole, it is called Compound Interest. 

The Amount is the whole sum due at the end of any time, 
Interest and Principal together. 

Discount is the abatement made for the payment of money 
before it becomes due. 

SIMPLE INTEREST. 

367- To ßnd the Amount of a given sum^ in any time^ 
at simple interest. 

Let P be the principal, in pounds, 

n the No. of years for which the interest is to be calcu- 
lated*. 

r the interest of l£ for one yearf, 

M the amount. 

Then, since the interest of a given sum, at a given rate, 
must be proportional to the time, 1 (year) : n (years) :: r : nr, 
the interest of 1 £ for n years ; and the interest of P£ must be 
P times as great, or P/ir; therefore the amount M^^P+Pnr. 

368. From this simple equation, any three of the quan- 
^ tities P, nj r, M being given, the fourth may be found ; thus 

M M-P M^P 

P- ; w = — - — ; r = — - — . 

1 + wr Pr Pn 

* {When days, weeks, or months, not making an exact number of years, enter the 
calculation, n is firactionaL 

t It must always be borne in mind that v is not the rate per cent, but only the 
hundredth part of it. Thus for 4 per cent r ss^ 0*04 £, for 6 per cent. r = 0*05 £ ; and 
soon.] 



\ 
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Ex. What sum must be paid down to receive 60o£, at 
the end of nine months, allowing 5 per cent. abatement ? Or, 
which is the same thing, what principal P will in nine months 
amount to 600£, allowing interest at the rate of 5 per cent. per 
annum? 

In this case, Jlf =600, w= # = 0'75, r = — = 0-05 ; hence 

* 100 

^ M 600 ^ 

= ^^578-313 = £51S. 68. Sd. 



1 + nr 1 + 0*75 X 0*05 

COMPOUND INTEREST. 

369. To find the amount of a given sum in any time at 
compotind interest. 

Let R *=l£ together with its interest for a year ; then at 
the end of the first year, R becomes the principal, or sum due ; 

The amount at the end of the 2d year = amount of R£ in l year 

= RxR = R\ 

3d year = amount of Ä^ in 1 year 

= Ä*xÄ = Ä«; 

and so on ; so that Ä" is the amount of l£ in n years. And 
if P£ be the principal, the amount must be P times as great, 
or 

M^PR". 



Cor. 1. From this equation we have 

M log M "log P (M' 



1 



P = ^, n = '^^ "" — ^-^—9 and Ä=(-=r| . 
Ä" logÄ ' \PJ 

Cor. 2. The interest = Jf-P=PÄ»-P = P{Ä"-l}. 

Ex. What must be paid down to receive 6oo£ at the 
end of 3 years, allowing 5 per cent. per annum Compound 
interest ? 

In this case R = 1*05, « = 3, M= 600 ; therefore 

M 600 

-P = ^r = 7 ;:7 = £518-302 = £518. 68. O^d. 

Ä« (105)' ^ 
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[370. When Compound interest is named, it is usually 
meant that interest is payable only at the end of each year ; 
but there may be eases in which the interest is due half-yearly, 
quarterly, &c. ; and then the amount found in the last Art- 
icle will be altered. Thus, if r be the interest of 1 £ paid at 
the end of a year, it has been shewn that the amount of P£ at 
the end of n years = P (1 + r)". 

T 

But if - be the interest of l£ paid at the end of each 

T 

half-year, then l + - = the amount of 1 £ for half a year, 

(l + ^) = 1 year» 

(l + i) - li years, 



(-i)'- 



2 years ; 



(-r • •_ 

.-. amount of P£ = P [ 1 + - j . 



•• n years. 

8» 



Similarly, if - be the interest of l£ paid at the end of 
each quarter, 

amount of P£ in n years = P f 1 + - j 

And, generally, if interest be considered due q times a year, 

T 

at equal intervals, each payment for 1 £, being - , 



amount of P£ in n years = P 1 1 -f - 1 . 



371. Required the amount of a given sum at Compound 
interest, the interest being due every instant. 
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The interest being paid q times per annum, by last Art., 



the amount Jf « P 1 1 -f -- ) 



« i ^ nq{nq-\) r* . 

^ "91.2 ^ * 

n (n - -J 

^ 1.2 ^ 

Let 9 be indefinitely great, that is, the intervals between 
the payments indefinitely small, then 

Jf =P{l+nr+ + + ...i 

* 1.2 1.2.3 ^ 

= Pe"% (Art. 310) e being 27182818. 

372. To determine the advantage^ when compotmd in- 
terest ie reckonedf of having interest paid half-yearU/y 
quarterhfy ($*c. instead of yearly. 

It appears from Art. 370 that the advantage per 1 £ for 
a year^ when interest is paid half-yearly, and the half-yearly 
payment is half the yearly one, 

«l+r+ (1+r) 

4 

4 
In the case of quarterly payments of interest, the advantage 



=(,+ry.o+,) 



8 16 256 ^ ^ 

3^ 

— nearly, •.• r is a small fraction. 

8 



14 
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And generally, when the interest is paid q times a year, 
the advantage 

0(0-1) r* 

.iZl.,* „early. 

Hence it appears, that for a single year the advantage of 
having interest paid frequently is very small. But it increase» 
as the nuniber of years increases, and is expressed in n years, 
for every l£, (when interest is paid q times a year at equal 

T 

intervals, - being the payment per 1 £,) by 

373. It must be observed always» when interest is paid q 
times per annum^ each payment being ~ for every l£, that the 

— 1, smce 
this expresses the value of the interest for 1 £ for a year. 



true annual rate of interest is not r, but (l + -] ** 1» ^^^ 



Prob. In what time will any sum of money double itself, 
at any given rate of interest simple or Compound P 

In the case of simple interest M^ P ■\- Pnr, 

.•. here 2P= P + PnVf 

1 
or « «s - . 
r 

In the case of Compound interest Jf » P (l + r)", 

.-. here2P = P(l + r)% 

or (l+r)"«2; 

loet S 
log 1 + r 
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The following Table, calculated from tfaese two results, 
and shewing the several tiiDes in which any sum will double 
itself at the rates of interest there given, is taken from Baily's 
Doctrine of Interest and Annuities^ and will fumish good 
practice to the learner, who will verify it by means of the 
Logarithmic Tables.] 



Rate 

of 

Interest. 


No. of Yeare at 


Simple Interest. 


Compound Interest. 


2 
3 

4 

4 

4 

5 

6 

7 
8 

9 

10 


50- 

40- 

SS'SSSSSSSS 

28-57142857 

25- 

22-22222222 

20- 

14-28571429 
12-5 

11*11111111 
10- 


35-00278878 
28-07103453 
23-44977225 
20-14879168 

17-67298769 

15-74730184 

14-20669908 

11-89566105 

10-24476835 

9-00646834 

8-04323173 

7-27254090 



DISCOUNT. 

[374. Discount is said in Art. S6ß to be ^' the abatement 
made for the payment of money before it becomes due,^' and 
although in ordinary business the quantity of such abatement 
is generally according to private contract, there is besides a true 
mathematical discount which affords exact justice both to the 
payer and to the receiver. 

It is clear that if A receives from B a sum of money n 
years before it is due, n being' whole or fractional, A is bene- 
fited by the interest of that money for the time ; and therefbre, 
in justice, B ought to receive an abatement such, that, if put 

14 — ^2 
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out to interest until the proper time of payment arrives, it will 
amotmt to the interest of the debt for that time. 

Hence, if i> be the discount payable on P£ due at the 
expiration of n years, reckoning simple interest, 

D + interest of D for time n « interest of P for the same time, 

that is, D + Dnr = Pnr, 

Pnr 



. 2> = 



1 -f wr 



Cor. 1. If /> be the discount, and / the interest, of P£ 
for any time, 

1 1 1 

Coli. 2. If n be sufficiently great that Compound interest 
may be reckoned, then 

I>(l+r)»=P(l + r)"-P; 



EQUATION OF PAYMENTS. 

[375. When various sums of money due at different times 
are to be paid, it may be required to know the time at which 
they may all be paid together, without injury to either debtör 
or creditor. To determine this time, which is called the 
Equated Time^ it is clear that we müst suppose the interest 
of the sums paid after they are due to be together equal.to 
the discount of the sums paid before they are due, the debtor 
being entitied to discount for that which is paid before, and 
the creditor to interest for that which is paid after, it becomes 
due. 
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376. To find the equated time of payment of two^ums 
due at different times^ reckoning simple interest, . 

Let P, p, be two sums due at the end of times T, t^ re- 
spectively ; r the rate of interest, and w the equated time ; 
then, supposing T>t^ the interest of p for the time «r - ^ 
roust be equal to the discount of P for the time T - w^ or 

p{x^t)r^ — i-— — 1~- , (Arts. 367, 374.) 

1 + \I " W)T 

whence we may obtain the quadratic equation 

, pr(T^f)^PJtp prTt -¥PT-¥ pt 

W — ■ . tF -^ — ' =a O5 

pr pr 

from which «r may be found by the usual method. 

377* Since the above miethod does not furnish any simple 
Rule, and is more complicated as the number of the payments 
is increased, another method is generally used, although in- 
correct, n^hich is founded on the supposition that the interest 
of the sums paid after they are due should be equal to the 
interest (not the discount) of those which are paid before 
they are due. — Thus, if P and p be the sums due at the end 
of times T and /, and of the equated time required, 

p(af^t)r=P{T-af)r; 

PT + pt 

Or, more generally, let Pi, P«, P3, &c. be the sums due 
after the equated time, at the end of times Ti, Tlj> ^zt &c. 
and P), P2'» JO3, &c. the sums due before, at the end of times 
^M 4» ^8> &c. then we häve 

P\ («^ -t^)r + P2 (iV - ^2) r + ps (a? -ts)r + &c. = 

P, (7^1-07) r + P2 (rs-^p) r + P3 (T3-C17) r + &c. 

Pir,+P2r2+P37^3 + &C.+p,/,+P2^24-p3^8 + &C. 

and .*. a •= ~ :=r- — ^ — —^ > 

P, -f- P2 + P3 + &c. +pi + ^2 +;>3 + &c. 

which furnishes a simple rule easy of application. 
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By this rule a small advantage is given to the payer, be- 
cause he reckons on bis side tbe interest, instead of tbe 
discount, of tbose sums wbicb he pays before they are due^ 
whilst the opposite side of the account is confined to strict 
accuracy. That the interest of any sum is greater than the 
discount, if not obvious, may be seen firom Art. 374» Cor. 1.] 



ANNUITIES. 

37Ö. To find the Amount of an annuity or pension 
left unpaid any number of yearsy allowing simple interest 
lipon each sum or pension from the time it hecomea due. 

Let A be the annuity ; then at the end of the first year A 
becomes due, and at the end of the second year the interest of 
the first annuity is rA (Art. 36?) ; at the end of this year the 
principal becomes £^, therefore the interest due at the end of 
the third year is 2rA ; in the same manner, the interest due at 
the end of the fourth year is' 8rA ; &c. hence the whole in- 
terest at the end of n years is 

«—1 



rA-\-2rA + 3rA + w - 1 .r-4 = n. rA 

2 

(Art. 269); and the sum of the annuities is nAj therefore the 
whole amount M « nA -»• n . rA. 

2 

379* Required the Present Value of an annuity which 
is to continue a certain number of years, allowing simple in- 
terest for the money. 

Let P be the present value ; then if P, and the annuity, at 
the same rate of interest, amount to the same sum, they are 
upon the whole of equal value. The amount of P in n years 
is P+ Pnr (Art. S67); and the amount of the annuity in the 

same time isn^ + n.^?^r^; hence 

2 

« »» .. w — 1 - 

P + Pnr = nA + n . rA, 

2 
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nA + n . rA 



1 + wr 

380. Froni this equation, any three of the four quantities 
P, A^ n, r being given, the other may be found. 

nA 

381. Cor. Let- n be infinite« then P = — an infinite 

2 

quantity ; therefore for a finite annuity to continue for ever, an 
infinite sum ought, acicording to this calculation, to be paid ; a 
conclusion which shews the necessity of estimating the Present 
Value of an annuity upon different principles. 

382. To find the Amount of an annuity in any number 
ofyears, at Compound intereat. 

Let A be the annuity, or sum due at the end of the first 
year ; then 1 : R :: A : RA, its amount at the end of the 
second year ; therefore A 4- RA is the flum due at the end of 
the second year ; in the same manner, 

1 : Ä :: (H-Ä)x^ : (Ä + Ä*)x^, 

the amount of the two payments at the end of the third year ; 
and (i + £ + f ) x ^ is the whole sum due at the end of the 
third year ; in the same manner, 

is the sum due at the end of n years, that is, 

Ä"-l 



Ä-1 



>^A:r=M. 



383. Cos. 1. From this equation, any three of the quan- 
tities being given, the fourth may be found. Thus, 



R'- 1 
M 



n = _ 



logÄ 



S16 ANNUITIKS. 



T 

[Cor. 2. If intereBt be paid q times per annura, and - be 

each payment per 1 £y the amount of the annuity in n years, 
reckoning Compound interest, will be 



A 



X 






Cor. 3. If the annuity {Ä) be payable m times per 
annum, each of the payments being — , and p be the annual 
rate of interest, the amount in n years will be 

^'(l+p)^-i' 

and if the interest also be payable q times a year, each pay- 

r 
ment of interest for every l£ being - , this amount becomes 

A \ gl _^ 



m « 



('%)■- 



1 



384. To find the Preaent Value of an annuity to be 
paid for n years^ aXlowing Compound interest, 

Let P be the Present Value, A the annuity ; then since PR' 

Ä*— 1 

18 the amount of P in n years, and -— x A the amount ofj 

Ä — 1 

in the same time ; by the question, 

Ä — 1 Ä — 1 T 

386. Cor. 1. Any three of the quantities P, J, Ä, n 
being given, the fourth may be found. 
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386. Cor. 2. If the number of years be infinite, R" is 

A A 

infinite, and Ä"" vanishes; therefore P = , or — . 

Ä-1 r 

Ex. If the annual rent of a freehold estate be 1 £, what 
is its value, allowing 5 per cent. per ann. Compound interest ? 

In this case, -4 « 1, i? - 1 = 0*05 ; therefore the Present 
Value P = = £20, or 20 years purchase. 

[Cor. S. The Present Value of an Annuity of il£ payable 

m times per annum for n years, each of the payments being 

A 

— , and the annual rate of interest, will be 

m '^ 

A l-(l+p) 



.» 



"^ (l+/t>)--l 



and if the interest also be payable q times a year, each pay- 

T 

ment of interest for every £l being -, the Present Value will be 

9 



-(■%) 



A ' V 9> 



971 

1 



■ %)■- 



Cor. 4. If the annuity is to continue for ever, this Present 
Value becomes 



1 



(-J- 



387* The Present Value of an annuity, to commence at 
the expiration of p years, and to continue q years, is the diffei:- 

ence between its present value for p + 9 years, and its present 
value for p years, 
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'-'"ä-1 R-\ \r-\ ä-i| 

Cor. If the annuity commences after p years, and con- 
tinues for ever, the Present Value will be — . 1 

Ex. What is the Present Value of an annuity of l£, for 
14 years, to commence at the expiration of 7 years, allowing 5 
per Cent, per ann. Compound interest? 

The Present Value for 21 years 

(l'05y^-l 
"" (1 -05)«* X 0-05 

and the Present Value for 7 years 

(1-05)'- 1 



« 12-82£ ; 



(l-05)'x0-05 



579iB ; 



hence the value of the annuity for fourteen years after the ex- 
piration of 7 is 7'OS«^ , or 7 years purchase, nearly. 

[The preceding Article contains the whole Theory of the 

RENEWAL OF LEASES. 

388. To determine the fine which ought to be paid 
foT renewing any number of years lapaed in a lease. 

Let p + q he the number of years for which the lease was 
originally granted ; p the number lapsed ; and A the clear an- 
nual value of the estate, after deducting reserved rent (if any), 
taxes, and all other fixed annual charges. 

Then it is clear that the lessee has to purchase an annuity of 
A£ to commence at the expiration of q years, and to continue 
p yeafs, the Present Value of which is the Present Value for 

p + q years - Present Value for q years 
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Ä — 1 



CoE. The number of years purchase is 



R 



^{Ä-*-Ä-^+^^}. 



Ex. In a lease of 21 years 7 years lapsed are to be re- 
newed, the reserved rent is 10£, and the estate is really worth 
150£ a year, what fine ought to be paid for the renewal, 
reckoning interest at 5 per cent.? 

In this case the lessee has to pay for an annuity of 140£ to 
commence at the end of 14 years and to continue 7 years ; 
therefore the fine required is 



140 



0-05 

140 

Now = 2800, 

0-05 



{rÖ5]-"-ro5]-*^}f. 



logio rÖ5]-" = - 0-29666 = r703S4 = log^ 0-50505 
logio 1-05 1-** = - 0-44499 = 1-55501 = logio 0*35895 
.-. the required fine « 2800 x {0*50505 - 0-35895} 

= 2800 X 0-1461 
= 409 £, very nearly.] 

SCHOLIUM. 

389* The method of determining the present valiie of an 
annuity at simple interest, given in Art. 379» has been decried 
by seyeral eminent Arithmeticians, and in its stead a Solution 
of the questionhas been proposed upon the following principle; 
'^If the present value of each payment be determined sepa- 
rately, the sum of these values must be the value of the whole 
annuity.*" 

Let Of be the value or price paid down for the annuity, a 
the yearly payment, n the number of years for which it is to be 
paid, r the interest of l£ for one year. The present value of 
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the first pay ment is (Art. 368) ; the present value of the 

second pay ment, oro{a£ to be paid at the end of two years, is 

a , - a a a 

; and so on : therefore w^ + ...+ 



l+2r l+rl + Sr 1+nr 

390. These different conclusions arise from a circumstance 
which the opponents seem not to have attended to. According 
to the former Solution, no part of the interest of the price paid 
down is employed in paying the annuity, tili the principal is 
exhausted. 

Let the annuity be always paid out of the principal w as 
long as it lästs, and afterwards out of the interest which has 
accrued ; then w, «v — a, x — 2a^ od— Sa, &c. ai^ the sums in 
band, during the first, second, third, fourth, &c. years, the 
interest arising from which rx, rw - ro, rw - 2ra, rx - Sra, 
&c. that is, the whole interest, is nrw- {l +2 + S...(»-l)}xra, 

7J — 1 

or, nrx — n . ra, which, together with tbe principal o?, is 

2 

equal to the sum of all the annuities ; therefore 

w - 1 

WÄ + w . Ta 

n - 1 - 2 

(1 + nr)x - n . ra = na. and w = — -^-^— ^^— 

^ 2 1+nr 

(See Art. 379). 

According to the other calculation, part of the interest, as 
it arises, is employed in paying the annuity, but not the whole. 
Thus, the first payment is made by a part of the principal, 
and the interest of that part, which together amount to the 
annuity : and the other payments are made in the same man- 
ner ; this is, in efFect, allowing interest upon that part of the 
whole interest which is incorporated with the principal. Ac- 
cording to either calculation, the seller has the advantage, 
since the whole or a part of the interest will remain at his 
disposal tili the last annuity is paid off. 

If the whole interest, as it arises, be incorporat^ with the 
principal, and employed in paying the annuity ^campoundinterest 
is, in eff^Gt, allowed upon tbe whdie. Let a be tbe price paid 
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for the annuity, n the number of years for which it is granted, 
and jB s 1 £ together with its interest for one year. Then of in 
one year amounts to Rw^ out of which the annuity being paid, 
Rw —a is the sum in hand at the end of the first year ; 
R?iB — JSa is the amount of this sum at the end of the second 
year, therefore R^af — Aa - a is the sum in hand at the end of 
the second year; in the 8amemanner,Ä*/i7-il""*a-Ä""*a...-a 
is the sum left, after paying the last annuity, which ought to be 
nothing ; hence 

R\v = Ä-^a +Ä"-*a + a = -:;r . 

Ä- 1 

••• ^^ = ^r — 71^ — • (See Art. 384). 



CHANCES OR PROBABILITIES. 

391. If an event may take place in n different ways, and 
each of these he equalU/ likdy to kappen^ the probahility that it 

will take place in a specified way is properly represented by — , 

certainty being represented by 1. Or^ which is the same thing^ 
if the value of certainty be 1, the value of the expectation that 

the event wiU happen bi a specified way is - . 

For the sum of all the probabilities is certainty, or 1, 
because the event must take place in some one of the ways ; 

and the probabilities are equal : therefore each of them is - . 

392» CoB. If the value of certainty be a, the value of 
the expectation is — . But in the foUowing Articles we suppose 
the value of certainty to be 1. 
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393. If an eveni may kappen in a waya, and faü in 
b wayß^ any of these being equally probable^ the chance of 

its Happening is -, and the chance of its failing « 



a + b' 

The chance of its happening must, from the nature of the 
supposition, be to the chance of its failing, as a : b; therefore 
the chance of its happening : chance of its happening, toge- 
ther with the chance of its failing :: a : a + b. And the 
event must either happen or fail ; consequently the chance of 
its happening together with the chance of its failing is cer- 
tainty. Hence the chance of its happening : certainty :: a : 

ö + 6 ; or the chance of its happening = -*. 

Also, since the chance of its happening together with the 
chance of its failing is certainty, which is represented by l, 

1 r , that is, is the chance of its failinir. 

o + Ä a + b ^ 

394. Ex. 1. The probability of throwing an ace with a 

Single die, in one trial, is ~ ; the probability of not throwing 

5 
an ace is -; the probability of throwing either an ace or a 

2 

deuce, is - ; &c. 
6 

396. Ex. 2. If n balls, a, 6, c, d, &c. be thrown promis- 
cuously into a bag, and a persop draw out one of them, the pro- 
bability that it will be a is - ; the probability that it mrill be 

2 
either o or 6 is — . 

n 

396. Ex. 3. The same supposition being made, if two 
balls be drawn out, the probability that these will be a and b is 

2 
n (n - 1) 
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and two together (Art. 285) ; and each of these is equally 
likely to be taken ; therefore tbe probability that a and h will 

be taken is « or 



w - 1 n(n^ l) 

n. 



397- ^x* ^' If 6 white and 5 black balls be thrown pro- 
miscuously into a bag, and a person draw out one of tbem, the 

probability that this will be a white ball is — ; and the pro- 

5 
bability that it will be a black ball is — . 

398. From the Bills of Mortality in different places, 
Tables have been constructed which shew how many persons, 
upon an average, out of a certain number born, are left at the 
end of each year, to the extremity of life. From such Tables, 
the probability of the continuance of a life, of any proposed 
age, is known. 

399. Ex. 1. To find the probability that an individual 
of a given age will live one year. 

Let A be the number, in the Tables, of the given age, B 

jD 

the number left at the end of the year ; then -r is the proba- 

A 

A -^ B 
bility that the individual will live one year ; and — ^ — the 

A 
probability that he will die in that time (Art. SQS). In Dr 
Halley's Tables, out of 586 of the age of 22, 579 arrive at the 
age of 23 ; hence the probability that an individual aged 22 

.„ ,. , 579 1 1 82 , 

will live one year is — -- or — or — — — or — nearly; 

•^586 7 1 83 -^ 

1+ 1+ 

^79 ,^ 5 

82 + - 

7 

7 1 

and — ^, or — - nearly, is the probability that he will die in 
586 84 

that time. 
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400. Ex. 2. To find the probability that an individual 
of a given age will live any number of years. 

Let A be the number in the Tables of the given age; 
Bj Cy Dj ••• X^ the number left at the end of 1, 2, 3, ...^, 

years ; then — is the probability that the individual will live 

c 

1 year; — the probability that he will live 2 years; and 
A 

X A ^ B 

— the probability that he will live a years. Also — - — , 
A A 

A -'C A ^ X 

— - — , — - — , are the probabilities that he will die in 1, 2, 

a?, years, respectively. 

These conclusions foUow immediately from Art. SQS, 

401. If two events be independent of each other^ and 

the probability that one toiU happen be — , and the proba- 

m 

bility that the other will happen be , the probability that 
they will both happen ia 



mn 



For each of the m ways, in which the first can happen 
or fail, may be combined with. each of the n ways in which 
the pther can happen or fail, and thus form mn combina- 
tions; and there is only one in which both can happen: 

therefore the probability that this will be the case is — 

^ '' mn 

(Art. 391). 

402. Cor. l. The probability that both do not happen 

is 1 , or . For the probability that thev both 

mn mn ^ ^ -» 

happen, together with the probability that they do not both 
happen, is certainty; therefore, if from 1 the probability 
tfaat they both happen be subtracted, the remainder is the 
probability that they do not both happen. 
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403. Cor. 2. The probability that they will both fail 
is ^ -. For the probability that the first will 

fail is , and the probability that the second will fail is 

w — 1 

; therefore the probability that they will both fail is 

m - 1 n- 1 (m - 1) (» - 1) 

X , or . 

fn n mn 

404. CoB. 3. The probability that one will happen and 

W + W — 2 

the other fail is . For the probability that the first 

mn *^ 

will happen and the second fail is — x ; and the proba- 

m n 

AM 1 1 

bility that the first will fail and the second happen is x — , 

m -\- n -• 2 , 

and the sum of these, or , is the probability that one 

mn 

will happen and the other fail. 

405. Cor. 4. If there be any number of independent 

events, and the probabilities of their happeuing be —,—,-, 

m n r 

&c. respectively, the probability that they will all happen is 

— . For the probability that the first two will happen 

mnr &c. 

is , and the' probability that the first two and third will 

mn ^ -^ 

happen is ; and the same proof may be extended to any 

mnr 

Dumber of events. 

When f» = M Ä r =s &c. the probability is — ^, u being the 
number of events. 

406. Ex. 1. Required the probability of throwing an ace 
and then a deuce with one die. 

15 
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The chance of throwing an ace is - , and the chance of 
throwing a deuce in the second trial is -; therefore the 
chance of both happening is --. 

407. Ex. 2. If 6 white and 5 black balls be thrown pro- 

miscuously into a bag, what is the probability that a person will 

draw out first a white and then a black ball ? 

/^ 

The probability of drawing a white ball first is — (Art. 397), 

and this being done, the probability of drawing a black ball, is 
5 1 ^ * 

— . or - , because there are 5 white and 5 black balls left ; 
10 2 

therefore the probability required is — x or — . 

Or we may reason thus; unless the person draw a white 
ball first, the whole is at an end ; therefore the probability that 

he will have a chance of drawing a black ball is — , and 

when hehas this chance, the probability of its succeeding is 

5 1 

— , or - ; therefore, the probability that both these events will 

take place is — x - , or — . 
^ 11 2 11 

408. Ex. 3. The same supposition being made as in the 
last example, what is the chance of drawing a white ball and 
then two black balls ? 

The probability of drawing a white ball and then a black 

3 
one is — (Art. 407) ; when these two are remöved, there are 5 

white and 4 black balls left ; and the probability of drawing a 

4 
black ball, out of these, is - ; therefore the probability required 

y 

.34 4 
IS — X - or — . 
11 9 33 
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409. Ex. 4. Required the probabüity of throwing an 

ace, with a single die, in two trials. 

5 
The chance of failing the first time is - , and the chance of 

failing the next is - ; therefore the chance of failing twice to- 

25 
gether is -—; and the chance of not failing both times is 

25 11 

1 , or — . 

410. Ex. 5. In how many trials may a person under- 
take, for an even wager, to throw an ace with a single die ? 

Let w be the number of trials ; then, as in the last Art. the 
chance of failing of times together is f-j , and this, by the 

question, is equal to the chance of happening, or 

5\\1 
"2' 

hence «r x log - = log - 

or a? X (log 5 — log 6) = log 1 — log 2, 

log 1 - log 2 log 2 . _ 

4? = = = —2- since log 1=0; 

log 5 — log 6 log o - log 5 

.*. Of = 3*8, nearly. 

411. Ex. 6. To find the probability that two individuals, 
P and Q, whose agiBs are known, will live a year. 

Let the probability that P will live a year, determined 
by Art, 399, be — ; and the probability that Q will live a year, 

- ; then the probability that they will both be alive at the end 

..11 1 
Ol that time is — x — or . 

m n mn 

15 — 2 
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412. Ex. 7. To find the probability that one of them, at 
least, will be alive at the end of any number of years. 

m — 1 

The probability that P will die in a year is , and the 

tn 

probability that Q will die is ; therefore the probability 

(m — 1) (n — l) 
that they will both die is ; and the probability 

that they will not both die is 

(m - 1) (» - 1) m + n — 1 

1 - ^ ^-^ ^, or . 

mn mn 

In the same manner, if - be the probability that P will live 

t years, and - the probability that Q will live the same time 

(Art. 400) ; the probability that one of them, at least, will be 
alive at the end of the time is 

(p - 1) (g - 1) p-^q-i 

1 , or . 

pq pq 

413. If the probability of an evenfs happening in one 

a 
trial be represented by r- (Art. 393), toßnd the probability 

of its happening once^ twice^ three times, S^c. ewaxitly^ in 
n trials, 

The probability of its happening in any one particular 
trial being -^ , the probability of its failing in all the 

other 7i — 1 trials is — — : (Arts. Sgs. 405) ; therefore 

(a + fe)""^ "^ 

the probability of its happening in one particular trial, and 

failinfi^ in the rest, is -— ; and since there are n trials, the 

^ (a + by 

probability that it will happen in some one of these, and fail in 

nab^"^ 

the rest, is n times as ffreat, or -—■ . 

^ (a+by 
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The probability of its happeniDg in any two particular 

trials, and failinfi^ in all the rest, is -; rr- , and there are 

® ' (a + 5)» 

n . ways in which it may happen twice in n trials and 

SS 

fail in all the rest (Art. 285) ; therefore the probability that it 

* ^ 

will happen twice in n trials is — — — . 

In the same manner, the probability of its happening ex- 

7^ — 1 n — 2 

2 3 

actly three times is — — — — ^— ; and the probability 

{a + hy 
of its happening exactly t times is 

n-l n-2 n-t+1 ,,. , 

n. . a*6"~* 

2 3 t 

(a + by 

414. Cor. 1. The probability of the event's failing 
exactly t times in n trials may be shewn, in the same way, to be 

n-1 w-2 n-t+1 ,,_, 

2 3 t 

(a + by ' 

416. Cor. 2. The probability of the event's happening 
at least t times in n trials is 

n-1 

a" + no^'^b + n. a!^~^b^ to (n-t+l) terms 

2 ^ ^ 

JöTby * 

For, if it happen every time, or fail only once, twice, 
{n — t) times, it happens t times; therefore the whole pro- 
bability of its happening, at least t times, is the sum of the 
probabilities of its happening every time, of failing only once, 
twice, w — # times; and the sum of these probabilities is 

n-l 
a"" + na^'-^b + n. a""^6^ to (n-t + l) terms 

(o + 5)« * 
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416. Ex. 1. What is the probability of throwing an ace 
twice at least, in three trials, with a single die ? 

In this case, na3, t ^2, a — 1, b^ 5; and the proba- 

• .,.^ . j . 1+8x5 16 2 

bility required is - — - — - « — - «= — . 
^ ^ 6x6x6 216 27 

417. Ex. 2. What is the probability that out of five 
individuals, of a given age, three at least will die in a given 
timeP 

Let — be the probability that any one of them will die in 

the given time (Art. 400) ; then we have given the probability 
of an event^s happening in one instance, to find the probability 
of its happening three times, at least, in five instances. 

In this case, ««=1, b'Bin - ly n ^ 5, t - 3; therefore the 
probability required is 

1 + 5 (m - 1) + 10 (wi - 1)' 



kS 



m' 
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418. Much more might be said on a subject so extensive 
as the doctrine of Chances ; the Learner will however find the 
principal grounds of calculation in Articles 391, 393^ 401, 413, 
and 415 ; and if he wish for farther information, he may con- 
sult De Moivre's work on this subject*. It may not be 
improper to caution him against applying principles which, on 
the first view, may appear self-evident ; as there is no subject 
in which he will be so likely to mistake as in the calculation of 
probabilities. A single instance will shew the danger of form- 
ing a hasty judgment, even in the most simple case. The 

probability of throwing an ace with one die is ~, and since 

there is an equal probability of throwing an ace in the second 

trial, it might be supposed that the probability of throwing an 

2 
ace in two trials is - . 

6 

* [The more modern writers on this subject are Laplace, Galloway, and De Morgan.] 
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. This is not a just conclusion (Art. 409) ; for, it would 
foUow, by the same mode of reasoning, that in six trials a 
person could not fail to throw an ace. The error, which is not 
easily seen, arises from a tacit supposition that there must 
necessarily be a second trial, which is not the case if an ace be 
thrown in the first. 

LIFE ANNUITIES. 

419. Toßnd the Preseni Valus of an annuity of £l to be 
continued duHng the life of an individual of a given age, 
allowing Compound interest for the money. 

Let R be the amount of £l in one year ; A the number of 
persons, in the Tables, of the given age ; B^ C, 2>, &c. the 

number left at the end of 1, 2, 3, &c. years (Art. 398) ; then -- 

C D 

is the value of the life for one year, -r j -7 > &c. its value for 

2, 3, &c. years respectively; and the series must be continued to 
the end of the Tables. Now the Present Value of £l, to be paid 

at the end of one year, is — - (Art. SQ9) ; but it is only to be paid 

R 

on condition that the annuitant is alive at the end of the year, of 

which event the probability is — ; therefore the Present Value of 

A 

the conditional annuity is -— (Art. S^i) ; in the same manner, 

C 

the Present Value of the second year's annuity is -j— -^ ; the 

Present Value of the third year's annuity is -j^ ; &c. therefore 

, . , . , . 1 /Ä C D 

the whole value required is -r x — + :=ro + tt« + &c. to the 

A \R Er R^ 

fend of the Tables. ] 

420. De Moivre supposes, that out of eighty-six persons 
bom one dies every year, tili they are all extinct. 



232 LIFE AKNUITIES. 

This supposition is sui&ciently exact, if our calculations be 
made for any age neither very young nor very old, as will ap- 
pear from an inspection of the Tables ; and, on this supposition, 

the sum of the series —i>^[n+ m'^^'Ss'*" ^^* ) ^^J ^^ found. 

Let n be the number of years which any individual wants 
of 86 ; then will n be the number of persons living, of that age, 
out of which one dies every year ; and . 

w-1 »-2 n-S 

— -— , , , &c. 

n n n 

will be the probabilities of his living 1, 2, 3, &c. years; hence» 
the Present Value of an annuity of jPl, to be paid during his 
life, is 

7*-lw-2w-S , _ 

— ZT- + — ^iT + — 7z^ + &c. contmued to n terms. 
nR nR* nRr 

The sum of the series 
(n - l) iV (n - 2) w^ (n - 3) ar^ 



+ &c. to n terms is found 



n n n 

to be (See Appendix iii.) 

let 0? = •— , and the sum of the series, 
R 

w-1 71-2 n- 3 
— ^ + — =r + — =- + &c. to n terms, 
nR nR? nR^ 

IS -^^ ^ 5 ; 

W (Ä - 1)* 

the Present Value of the annuity. 

421. Cor. l. This expression for the sum is the same 
with 

nR^n Ä-Ä-<»-^> 1 R i^R-n 

or -: X 



n(Ä-ir w(Ä-i)*' "*Ä-i ^»'(jriT)"^' 
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Let P be the Present Value of an annuity of £l, to continue 
certain for n years, then P ■= — — (Art. 384) ; and the ex- 

R „ 
1 .P 

pression becomes . 

422. CoH. 2. The Present Value of the annuity to con- 
tinue for ever, from the death of the proposed individual, is 

RP 

7Z(Ä-1)* 

For the whole Present Value of the annuity, to continue for 

ever, is — (Art. SS6)'^ and if from this its value for the 

Ä — 1 

RP 

life of the individual be taken, the remainder — -— is 

n (JB - 1) 

the Present Value of the annuity, to continue for ever, from 

the time of his death. 

423. To find the Present Value of an annuity of £ly 
to he paid as long as two specified individuals are both living. 

Find, by Art. 411, the probability that they will both be 
alive at the expiration of 1, 2, 3, &c. years, to the end of the 
Tables ; call these probabilities a, 6, e, &c. and R the amount of 

£l, in one year ; then -7: + t^ + -7^ + &c. is the Present Value 
■^ R R^ R^ 

of the annuity required. (See Art. 419). 

424. To find the Present Value of an annuity of £ly 
to be paid as long as either of two specified individuals is 
living. 

Find, by Art. 412, the probability that they will not both 
be extinct in 1, 2, 3, &c. years, to the end of the Tables, and 
call these probabilities J(, Jff, C, &c. then the Present Value of 
the annuity is 

■g + -g;^ + ^3 + &c. (See Art. 419). • 
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425. Cor. If the annuity be if £, the Present Value is 
M times as great as in the former case, or 



^^ (A B C ^ \ 



426. These are the mathematical principles on which the 
values of annuities for lives are calculated, and the reasoning 
may easily be applied to every proposed case. But, in practice, 
these caiculations, as they require the combination of every 
year of each life with the corresponding years of every other 
life concerned in the question, will be found extremely labori- 
ous, and other methods must be adopted when expedition is 
required. Writers on this subject are De Moivre, Maseres, 
Simpson, Price, Morgan, Waring, [Baily, and De Morgan. 
Of these the last mentioned writer is now most accessible.] 

[The Tables required for this Section will be found at the 
end of Appendix iii.] 
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NATURE OF EQUATIONS. 

427. Any equation, involving the powers of one unknown 
quantity, may be reduced to the form 

af^- paf^'^ + qaf"^- &c. = ; 

where the whole expression is made equal to nothing, the terms 
are arranged according to the dimensions of the unknown quan- 
tity, the coeiScient of the highest dimension is unity, and the 
coefficients, j9, g, r, &c. are affected with their proper signs. 

An equation, in which the index of the highest power of 
the unknown quantity is n, is said to be of n dimensions ; and 
in speaking simply of an equation of n dimensions, we under- 
stand one reduced to the above form, unless the contrary be 
expressed. 

428. Any quantity, 

07*- paf"-^ + qaf"'^... + Pw - Q, 
may be supposed to arise from the multiplication of 

(of — a) (a? — b) (w — c) . &c. 
continued to n factors. 

For, by aetually multiplying the factors together, we 
obtain a quantity of n dimensions, similar to the proposed 
quantity, 

af* - paf""^ + qaf~^ - &c. ; 

and if a, 6, e, See. can be so assumed that the coefBcients of the 
corresponding terms in the two quantities become equal, the 
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whole expressions coincide. And these coefficients may be made 
equal, because we shall have n equations to determine the n 
quantities a, h^ e, d^ &c. (See Art. 193). If then the quan* 
tities, a, 6, c, d, &c. be properly assumed, the equation 

a^ - jp«r""* + qaf^-^ - &c. = 0, 

is the same with {w — a) (w — b) (a? — c) . &c. = 0*. 

We cannot suppose a?" - pa?""* + qa/^"^ - &c. to be made up 
of more, or fewer, than n simple factors; because, on either 
supposition, the result would not be of the same number of 
dimensions with the proposed quantity. 

429. Def. The quantities a, by c, d, &c. are called roots 
of the equation, or values of <r ; because, if any one of them be 
substituted for 07, the whole expression becomes nothing, which 
is the only condition proposed by the equation. 

430. If the Signa of the terms of an equation be all 
positive j it cannot have a positive root ; and if the signs be 
aUernately positive and negative^ it cannot have a negative 
root. 

If w" + paf^"^ + qa}^~^'\- &c. = 0, and any positive quantity, 
a, be substituted for.o?, the result is positive; consequently a 
is not a root of the equation. 

If a?" — jöa?""^+ ^df"*— &c. = 0, and a negative quantity, 
— a, be substituted for w^ when n is an odd number the result 
id negative, and when n is an even number the result is 
positive ; therefore ~ a cannot, in either case, be a root of the 
equation. 

431. Every equation has as many roots as it has dimen- 
sions, and no more. 

* This proof, which is usually given, is imperfect ; for if the n equations be re- 
duced to one, containing only one of the quantities, a, this equation is <r— pa*-^ + 
9tf*~'— &c. = 0, which exactly coincides with the proposed equation; in supposing 
therefore that a can be found, we take for granted that the equation. can be solved. 
The subject has exercised the skill of the most eminent algebraical writers, but 
their reasonings upon it are of too abstruse a nature to be introduced in this place : 
The Leamer must, at present, take for granted, that an equation may be made up of 
as many simple fjtctors as it has dimensions ; and when he is farther advanced in the 
subject, he may consult Waring's Algebra, page 272 ; Phil, Trans. 1798, page 369 ; 
and ' Demonstratio Nova^" C. F. Gauss, Helmstadt, 1799. 
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If a?" - pi»""^ + ga?*~* + &c. = 0, 

or (<r -«)(«?- b) (^ - c) . &c. to n factors = ; 

there are n quantities, a, 6, c, &c. each of which, when substi- 
tuted for a?, makes the whole = 0, because in each case one of 
the factors becomes = ; but any quantity dilBFerent from these, 
as e, when substituted for w^ gives the product (e — d) (e — b) 
(e —c), &c. which does not vanish, because none of the factors 
vanish ; that is, e will not answer the condition which the equa- 
tion requires, and is therefore not a root. 

432. When one of the roots, a, is obtained, the equation 

(iV — a) (^ — b) (<a? — c) . &c. = 0, 

or ^ - paf"'^ + qaf-^ - &c. = 0, 

is divisible by o? — a, without a remainder, and is thus reducible 
to (<r — fe) (a? — c) . &c. = 0, an equation one dimension lower, 
whose roots are 6, c, &c. 

[Ex. 1 . Since a is a root of a?" — a" = 0, whether n be odd 
or even, o?"— a" is always divisible by a? — a. Also, when n is 
even, a?" — a" is divisible by a? + a. When n is odd a?" + a" is 
divisible by a? + a, but not by a? — a ; and when n is even 
tT?'*^ a" is divisible by neither «2? + a nor o? — a.] 

Ex. 2. One root of the equation y^-\- 1 = is — 1, therefore 
y + 1 = 0, and th6 equation may be depressed to a quadratic, 
in the following manner : 

^ y + i)f+^ (/-y + 1 



-f+l 


-y'-y 


+ y + l 


y + i 



Hence the other two roots are the roots of the quadratic 

f-y-^ 1 = 0. 

If two roots, a and 6, be obtained, the equation is divisible 
by {w — a) (a? — 6); and thus it may be reduced two dimensions 
lower. 
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Ex. T WO roots of the equation j;^ — 1 = 0, are + 1 and 
— 1, therefore <r— 1 » 0, and 07+ 1 =0; and it may be depressed 
to a biquadratic by dividing by 

(o? - 1) (o? + 1), or by <r^- 1. 



+v 


- 1 




c^ 


-a^ 






+ a^- 


1 




a^- 


1 



Hence the equation o^ + ot^ + 1 « contains the other four 
roots of the proposed equation afi— l ^0, 

433. Conversely, if the equation be divisible by w — a^ 
without remainder, a is a root ; if by {x — a) (w — 6), a and b 
are both roots ; &c. In the latter case, let Q be the quodent 
arising from the division, then the equation is 

(a? - a) (a; - 6) Q « 0, 

in which if a or ^ be substituted for x^ the whole vanishes. 

434. CoB. 1. If a, 6, c, &c. be the roots of an equation, 
that equation is 

{x -T a) (cT - 6) («r - c) . &c. « 0. 

Thus, the equation whose roots are 1, 2, 3, 4, is 

(x - 1) (a? - 2) (x - S) (o? - 4) = ; 
or 07* - 100^'^+ 35x^ - 50o7 + 24 = 0. 

The equation whose roots are 1, 2, and - 3, is 

(cP - 1) (ay - 2) (o? -♦■ 3) = ; or ar*- 7a^ + 6 = 0. 

435. Cor. 2. If the last term of an equation vanish, the 

equation is of the form ot"- px^~^ + gaf*"^ + Px = 0, 

which is divisible by o?, or o? - 0, without remainder ; therefore 
is one of its roots ; if the two last terms vanish, it is divi- 
sible by 0?*, without remainder, or by (x — 0)(x- 0), that is, 
two of its roots are ; &c. 
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436. The coefficient of the second ierm of an equation^ 
foith its proper sign^ ia the sunt of the roots, with their 
eigne changed; the coefficient of the third term ie the eum 
of the producta of every two roots^ with their eigne changed ; 
the coefficient of the fourth term ie the eum of the producta 
of every three roota, with their eigne changed^ S^c; and the 
laat term ie the product of all the roote, with their eigne 
changed. 

Let a, 6, e, &c. be the roots of the equation; then 
(a? — a) (o? — 6) (w — c). &c. = 0, is that equation ; and by Art. 
293, it appears, that when these factors are multiplied toge- 
ther, the coefficient of the second tenn is the sum of the 
quantities — a, —6, — c, &c.; the coefficient of the third term, 
the sum of the products of every two, &c. ; and the last term, 
which does not contain ^, is the product of all those quantities. 

437. Cor. 1. If the roots be all positive, the signs of the 
terms will be altemately + and - . For the product of an 
odd number of negative quantities is negative, and of an even 
number positive. But if the roots be all negative, the signs of 
all the terms will be positive, because the equation arises from 
the continued product (w + 0) (^ + b) (w + c) . &c. in which 
every sign is positive. 

438. Cor. 2. Let the roots of the equation 
a^-paf"^... + P^- Qti? + Ä = 0, be a, &, c, d, &c. 

then R = ahcd,.. to n factors. 



Q = 6cd...to n - 1 factors -♦- acd + abd... + &c. 

Q 1 1 1 
.'. — = - + 7 + - + &c. 
Rabe 

that is, the coefficient of the last term but one divided by the 
last term is the sum of the reciprocals of the roots. 

In the same manner, 

P 1 1 1 1 1 1 

— as -I 1- + + 4- + &C. 

R ab ac ad bc bd cd 
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439- Any equation, it has beeii observed, may.be con- 
ceived to arise from the multiplication of the simple factors 
{m — a) (<r — h) (a? — c) . &c. or by taking two or more of these 
together, it may be supposed to arise from the multiplication 
of quadratic, cubic, &c. factors, if the dimensions of these 
factors together make up the dimensions of the proposed 
equation. 

Thus a cubic equation may be supposed to be the product 
of three simple factors, as 

{x - a) (a? - 6) (ä? - c) s= ; 

or of a quadratic and a simple factor, as 

{a^ - px + g) X («J? - c) = 0. 

440. Any of the roots a, fe, c, &c. of an equation are iwi- 
posaible^ when, as is frequently the case, they involve the square 
root of a negative quantity. 

441, Impossible roots enter equations by pairs. 

If a + \/- 6* be a root of the equation af" - p^~* + &c. =0, 
then a — \/ — 6^ is also a root. 



In the proposed equation for <r Substitute a + \/— ft'^, and 
the result will consist of two parts, possible quantities, which in- 
volve the powers of a and the even powers of v— 6^, and im- 
possible quantities which involve the odd powers of v - b^ ; call 
the sum of the possible quantities A^ and of the impossible B^ 

then A + Bis the whole result. Let now a — y/ —V be substi- 
tuted for ^, and the possible part of the result will be the same 
as before, and the impossible part, which arises from the odd 

powers of — v— 6", will only diflFer from the former impossible 
part in its sign ; therefore the result is -4 — S ; and since by 

the supposition a + \/— \? is a root of the equation, ^ + 5 = 0; 
in which, as no part of A can be destroyed by i?, A = and 
J? = ; therefore A- B = 0^ that is, the result, arising from 

the Substitution ot a - \/ -¥ for w^ is nothing ; or a — v- 6' 
is a root of the equation. 

The truth of the proposition is also manifest from this con- 
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sideration, tbat ifj^— ffi4r + n«>0bea quadratk fitctor of tbe 
equation (Art. 439), two values of x are 

m -f \/7ii*— 4n j m -\/w»*— 4n 
'• , and ■ » 

2 2 

which are eitber botb possible, or botb impossihle. 

» 

442. Cor. 1. Hence it föUows, that an equation of an 

odd number of dimensions must have, at least, one possible root, 
unless some of tbe coefficients are impossible, in whicb case tbe 
equation may bave an odd number of impossible roots. 

443. CoE. 2. By tbe same mode of reasoning it appears 
tbat, when the coefficients are rational^ surd roots of tbe form 

± vft, or a ^ vftj enter equations by pairs. 
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444. If the Signa of all the terms in an equation be 
changedf its roots are not altered^ 

Let a^-jp^'^+q^a?*"'- &c = 0, of wbicb tbe roots are ö, 6, 
c, &c., tben 

^ (jü- a) (iV - 6) (j? - c) . &c. = ; 

and if tbe signs of all tbe terms be cbanged, tbe equation 
becomes 

- (47 — ö) {/ü - 6) (^ — c) . &c. BB ; 

wbicb is satisfied, if a, 6, c, &c. are substituted for äf. 

445. If the signs of the altemate terms^ beginning 
with the secondf be changed*^ the signs of all the roots are 
changed, 

Let Äj^-jjd?"'"^— 9^?""*+ &c. =0, be an equation wbose 
roots are a, 6, — c, &c. ; for w Substitute - y^ and wben n is an 
even number, tbe equation becomes y* + py*~^ — ^y""'* " 8cc. = 0; 
but wben n is an odd number, — y"— py""^ + 9^""*+ &c. = 0, 
or cbanging all tbe signs (Art. 444), y* + py""^ - qy^~^ - &c. = 0, 

[* That is, supposing eithei the equation to be complete in all its terms, or the 
tenns that are wanting to be replaced by ciphers and considered «s terms for thia 
parpose.] 

16 
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as before ; and since ^ = — y, or y « - jr, the values of y are 
— a, — 6, + c, &c. 

Ex. Let it be required to change the signs of the roots of 
the equation a^ — qw + r ^ 0. 

This equation with all its terms isar^+O-jor+rssO; and 
changing the signs of the alternate terms, beginning with the 
second, we have 

^— — ja? — r = 0, or or* — ga7 — r = 0, 

an equation whose roots differ from the roots of the given one 
only in their signs. 

446. To transform an equation into one whose roots 
are greater or less than the corresponding roots of the origi- 
nal equation hy any given quantity. 

I. Let the roots of the equation a^ — pa^ + ga? - r ■= 0, be a, 
bj c; to transform it into one whose roots are a-k-e, b-^-e^ c-^e» 

Assume ar-fe — y, or /ü ^y -- e; then, 

w^^y^-- 3ey^+ Se^y - e^ 
-p.r^sz: — py^-^ 2pey ^pe^ 
+ qx » + qy -qe 

— r = — r 

•\ f^- (Sc+j»)y"4- (Se*+2pc+ 9)y - i^+p^-^qe + r) »0. 

In this last equation, since y ^ w + ej the values of y are 

a + e, 6 -I- c, c •\- e. 

If y 4- 6 be substituted for w, the values of y in the result- 
ing equation will be a - c, 6 — 6, c - c. 

II. In general, let the roots of the equation 
0?"- pa?"-^ + qw^-^" &c. = 0, be a, 6, c, &c. 

Assume y = a?-e, ora^ — y+e; then, by Substitution, 

n-1 

^ «y+wcy'-^+n. ßV~'-..+ W6""^y+ c" 

2 



&c. = &c. 



r-0, 
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and since y^af — e, the values of y, in this equation, are 

a — c, 6 — e, c — c, &c. 

We may observe, that the last terra of the transformed 

equation, c* — pc^'^ + ge""*— &c., is the original quantity, with 

e in the place of <r ; the coefficient of the last terra but one, 

with its proper sign, is obtained by multiplying every terra of 

c* — pe^'^ + ge""*- &c. by the index of e in that terra, and 

diminishing the index by unity ; the coefficient of the last terra 

but two, 

n — 1 w — 2 w — 3 
n. 6»-2- (n-1). pe"''^+ (n-2). gc"~*- &c. 

Ä# ^f Af 

is obtained in the sarae manner frora the coefficient of the last 
terra but one, and then dividing every terra by 2 ; and so on*. 

447. One use of this transforraation is to take away any 
terra out of an equation. Thus, to transforra an equation into 
one which shall want the second terra, e raust be so assumed 

P 
that we-oasO, or e= (where p is the coefficient of the 

n 
second terra with its sign changed, and n the index of the 
highest power of the unknown quantity) ; and if the roots of 
tbe transformed equation can be found, the roots of the origi- 

P 
nal equation raay also be found, because ^ » y ^ — . 

n 
Ex. 1. . Let w^-- px •\- q^O be the proposed equation. 





Assume x 


= « + - , then 






a? 


4 






— <pat 








+ 9 


+ 9 


or 


y' 





— ; hence, y 



0, 



[* See Baily and Lund's lÜjferefniial CalcultiSy Appendix, Art. vi.] 

16 2 
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Ex. S. To transform the equation af - 9a? ^ 7^ + IS » 

into one which shall want the second term. 

Assume a^y •\-S^ then 

a^ = »' + 9y* + 27y +27 

+ 707 « + 7y + 21 

+ 12 «= + 121 



0, 



that 18, y'- 20y - 21 -: ; and if the values oiyhea^ b, c, the 
valuBB of «r are a + S, 6 + 3, and c + 8. 

448. To take away the third term of the equation, e 
must be so assumed, that 

w . 6* - (» - 1) pe + ^ = 0. 

In this case we shall have a quadratie to solve ; and in general, 
to take out the m^^ term, by this method, it will be necessary 

to solve an equation of i» — 1 dimensions. 

Ex. To transform the equation a^ - 6a^+ 9^ - 1=0 into 
one which shall want the third term. 

Here n « 3, jp » 6 and 9 « 9 ; therefore 

n — 1 
n . 6* - (» - 1) pe + g = becomes 

2 

3c* - 12c + 9 = 0, . or e* - 4e + 3 = 0, 
in wbich the values of c are 1 and 3. Let ^ s y 4. 3, then 

^ = j^ + 9»* + 27y + 27 

+ 9^ = + 9y+ 27[ 

-1 = - ij 

that is, y + 3j^- 1 «s 0. 

In the same manner, if w ^^ y + 1^ the transformed equation 
will want the third term, and will be 
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449. To tranafarm an eqwUion into one nehose roois are 
the roots of the original equation muUiplied by atty given 
quantUy. 

Let the roots of the equation 

af - paf" ^ + ga?*"* - &c. = 0, 

be a, bj c, &c.; to transform it into one whose roots are ma, 
fnb^ mCj &c. 

Assume y ^mw^ or o; s ^ ; then Substitute this value for 

m 

Of, and the equation becomes 

or, multiplying by wi", 

y* - mpy*-^ + m^qy*'^ - &c* = 0, 
an equation whose roots are ma, mb, mc, &c. 

This equation differs from the former only in having the 
successive terms multiplied by 1, m, m% m', &c. 

460. Cor. 1. By this transformation an equation may 
be cleared of fractions ; or, if the first term be aiFected with a 
coeiBcient, that coefficient may be taken away. 

Ex. 1. Let 

07»-^- + ^ ra7*-* + &c. = 0; 

fn n 

by multiplication, 

mna^ — npaf""^ + rnqai^'* - mnraf^"^ + &c. = ; 

transform this equation into one whose roots are mn times as 
great, and we have 

mntf* - mn^py*"^ +i»'n*gy""* - m^n^rt^'^ + &c. = o, 

or y* — npf^'^ + m^nqy^'^ — m^n^rj/^'^ + &c. — 0, 

an equation of the usual form. 

Ex. 2. Let it be required to transform the equation 
3y^ - 99 + r = into one in which the coefficient of the highest 
term is unity. 
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The equation with all its terms is 
• Sy3 + - ^y + r = ; 

transform it into one whose roots are three times as great, by 

substituting - foi' y ; then 

S«' + S X - 9qsf^ + 27r =0, or iir' — Sqz + 9r = 0, 
an equation of the required form. 

451. Cor. 2. In any equation (which is complete in all 
its terms) if the coefficients of the second, third, fourth, &c. 
termsy be divisible, respectively, by m^ m^, in', &c. the root» 
have a common measure m. 

452. CoB. 3. An equation may be transformed into one 

whose roots are severally — th of the roots of the former, by 

m 

dividing the second, third, fourth, &c. terms by m, «»% m^, &c. 

respectively. 

453. To transform an equation into one whose roots are 
the reciprocals of the roots of the given equation. 

Let the roots of the equation 

a^ -pof"^ -^qaf*^.... - Pa? + Q = 0, 

II 
be a, 6, e, &c.; to transform it into one whose roots are -» r » 

a 

1 

- > &c. 

c 

Assume y«-, or^=»-; then, by Substitution, 
^ P q P ^ 

and multiplying by y", 

1 -py + gy»... - Py^'-^+Qf/'^O; 
that is, Qy" - Py»-^... +9y' -py + 1 = 0; 

P , P 1 

1 1 t i. 1 1 i 

and smce y * - the values of y are - , - , - , &c. 
^ Of ^ a^ h c 



TRANSFOEMATION OF EQUATIONS. 247 

454. Cor. 1. If any term in the given equätion be want- 
ing, the corresponding term will be wanting in the transformed 
equätion; thus, if the original equätion want the second 
term, the transformed equätion will want the last term but 
one, &c. because the coeflScients in the transformed equätion 
are the coeiScients of the original equätion in an inverted order. 

455. Cor. 2. If the coefficients of the terms, taken 
from the beginning of an equätion, be the same with the 
coef&cients of the corresponding terms, taken from the end, 
with the same signs, the transformed will coincide with the 
original equätion, and their roots will therefore be the same. 

Let a, 6, c, be roots of the equätion 

0?" - j?a?"~^ + qaf"'^ + qa^ — pa? -f 1 « 0; 

the transformed equätion will be 

y* - py""^ + qy"""^ + gf-py + ^=o, 

and a, 6, c, must also be roots of this equätion ; but the roots 
of this equätion are the reciprocals of the roots of the original 

equätion, therefore -, 7, -, are also roots of the original 

a c ° 

equätion ; that is, the roots of either equätion are 

1-11 

öy -» O9 7 9 C,.-y &C. 

a o c 

Ex. The roots of the equations, 

a?* - pa^ + qoE^ - po? + 1 = ; o?* + qai* 4- 1 — ; 

and iT* + 1 = 0, 

are of the form a, 6, - , - . 

a 

456. Cor. 3. If the equätion be of an odd number of 
dimensions, or if the middle term of an equätion of an even 
number of dimensions be wanting, the same thing will hold 
when the signs of the corresponding terms, taken from the 
beginning and end, are difFerent. 

Ex. The roots of the equätion a? — pa^ -^ pw — 1 =0, are 

1 
of the form 1, <x, ~ . For, in this case, if the signs of all the 

a 
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terms of the transformed equation be changed, it will cmncidö 
with tfae original equation ; and by changing the signs of all 
the terms, we do not alter tbe roots. (Art. 444). 

457* Def. The equations described in the last two corol- 
laries are called recurring equations. 

458. Cor. 4. One root of a recurring equation of an 
odd number of dimensions will be +1» or — 1, according as 
the sign of the last term is - or + ; and tbe rest will be of the 

form a, - , 6, 7 ; &c. 
a b 

For if +1, in the former case, and - 1, in the latter, be 
substituted for the unknown quantity, the whole vanishes; 
thu8,*if 

ar* - pw^ + qa^ - q^ + pa? - 1 = 0, 

and for w we Substitute + 1» it becomes 

1 -p + g-g + p-l = 0; 

and it appears from Art. 453, that if a, 6, c, &c. be roots of 

the equation, --, 7, -, &c. are also roots. 

übe 

469. To transform an equation into one whose roots are 
the Squares of the roots of the given equation. 

Let a^ - paf^'^ + qw""'* - rw*"^ + «a?""* - &c. « ; 
by transposition 

oT + qa^-^ + sai^'^ + &c. = pof^ + raf"^ + &c. ; 

and by squaring both sides, 

«*» + 2gzD*— * + (g" + 2«).fl^""* + &c. = t^a^*'^ + 2prii^*'* + &c. 

and again by transposition, 

a?«» - (p« - 2g). a?^—" + (g* - 2jpr + 2s). o^— * - &c. = ; 

assume y^äf^i then 

y» - (p« - 2g) .y-^ + (9* - ^pr + 2«) . »•"* - &c. = 0, 

in which equation the values of y are the Squares of the values 
of <r. 
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460. CoB. If the roots of the original equation be a, 6, 
Cy &c. theo 

9* - 2pr + 2« = a*5* + o*c^ + &c. 

Other transformations may be seen in Waring'^s Medi- 
tationes Algebratcce^ Prob. 5 ; and, indeed, whoever would 
fuUy understand the nature of equations must have recourse 
to that Work. 

[The more modern writers on this subject are Stevenson 
and Hjmers.] 



LIMITS OF THE ROOTS OF EQUATIONS. 

461. If a, 6, c, — d, &c. be the roots of an equation, 
taken in order of magnitude, that is, a greater than 6, h greater 
than e, &c«* the equation is 

(jD — a) (^ — 6) (a? - c) (^ + d) • &c. = ; 

in which, if a quantitj greater than a be substituted for Wy 
as.every factor is, on this supposition, positive, the result will 
be positive ; if a quantity less than a, but greater than 6, be 
substituted, the result will be negative, because the first factor 
will be negative and the rest positive ; if a quantity between 
h and c be substituted, the result will again be positive, because 
the two first factors are negative and the rest positive: and so 
on. Thus quantities which are limita to the roots of an 
equation, or between which the roots lie, if substituted suc- 
cessively for the unknown quantity, give results altemately 
positive and negative. 

462. Conversely, if two magnitudes, when substituted 
for the unknown quantity, give results afiPected with different 
signs, an odd number of roots must lie between them ; and 
if a series of magnitudes, taken in order, can be found, which 
give as many results, altemately positive and negative, as the 

* In this series, the greater d is, the less is —c^. And whenever a^ b, <t, — d, &c. 
are said to be the roots of an equation taken in order, a is supposed to be the greatest. 
Also, in speaking of the limits of the roots of an equation, we understand the limits 
of the possible roots. 
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equation has dimensions, these must be limits to the roots of 
the equation ; because an odd number of roots lies between 
each two succeeding terms of the series, and there are as many 
terms as the equation has dimensions ; therefore this odd num- 
ber cannot exceed 1. 

463. If the results arising from the Substitution of two 
magnitudes for the unknown quantity be both positive or 
both negative, either no root of the equation, or an even 
number of roots, lies between them. 

464. Cor. If m, and every quantity greater than m, 
when substituted for the unknown quantity, give positive 
results, m is greater than the greatest root of the equation. 

466. Toßnd a limit greater than the greatest root of an 
equation. 

Let the roots of the equation be a, 6, e, &c.; transform it 
into one whose roots are a — e, 6 — c, c — c, &c. and if, by 
trial, such a value of e be found, that every term of the 
transfprmed equation is positive, all its roots are negative 
(Art. 430), and consequently e is greater than the greatest root 
of the proposed equation. 

- . Ex. 1.; To find a number greater than the greatest root of 
the eqüatioii* a^ — 5a?^ + 7a? — 1 = 0. 

Assume w^ y -k- e^ and we have 

- 5y*- lOey -5e' 

+ ly + le 
-1 

in which equatiou, if 3 be substituted for 6, each of the quan- 
tities, 

^'-5e^+7c-l, 3e*- 106 + 7, Se - .5, 

is positive, or all the values of y are negative ; therefore 3 is 
greater than the greatest value of w. 

Ex. 2. In any cubic equation of this form, 

aP " qw + r ^ Oy 
y/q is greater than the greatest root. 



0, 
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By transforming the equation, as before, 

+ ^ 1 
and substituting \/g for e, 

every term of which is positive ; therefore \/q is greater than 
the greatest value of «v. 

466. CoB. If the signs of the roots be changed, a 
limit greater than the greatest root of the resulting equation» 
with its sign changed, is less than the least root of the pro- 
posed equation. 

Ex. Required a limit less than the least root of the equa- 
tion y* - 3y + 72 = 0. 

When the signs of the roots are changed, this equation 
becomes «*- 3y - 72 = 0. (Art. 445). .y^^J'>^ 

/y» — ' '-</>.-••'. 

Assume y = a? + e ; then *ly^ ^•- « • -\ 

}p^i • : ^ . • ' ' ^ ■•-■ \ 

- 72) ^^^mx 

and,if 5 be substituted for e, every term becomes positive, con- 
sequently 5 is greater than the greatest root of the equation 
^— 3y — 72^ 0; and — 5 less than the least root of the equa- 
tion y^-3y + 72 = 0. 

467* The greatest negative coeffident increased hy unity 
is greater than the greatest root of an equation. 

Let a?" - poT"-' - q'd?*-* - &c. = 0, 

and if the coefficients be equal to each other, 

tr*-j»^*""*-p<2?'*~*- &c. = 0, 
or j?"- px (a^^*+ a?*~^ +d?+ 1) a= 0, 

that is, a?" - p X = (Art. 277). 

^ — 1 
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In this equation Substitute 1 + j) for ob^ and tbe result is 

(1 + jp)*- p X ^^ ^ , or + 1 ; 

p 

and if any of the coefficients in the given equation be positive, 
or less than p^ the sum of the series to be taken from «v* 
will be diminished, and the result greater than before. Also, 
if for w^ any quantity, still greater, be substituted, as 
p + m + I9 the result is 

(p + w + 1)" ^x(p + wi + l)*+ ^ 



p H- m ^ p + fn 

ffv p 

or X (p + m + 1)* + 



p -{• m ^' ' p + f» 



a positive quantity ; therefore 1 + p is greater than the great- 
est root (Art. 464). 

468. In any equation, 

a?*-pa?*"^ + ga7*"*-ra?""* + «j?"~* - &c. = 0, 
whose roots are possible and positive, each of the quantities 

is less than the greatest root. 

Let a, 6, c, &c. be the roots, taken in order ; then 

ab + ac -^ bc + &c. «= g, 

and €^ is greater than each of these products; therefore 

» — 1 
n . a^ (Art. 285) is greater than q, or 



.>/ y. 



Also a"+ 6^+c*+ &c. «p^-Sg (Art. 460); and since a 
is the greatest root, 



that is, a > v ^ *" ^ . 

^ n 
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Again, 9*- 2pT + 2« - a*6*+ a*c*+ 6V+ &c. (Art. 46o), 
and ä^ is greater than each of these products, of which there 

are n . ; therefore 

2 

n — 1 
n. a* >a*6^+aV+6*c*+ &c. > g*-2ür + 2«; 

fV-2i)r + 2«\i 
that 18, a > / — — 



n- 
«. 

2 



469. Cor. If the equation have both positive and nega- 
tive roots, and — d he the least root ; then, when d is greater 
than the greatest root, it is greater than 






i /g*-2pr + 2Ai 
or 1 ^-^— — — 
I w- 1 
*" \ n . 

\ 2 



« 

470. TA« roots of the equation 

n x''-^ - (n - 1) px"*-« + (n - 2) q x'^*» - ^c. - 0, 
are limita hetween the roots of the eqtiation 

x" - px'^-^ -h qx''-^ - Sre. « 0, 
when the roots of the latter equation are possible. 

Let the roots of this equation, taken in order, be a, 
69 c, —dj 8ec. and in it, for «r, Substitute y + ey then by 
Art. 446, 

y* + ney*^^ + ' wc"~^y + e" ^ 

— py""^ - (w - 1) pe^-^y - pe""^ ( __ 

+ (n- 2) qe^'^y +ge*-*f 

- &c. J 

the roots of which equation are 

a — e, 6 — c, c — e, — d — e, &c., 

and the coefficient of the last term but one of any equation of 
n dimensions is the sum of the products of every n — 1 roots, 
with their signs changed (Art. 436) ; therefore, 
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1, (e — a) (e - b) (e - c). &c. 

^ j + (e - ö) (e - 6) (c + d). &c. 

" j + (c - a) (e - c) (c + d). &c. 

l + (e — 6) (« — c) (e + cQ. &c. 

in whicb, if a, fr, c, — d, &c. be successively substituted for 
6, the results are, 

(a — 6) (a — c) (a + d). &c. which is positive, 

(6 — a) (6 - c) (fc + d). &c. negative, 

(c — a) (c - 6) (c + d). &c. positive, 

(- d — a) (- d — 6) (— d - c). &c. negative, &c. 

therefore a, 6, c, — d, are limits to the roots of the equation 

ne*'^ -(»-!) pe"-*+ &c. - 

(Art. 462) ; or, substituting w for e, to the roots of the equa- 
tion 

fiüff*'^ - (n - 1) pa?»-*+ &c. «= 0. 

Let a, /3, Y, &c. be the roots of this equation, taken in order, 
then a, a, 6, /3, e, 'y, — d, &c. are arranged according to their 
magnitudes, that is, a, /3, 7, &c. lie between the roots of the 
equation 

471- Cor. 1. It appears from the preceding demonstra- 
tion, that 

;nt'r"-^- (n - 1) pa?""-+ (w-2) 5ra?*-'-&c. 
= (^ — a) (o? - 6) (^ - c). &c. 
+ (^ - a) (a? - 6) («2? + d). &c. 
+ (.V — O) (07 - c) (a? + d). &c. 
+ (a? - 6) (a? - c) (a? + d). &c. 
where a, 6, e, — d, &c. are the roots of the equation 

/p*-paf + gaf- *- &c. = 0. 
Al8oa?*-pa?*"*+g/r*"^- &c. = (w - a)(^-6)(a?-c)(a?+d). &c. 
na?*-^ - (?^ - 1) paf"'^ + (n - 2) ga?»-» - &c. 
tt?" - pa?*-^ + qa^*~*^ &c. 
1111 

= ^ + + r + + &C. 

a -{■ a a " c a? — a? — a 
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472. Cor. 2. If the limiting equation to 

be taken, its roots will lie between the first and third, second 
and fourth, &c. roots of the first equation. 

473. Cor. 3. The original equation has as many positive 
roots, and as many negative, as the limiting equation, and one 
more, which will be positive or negative according to the 
nature of the equation. 

474. Every equation whose roots are possible has as 
many changes of signs from + to — , and f vom ^ to +, as it 
has positive roots ; and as many continuations of the same 
sign, from + /o + , and from — to — , as it has negative 
roots. 

Let af'-paf"'\..... A^Sai^^Pw i Q= 0; 

the equation of limits is 

Wa7»-^-(w-l) pa?"-* ± 2*9*27 ±P=0, 

which, as far as it goes, has the same signs with the former ; 
and therefore the original equation will have one more change 
of signs, or one more continuation of the same sign, than the 
limiting equation, according as the signs of P and Q are differ- 
ent, or the same. 

Suppose a, /3, 7, &c. to be the roots of the limiting equa- 
tion ; then the roots of the original equation are, by Art. 473, 
of this form, 0, 6, c, ± d, &c ; therefore, with its proper 
sign, 

PssTix— ttx ^ ß X — yx &C. 

and Q = -ax -ßx-cx^dx &c. (Art. 4S6), 

which products will have the same sign when the multiplier d 
is positive, or the root (- d) negative, and diflTerent signs when 
that root is positive. It appears then, that if the original 
equation have one more change of signs than the limiting equa- 
tion, it has one more positive rodt ; and, if it have one more 
continuation of the same sign, it has one more negative root ; 
therefore if it can be shewn that every equation of w — 1 
dimensions, and consequently the equation 

n.i?"-^ - (w - 1) j5d?"-'*+ {n - 2) 9.t"-5- &c. = 0, 
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which is the limiting equation to 

^p" - po?*"* + qw^-^ - &c. = 0, 

has as many changes of signs as it has positive roots, and as 
many continuations of the same sign as it has negative roots, 
the same rule will be true in the equation 

a?"-pÄ?*"'+ qrj?"-*- &c. = 0; 

or, in other words, if the rule be true of every equation of one 
Order, it is true of every equation of the next superior order. 
Now in every simple equation c»-a = 0, or^i7+as=sO, the 
rule is true, therefore it is true in every quadratic 

and if it be true in every quadratic, it is true in every cubic ; 
and so on ; that is, the rule is true in all cases. 

In the demonstration each root, ^ d, is supposed to be 
distinct from the rest, and a possible quantity. . 

Hence, when all the roots are possible, the number of 
positive roots is exactly known. 

Ex. The equation i»^+ ^- 14^ + 8 = has two posi- 
tive roots and one negative; because the signs are +9 +» — , +9 
in which there are two changes, one from + to — , and the 
other from — to +9 and one continuation of the sign +• 

475. When any coefficient vanishes, it may be considered 
either as positive or negative^ because the value of the tvhole 
ewpression is the same on either supposition. 

Ex. If the roots of the equation n^-^qw + r ^0 be pos- 
sible, two of them are positive and the third is negative ; for 
there are two changes of signs in the equation 

and one continuation of the same sign. 

476. To find between which of the roots of a proposed 
equation any given number lies. 
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t 

Let the roots of the proposed equation be diminished by 
the giveti number, and the number of negative roots in the 
transformed equation will shew its place among the roots of 
the original equation. 

Ex. To find between which of the roots of the equation 
aff^ - 9^ -f 23 J? - 15 = the number 2 lies. 

Assume dr « y + 2 ; then 

- 9*** [ - 9^ - S6y - 36 
+ 23jr + 23y 

- 15 . 

or y'-3j^-jf + 3-0, 

which has one negative root; and the roots of the proposed 
equation are all positive; therefore two of them are greater, 
and one is less, than 2. ' 

477* In general, the last term, and the coefficients of the 
other terms, of the transformed equation are found by sub- 
stituting the number, by which the roots are to be diminished, 
for 07, in the quantities 

«r" - poT'^ + gjf "* - &c. 
«tP""* - (n-l)pa^"* + (n-2)907""'-&c, 

n. of*~* - (n - 1) . pof*"'* + (n-2).- qa^'^- &c. 

SS SS z 

&c. 

See Art. 446. ApA by substituting successively different 
numbers for w the limits of the roots of the proposed equation 
may be found. 

Ex. Let the proposed equation be 

af* - %3ifi - 5tr* + lOor - 3 ■ 0. 



17 
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DErRESSION OF EQUATIOKS. 



1 


2 


3 


+ 1 

- 2 

- 5 

+ 2 
+ 1 


- S 

- 2 

+ 7 
+ 6 

+ 1 


+ 9 
+84, 

+81 

+ 10 

+ 1 



values of «r 

zr*-2ar'- 5ttf* + lOar - 8 = 

4«»^ - 6a^ — lOof + 10 ■ 

Gsf-^Gw — 5 « 

4a? —2 ■ 

1 = 



From tlie changes of signs in the proposed equation it appears, 
that it has one negative and tfaree positive roots; when these 
roots are dinnnished by 1, they become two positive and two 
negative ; when diminished by 2, they become one positive and 
three negative; and when diminished by 3, they all become 
negative; therefore one root of the proposed equation lies 
between and 1, one between 1 and 2, and the third between 
2 and 3. 

By changing the signs of the roots, and proceeding in the 
same way, we may find, that'the negative root lies between -2, 
and — 3. 



DEPRESSION AND SOLUTION OF EQUATIONS. 



478. If arC equation contain equal roots^ these may he 
found^ and the equation reduced as many dimensiona lower 
aa is ewpressed by the numher of equal roots. 

Let the foots of the equation 

07* - joo?""* + ^1»""* — &c. =^ 0, 
be a, by c, d, &c.; then (Art. 470), 

"^ r (j7 — a).(«r-6).(a?-c).&c. 

na?""^-(w-l).pa^"* I J + (a?-a).(a?-6).(cr-d).&c. 

+ (w-2).ga7*"'-&c. f 1 + (.r-a).(a?-c).(a?-d).&c. 

J [,+ (a?-6).(j?-c).(«r-d).&c. 






J 
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+ (n-2).gra?»~^-&c. 



Suppose a s 6 ; then 

(/p- a) . (a? — a) . (j? — c) . &c. 
+ (w — a) .(jß - a) .(w —d) .&c. 
+ (d?-o).(<!P-c).(a?-d).&c. 
+ (^-a).(j7-c).(/r-d).&c. 

the whole of which is divisible by .r — a without remainder, 
that is, a is a root of the equation 

no;"-*- (»-!). pa?»"*+ (n-2).9cr»''*-&c. = 0. 

If three roots o, 6, c, be equal, (j? — a) . (.i? — o) will be 
found in every product, thcrefore the equation is divisible by 
(.r-a).(a? — o) without remainder, or two of its roots are a, a. 
(Art. 433.) 

In the same mannet, if the original equation have m equal 
roots, the equation 

wo?*"* — (n-l).jpa?*"*+ (n-2).g^"^- &c. = 0, 
hasr m — 1 of those roots. 

479. Hence it appears, that, when there are m equal roots 
in an equation of n dimensions, if JT « represent the given 
equation, and JT'« the limiting equation, the two quantities, 
^and Jr\ have a common measure of the form (a? — ö)"'~\ 
which may be obtained in the usual way (Art. 103), and m roots 
of the original equation may thus be known. Divide this equa- 
tion by {w — «)"•, and the resulting ^uatioU) o{ n — m dimen- 
sions, contains the other roots. 

Ex. Let the equation 

a^ - pa^ + gj? - r «= 0, 

have two equal roots; then 

3 J7* - 2pA' + g = 

has one of them ; and the two expressions have a common 
measure which is of one dimension ; consequently, the quan- 
tities 

9^ - 9p^v^ + 9qiV - 9r and Sai^ - 2px + g, 

have the same common measure, which is thus found, 

17 — 2 
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ga/' - 6pa^ + s^a; 



(6g-2p*).^ +pq' - 9^ 

hence (69 -Sp').^ +P9 - 9^ is a divisor of the equation 
üfi — pa^ — gzr — r — ; 

that is, (6^-2^*).^ + ^^ — 9r«iO, 

and AT « ^^"^^^ (Art. 4SS). 

Thus two roots of the equation are discovered ; and since 
p is the sum of all the roots, the third root is the difference be- 
tween p and the sum of the two equal roots. 

Ex. Let the proposed equation be 

afi^ 4d7*+ 5ar- 2 «0. 

Here p»4, q - 5, r ts2; and one of the equal roots is 

Qf -. pq 

^ es 1 : and the third root isp-2»4~2B2. 

6q - 2p« ^ 

9y — pq 

But it must be observed, that thouirh ^ should be 

® 6^- 2p* 

found, upon trial, to be a root of the proposed cubic, this 

gr " pq 

equation has not two equal roots, unless -; be a root of 

6q-2jr 

the depressed eqifation 3w^—2pa + 9=0. 

480. If the roots of the equation 

a^ - p4^ + 9^7 — r «■ 0, 

9^ — pq 

be in arithmetical progression, is one of them. 

oy — 2p^ 

Let the roots be a — 6, a, a + 6 ; 

then p '^Sa, q^ Sd^—Vj and t^€?— ab^\ 

hence Qr -pq^ - 6a6% and 6q - 2p*« - 66*; 

9t --pq — 6a6* 
67- «p* -66* 



J 
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481. If two Toota of an eqtiation be of the form + a, 
— a, differing only in their signs^ they may be foundy and 
the equatum depressed. 

Change the signs of the roots, (Art. 445) and the resulting 
equatioD has two roots +a, —a; thus we have two expressions 
with a common measure, ^ — a^ which may be found, and the 
equation depressed, as in the preceding case. 

Ex. Required the roots of the equation 

üo^+Sa^^ 7a^- 27af - 18 « 0, 

two of which are of the form + a, — a. 

By changing the signs of the alternate terms beginning 
with the second we obtain the equation 

a?*- 3^-7^+ 27^- 18 = 0, 

which has two roots of the form + o, — a ; and the common 
quadratic divisor of the two expressions is found to be o;^ -- 9» 
hence zp* — 9 = 0, or o? ■= J» 3. 

To obtain the other roots, divide 

a^+Sojß^ ^a?^ 27^ -. 18, 

by ^—95 and, since the quotient is <v^+ 3^ 4- 2, the roots of 
the resulting equation 

o?'^ + 3^ + 2 = 0, 
are the roots sought. 

482. By this method,' when the coefficients are rational, 
surd roots of the form ^ y/a may be discovered. (See Art. 443). 

483. When there are two other roots of the same form, 
there will be a common divisor of four dimensions, and an 
equation of the form 

will contain the four roots, a, - a, 6, - 6. 

If the roots of an equation have any other given relation, 
they may be found in a similar manner (See Waring^s Alg. 
Cap. 3); but as particular relations of the roots to each other 
are rarely known, it seems unnecessary to prosecute the subject 
farther in this place. 
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SOLUTION OF RECURRING EQUATIONS. 

484. The roots of a recurring equation of an even 
number of dimensionsj exceeding a quadraticj may he found 
hy the Solution of an equation of half the number of di- 
mensions. 

Let ^" — p^""^ -pw + 1 « 0, be the given equation in 

which n is even; its roots are of the form o, — , 6, tj &c. 

a b 

(Art. 455); or it may be conceived to be made up of quadratic 

factors, 

(w -a)\w j ; (<r - b) \^-j\\ &c. 

that is, if a = a + - /3"6 + 7; &c. 

a h 

of the quadratic factors, 

-a^ + 1; a^—ßw+l; &c. 



Then, by multiplying these together, and equating the co- 
efficients with those of the proposed equation, the values of a, 
ß, &c. may be found. Moreover, for every value of each of 
the quantities a, /3, &c. there are two values of of ; therefore 
the equation for determining the value of a i/i^ill rise only to half 
as many dimensions as w rises to in the original equation. 

485. If the recurring equation be of an odd number of 
dimensions, + 1» or — 1 is a root (Art. 458) ; and the equation 
may therefore be reduced to one of the same kind, of an even 
number of dimensions, by division. 

Ex. 1. Let 07^-1 =0. One root of this equation is 1, 
and by dividing cfi— 1 by a? - 1, the equation 

a^+ 07 + 1 = 
is obtained, which contains tlie othet two roots, 

- 1 + \/- 3 j - 1 - a/^ 

— , and . 

2 2 
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Thus 0^+^+1-0 



1 1 -8 

^+^ + - = 1 >■ 

4 4 4 

^ + - « ± -Y , 

2 2 

-1 ±v^^ 

.'. ÜB » ; 

2 

that isy the three roots of tbe equation w^ -^ \ ^ 0, or the three 
cube roots of 1, are 

j 9 , and . 

2. 2 

In the same manner, the roots of the equation <v' + 1 » 
are found to be 

1 + xATs I - s/~S 

— K -— ^ ancl . 

2 2 

This also foUows from Art. 445. 

Ex. 2, Let 0?*— 1 = 0. Two roots of this equation are 
+ 1, — 1 ; and by division, 



a?*-l 



0^+ 1 = 0, 



0?*- 1 
an equation which contains the other two roots, 

+ \/- 1, and — v - l. 

Ex. S, Let ^* + 1 = 0. 

Assume {a? — mx + 1) x (a?*-.»^ + 1) = ^*+ 1 ; 
that is, 

^* — (m + n) ^' + (m» + 2),»^ - (m + «) Äf + 1 *s ^* + 1, 

and by equating the coefficients, 

m + n «s 0, and mn + 2=0; 
hence 

w « - iw, and - m^ + 2 = 0, or m* = 2, and w = i ^/2- 

Therefore the two quadratics, which contain the roots of the 
proposed biquadratic, are 

jf'*+\/2.d?+ 1=0, and a^-^yi.cc + 1=0, 
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from the Solution of which it appears that the roots are 

- 1 i v/~ , 1 ± y/~\ 

-p=. and ;= — . 

V2 \/2 

In the same manner may the roots of the equations ^r^ + 1 « 0, 
and o;^ + 1 s 0, be found. 

[See Appendix ii. Exs. II, 12.J 



SOLUTION OF A CUBIC EQÜATION BY 

CARDANTs RULE. 

486. Let tbe equation be reduced to the form 

a?^ - go? + r = 0, (See Art. 447). 

where q and r may be positive or negative. 

Assume ob ^ a -^h^ then the equation becomes 

(a + 6)' - g X (a + 6) + r = 0^ 

or ß'+ fc^+ Saft x(a + ft)-9x(a + ft) + r = 0; 

and since we have two unknown quantities, a and ft, and have 
made only one supposition respecting them^ viz. that a^-h^x^ 
we are at liberty to make another; let Sah — q^ 0, theo the 
equation becomes a^ + ft' + ^ » ; also, since Saft — 9 ^ o, 

6 » — ; andy by Substitution, 
Sa 



o3 ff 

-^— + r Ä 0, or a^H- rc^-v — 
27a'^ 27 



an equation of ' a quadratic form ; and by completing the 
Square, 

. r« r» o» , T /^ 7" 

4 4 27 2 ^ 4 27 



,. «.._!:* v/?7Z, and«. ^ -'-^^/tZl. 

2 4 27 2 4 27 

Also, since a' + fc* + r « 0, 

2 4 ^7 2 4 27 
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but w 9 a -\- b 



<r- 



4 27 2 " 4 27 

in 



We may observe, that when the sign of 'v , 

one part of the expression, is positive, it is negative in the 
other, that is, 

2 ^ 4 27 2 ^ 4 27 



487. Since 6 = — , the value of w is also 
' Sa 



's/.U</''.l, 



^/.r*,v'ETZ 



2 " 4 27 

S 

2 • " 4 27 



Ex. Let Ä^+ 6ar - 20 = ; here gr = - 6, r «= - 20, 

a = V^lO + \/l08 + V^IO - \/l08 
« 2-732 -0-732 = 2. (Art. Sl6). 

488. CoK. 1. Having obtained one value of o?, the equa- 
tion may be depressed to a quadratic, and the otber roots 
found (Art. 452). 

489« Cor. 2. The possible values of a and b being dis- 
covered, the other roots are known without the Solution of 
a quadratic. 

The values of the cube roots of (f are 

- 1 + V- 3 , - 1 - \/^ 

a, . a. anci — . a ; 

2 2 

and the values of the cube roots of b^ are 

o* . o, . o, 

2 2 

(Art. 485). Hence it appears, that there are nine values of 
a + by three only of which can answer the conditions of the 
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equation, the others baving been introduced by Involution. 
These nine values are, 

1. a + b 

2. a + . b 

2 

3. a + . 6 

2 

- l + \/^ _ 

4. *a + o 

2 

- 1 4- V.^ - 1 + y/^ . 

5. .a+ .0 

2 2 

^ - 1 + \/~S - 1 - y/^S ^ 

o. ' . a + . o 

2 ■ 2 

- 1 - \/~3 

7. ^^^^ .a+b 

2 

2 2 

9. , a + . 0. 

2 2 

In the Operation we assume Sab^q^ that is, the product 
of the corresponding values of a^ and 6 is supposed to be possi- 
ble. This consideration excludes the 2*, 3^ 4^*, 5^*, 7*, and 9^ 
values of a + 6, or zr ; therefore the three roots of the equa- 
tion are 



-1 +\/-3 -i-V^TJ 

a + 0« .a+ .0, 

2 2 

and — . a + . b, 

2 2 

The value of ^ is also a + — ; therefore if a. aa, i3a be 

Sa 7 7 r- 

the three cube roots of a^, the roots of the cubic are 

q ^ rk Q 

a+ — ; aa + -^—; ßa + 



Sa Saa sßa 
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490. Cor. S. This Solution extends to those cases only 
in which the cubic has two impossible roots. 

For if the roots be 

m+^/Sn^ m — y/Sn^ and— 2m, 

then — q (the sum of the products of every two with their signs 
changed) =-3m^-3n, 

3 
also T (the product of all the roots with their signs changed) 

«2m'-6ww, and - ss»»^— 3tnn: 

2 

and, by Involution, 

27 

Hence -H- « - 9^1*^ + 6m^n^ - »^ 

4 27 

2. 



- n X (9m* - 6m'w + »*), 






4 27 "^ 

a quantity manifestly impossible, unless n be negative, that is, 
unless two roots of the proposed cubic be impossible. 



SOLUTION OF A BIQUADRATIC BY 
DES CARTES^s METHOD. 

491. Any biquadratic may be reduced to the form 

a?* + qa? + r 0? H- * = 0, 

by taking away the second term (Art. 447). Suppose this to 
be made up of the two quadratics, 

eo^ + ecß +/« 0, and o?^ - e j? + ^ « 0, 



•o- 
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where + e and - e are made the coeflScients of the second terms, 
because the second term of the biquadratic is wanting, that is, 
the sum of its roots is 0. B^ multiplying these quadraties to- 
gether, we have 

^ + (g -^ f - e'y.a^ + {eg - ef). .V +fg ^ 0, 

i/i^hich equation is made to coincide with the former by equating 
their coef&cients, or making 

g+f-e^'^qj eg-ef^ry andfg^a; 

r 
hence g -^f^q -^ ^^ also g -/« - 9 

and by taking the sum and difference of these equals 

r T 

2^«g + c*+-, and 2/-g + ^'--; 

and multiplying by ^, and arranging the terms according to 
the dimensions of e, 

or, making y «= 6^, 

By the Solution of this cubic a value of y, and therefore of 

\/yj ^^ ^9 ^s obtained ; also / and gj whieh are respectively 
equal to 

are known. The biquadratic is thus resolved into two quad- 
raties, whose roots may be found. 

It may be observed that, whichever value of y is used, the 
same values of w are obtained. 

492. This Solution can only be applied to those cases, 
in which two roots of the biquadratic are possible and two im- 
possible. 

Let the roots be a, 6, c, - (a + & + c) ; then since e, the co- 
efficient of the second term of one of the reducing quadraties, 
is the sum of two roots, its different values are 
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ö + fc. a + c, 6 + c, - (a + Ä), ^(a-^c)^ - (6 + c), 

and the values of e% or y, are 

(a + 6)% (a+c)S (6 + c)«; 

all of which being possible, the cubic cannot be solved by any 
direct method. 

Suppose the roots of the biquadratic to be 

a + 6\/- 1, a-6\/-l, -a + c\/-l, -a - c\/- l ; 
the values of e are 

2a, (6 + c)\/-l, (6-c)\/-l, 

- (6 - c) \/- 1, — (6 + c) \/- 1, and - 2a ; 

and the three values of y are 

(2 a)*, -(b + c)', -(6-c)% 

which are all possible, as in the preceding case. But if the 
roots of the biquadratic be 

« + 6\/-l, a-6\/-l, -a+c, -a-c, 
the values of y are 

(2a)S {c + by/^)\ (c^b^/^l)\ 

two of which are impossible ; therefore the cubic may be solved 
by Cardan^s rule. 



WABING's SOLUTION OF A BIQUADRATIC. 
493. Let the proposed biquadratic be 

now {a^-^pw + n)*=» m^'\-%pof'\- (p* + 2«)«7' + 2pn/p + «S 

if therefore {p^ + 2n)i«^+ ipnw + n' be added to both sides of 
the proposed biquadratic, the first part is a complete Square, 
{ff + p(B + 7»)% and the latter part, 

(p*+ 2« + q) a^+ (2pn + r) ar + «•+ «, 

is a complete Square, if 

4 (p^ + 2n + 9) (n»+ *) - (2pfi + ry (Art 147), 
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that is, multiplying and arranging the terms according to the 
dimensions of n, if 

8w'+ 4^n*+ (8« — 4rp)n + 4g'« + 4p*« — r*« 0. 

Frotn this equation let a value of n he obtained and substituted 
in the equation 

then extracting the Square root on both sides, 

w^ + pof + n = ± (\/p*+2w + q .w + \/n^'^ s) 
when 2pn + r is positive ; or 

when 2pn + r is negative ; and from these two quadratics the 
four roots of the given biquadratic may be determined. 

Ex. Let a/^ - 6a^ + 5ai^ + 2ar - 10 >= be the proposed 
equation. 

By comparing this with the equation 

d7* H- ^piZ^ — qjEf^ -^ r j? — « = 0, 

we have 2p ^~ 6, or p = - 3, 9 « . 5, r « - 2^ « = 10 ; 

and 8n'+ 4gw*-f (8« + ifVp) n + 4g'Ä 4- 4jt}'« - r^a 0, becomes 

8n'- 20w* +56n + 156 = 0, 
or 2»'- 5n*+14n+ 39 e= 0, 

one of whose roots is ; 

2 

/ SN * 49 

hence \a^- SiX^ 1 =j7*+7^ + — , 

\ 2/ 4 

2 V 2^' 

or x^ — iüß '- 5 - 0, and a?^ — 2a? + 2»0; 
the roots of these quadratics, namely, 

-1, 5, l+x/3I, i^y/zr{^ 

are the roots of the proposed biquadratic. 

494. This Solution can only be applied to those cases in 
which two roots of the biquadratic are possible, and two im- 
possible. 
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Let the roots be o, 6, c, d, then n — \/w* + «, the last term 
of one of the quadratics, to which the equation is reiduced, is 
the product oft wo of them, as a&; therefore 

n — flrfc = vw^+ä; 
and squaring both sides, 

or - 9,nah + a*6^« « = - abcd (Art. 436), 

und dividing both sides by - afe, 

2n — a6 = cd, or 2n » a6 + od, .*. w = -^ («6 + cd); 

the other values of n are 

\ {ac + 6d), and ^ (ad + 6c) ; 

therefore, when a, 6, c, d, are possible, the values of n are 
possible. Also, when these quantities are all impossible, the 
values of n are all possible. In neither case therefore can the 
value of n be obtained by Cardan's rule; but if two roots 
of the biquadratic be possible and two roots impossible, two 
values of n will be impossible, and the cubic may be solved, 
and consequently the roots of the proposed equation may be 
found. 



METHOD OF DIVISORS. 

496. Since the last term of an equation is the pro- 
duct of aU the roots with their signs changed, if any root 
be a whole number^ it may be found amongst the divisors 
of the last term. 

Ex. Suppose d^-^^ü?" 6a? + 12 = 0; the divisors of the 
last term are 

1, - 1^ 2, - 2, 3, - 3, 4, - 4, 6, - 6, 12, - 12, 

and by substituting these successively for ao^ wefind that - 2 is 
a root of the equation. 

496. When the last term admits of many divisors, the 
number of trials may be lessened by finding the limits between 
which the roots of the equation lie ; or by increasing, or di- 
minishing, the roots of the equation, and thus lessening the 
number of divisors of the last term. 
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497* The number . of Mala may also be leasened hy 
sübstituting three or mare terms of the arithmefical pro^ 
gression 1, 0, — 1, ^c. for the unknown quantity^ and form-- 
ing the divisors of the results^ taken in order, into arith- 
metical progressions^ in which the common difference is 
tinity ; as it will only be necessary to try those divisors of 
the last term of the eqtcation which are found in these pro- 
gressions. 

Let (^ + a) Q s be the equation, one factor of which is 
jf + a, and Q the product of the rest ; if 1, 0, — 1, be suc- 
cessively substituted for w^ the results are respectively divisible 
by a + 1, a, and a - 1 ; therefore amongst the divisors of the re- 
sults, formed into arithmetical progressions in which the com- 
mon difference is unity, is found the decreasing progression 
a + l» a, a — l; and if all the terms corresponding to a, with 
their signs changed, be substituted in the equation for m, the 
integral values of w will be discovered. 

Ex. Let the proposed equation be 

-407^-60?+ 12 «0. 



Supp. 


Results. 


Divisors. 


Progr. 


<re 1 


3 


1, 3 


3 


a? = 


12 


1, 2, 3, 4, 6, 12 


2 


a?= -1 


IS 


1, 13 


1 



The only decreasing progression that can be formed out of 
the divisors is 3, 2, 1 ; therefore if one root of the equation be 
a whole number, — 2 is that root ; and on trial it is found to 
succeed. 

498. If the highest power of the unknown quantity be af- 

fected with a coef&cient, let (mw + a) Q « o be the equation, 

and Substitute 1, Ot, - 1, successively for or, then a+ m, a, and 

a - m are divisors of the results, if the equation have a factor 

a 

of the form maf+Uj or a root . Also m, the common dif- 

m 

ference in the arithmetical progression a -f m, o, a -» m, is a 
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divisor of the coefficient of the first term of the equation. In 
this case, therefore, all the decreasing progressions must be 
taken out of the divisors of the resulting quantities, in which 
the common diiFerence is unity, or some divisor of the co- 
efficient of the highest term of the equation, and amongst them 
is the Progression a'{-m, a, a —m; therefore by making trial 
successively of the terms corresponding to a in the progressions 
thus obtained, the factor mw + a^ which divides the equation 
without remainder, will be found. 

Ex. To find a divisor of the equation 
if it admit one of the form ma^ -\- a. 



Sopp. 


Res. 


Divisors. 


Progress. 


^= 1 


3 


1, S, -1, -s 






3, 3j —3 


^= 


10 


1, 2, 5, 10, -1, -2, 


-5, 


-10 


1, 2, -5 


a? = - 1 


-35 


1, 5, 7, 35, -1, -5, 


-7, 


-35 


-1, 1, -7 



The decreasing progressions, in which the common differ- 
cnce is a divisor of 8, formed out of the divisors, are 3, 1, — 1 ; 
3, 2, 1 ; and — 3, — 5, — 7 ; therefore the factors to be tried 
are 2^+19 ^ + 2, and 2a? — 5, the last of which succeeds, and 
consequently 2^7 — 5, =0 (Art.. 433), 



or a? = - . 
2 

499. If an equation be of four, or more, dimensions, 
though it has no divisor »of the form mäf + a, it may have one 
of the form ^ma^^nx i r. 

To find when this is the case, let 

± (maj^+ nw -^ r) Q = 
be the equation ; and for w Substitute successively 

p -I- «, /), /> — «, &c. then 
^ \m (p + 6)*+ w (p + c) + r}, ± (mp^+ np -f- r), 

± {w (p - ey-hn (p -e) + r}, &c. 
18 
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are divisors of the resulting quantities; and if they be re- 
spectively subtracted from, or added to, 

•«0> + c)S wpS w(p-c)*, &c. 

the remainderSy or sums, are 

» (p + e) + r, wp + r, n (p - c) 4- r, &c. 

which form a decreasing arithmetical progression whose com- 
mon difFerence is ne. Whea p^sO^ and 6 » 1, this progression 
becomes 9» + r, r, —n + r &c. and in all cases m is a divisor 
of the first term of the equation. Let therefore 1, 0, — 1, 
— 2, &c. be substituted for w in the proposed equation, and let 
the di£Ferences and sums of the divisors of the results, and m^ 
0, m, 4m, &c. be taken ; then if all the arithmetical progres- 
sions possible be formed out of these quantities, in order, 
amongst them will be found the progression n-^r^ r, ^n + r^ 
&c. therefore, by trial, the divisor ma^+ nw + r will be dis- 
covered, if the equation admit of a quadratic divisor whose co- 
efScients are whole numbers. 

Let the proposed equation be ' 



Sup. 


Bes. 


Diviaon. 


Sq. 


Sums and Differenoes. 


PlogvesB. 


*= l 


10 


1, 2, 5, 10 


8 


-7, -2, 1, 2, 4, Ä, 8, 18 


-2, 1 


«= 


2 


1,2 





-2,-1,1,2 


3,-1 


«»-1 


6 


1,2, 3,6 


3 


-8, 0, 1, 2, 4, ß, 6, 9 


«,-3 


« = -2 


34 


1, 2, 17, 84 


12 


-22,-6, 10, 11, 13, 14, 29, 46 


10,-6 



From the first progression, n s — 4, r = 2 ; from the other, 
n B 2, and r => - 1 ; therefore, since m may either be positive 
or negative, the divisors to be tried aVe 

± Sa?*— 4^7 -I- 2, and ± S/p*+ 2^ - 1 ; 

of which — 3a;* + 2/r — 1, or Sai^ -2^7+1 succeeds ; 

consequently, the roots of the equation 3a^-2a;+l=0are 
two roots of the proposed biquadratic. 
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METHODS OF APPROXIMATION. 

600. The most useful and geiieral method of discovering 
the possible roots of numeral equations is approximation. Find 
by trial (Art. 477) two numbers, which substituted for the un- 
known quantity give, one a positive, and the other a negative, 
result; and an odd number of roots lies between these two 
quantities, that is, one possible root at least lies between 
them ; then, by increasing one of the limits, and diminishing 
the other, an approximation may be made to the root ; Sub- 
stitute this approximate value, increased or diminished by o, 
for the unknown quantity in the equation; neglect all the 
powers of v above the first, as being smaU when compared with 
the other terms, and a simple equation is obtained for deter- 
mining v nearly ; thus a nearer approximation is made to the 
root, and by repeating the Operation the approximation may 
be made to any required degree of exactness. 

Ex. Let the roots of the equation f^^Sy + 1 =0 be re- 
quired. 

When 1 is substituted for a the result is - 1, and when 2 
is substituted, the result is + 3, therefore one possible root 
lies between 1 and 2 ; try 1*5, and the result is - 0*125, or the 
root lies between 1*5 and 2. 

Let 1*5 -i- D « y ; then 

y^« S*S75 + 6*75t? + 4-5«*+ «* ] 
- 3y = - 4-5 - 3« f " 0, 

+ 1 = + 1 1 

that is, - 0*125 + 3*75 1? -H 45 v* + «*= 0, 
and, neglecting the two last terms, 

0125 

- 0*125 + 3*75»'= 0, or « = = 0*033 nearly, 

3*75 *^ 

.'. y s 1*5 + V s 1*533 nearly. 

Again, suppose 1 '5S3 + v = y ; by proeeeding as before, we 
find 

0-003686437 + 4-050267« = 0, 

18 — 2 
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- 0003686*37 

,-. tj = = - 0-0009101 &C. 

4-050267 

.•. s = 1"532089 nearly. 
Tbe othet roots may be found by the solutioB of a quadratic 
(Art. 438). 

501. Tke tuxiiTocy of the approximation doee not de- 
pend ttpon the ratio ujhich the qtiantity asaumed beart to the 
Toot, but upon ita being nearer to one root thati to any other. 

Let the roots of tlie equation 

bea + M) a-|-»t a + r, &c. of which a + m ia the least ; as- 
sume o + V — JTi and let 

be the tranaformed equation, wbose roots are m, n, r, &c. 



"*« 



In the prooess we assume 



= — + - + - + &c. (Art. 438), 
t m n r 

P 1 
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503. Wben m and n are nearly equal to each otber, and 
much less than r, s, &c. and also both positive or both negative, 
then 

P 1 m 

-+- 1+- 

wbich is an approximation to m tbe less of tbe two ; but if one 

of tbese quantities be positive and the otber negative, — + - 

msy be either positive or negative, and greater, equal to, or ■ 

II P . 

less than, - h 1- &c. and consequently — is not necessarily an 

approximation to any of the quantities m, n, r, s, &c. 

Let P — Qv + Av'b 0; the i^oots of tbis equation will be 
m and n, nearly. For if m, n, r, #, be tbe roots of tbe equa- 
tion 

P- Qe + Äw'-.S'«' + ü'=0, 
P - mnT9y Q = mns + mnr + mra + nra, 
R = mn + mr + m8 + »r + ra« + ra, 
and since m and n are small wben compared with r and a, 

Q = mra + nrs nearly, and R= ra nearly ; 
therefore tbe equation P - Qv ^ Ab* ■= becomes 
mnra - (rnre + nra) v + rsw* ■= 0; 
or D*- (m +«)n + mn = 0, 
wbose roots are m and n. By tbe Solution then of this quad- 
ratic a much nearer approximation is made to tbe root a +m 
tban by the former raethod ; and at the same lime an approxi- 
Mt a + n. 

ner, if t roots be nearly equal, in 
m, it will be neceseary to solve an 
>ee Waring's Med. Algeb. p. 186. 
luations, containing two unknown 
e values of these quantities nearly 



' , to find X and y. 
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Find, by trial, approximate values oi w and y ; such are 20 
and 1 ; and let /v « 20 + 1), y «s i + jy ; 

then a^y = 400 -i- 4jOt> + 400« + «* + 40vx -!- v^x = 405, 
and fl^y - y*= 19 -*- 1> + ISät -:- ©«-«*= 20, 

and neglecting those terms in which i^r or v is of more than one 
dimension, or in which their product is found, as being small 
when compared with the rest, 

400 + 40v + 400 5f = 4051 

and 19 + « -:- 18« ««20 j 

or 40c + 400« = 5 

.\ V + 10« = 0*125. 
And V + 18« + 19 « 20 
or t? + 18« « 1 

.*. 8« « 0-875 
and « « 0-109375. 
But V = 0-125 - 10« = - 096875 

.'. w s= 19-03 
and y » 1*109. 

By making use of the values thus obtained nearer approxi- 
mations may be made to w and y. 

[505. To apprommate to the roota of cm equoAon by 
Continiied Fractions. {Lagrange^s Method.) 

Let the proposed equation be ^-p«v"~^+ &c. « 0. First 
discover, by the method of Art. 462, the integral limits of its 
possible roots, let one of them lie between a and a + 1. Assume 

^ as a + - , and let y* - p'tt"^ + &C' « be the transformed 

y 

equation ; and since - lies between and 1, y has one possible 
value greater than 1. Suppose ß found, as before, the nearest 
integer less than this value, and assume 9 » j3 + - 9 and let 
«" - p"«""* + &c. =5 be the transformed equation, which, as 



METHOD8 OF APPROXIMATION. 279 

before, must have one possible root at least greater than 1. 

Next let AT B 'y + T ; and so on. Then 

1 

^ e a + — 



ß^'- 



1 

7 + s 



o + ••• 

and thus an approximation is made to the value of /v to any 
required degree of accuracy. 

£x. To find one of the roots of the equation jt*— 2^-5 »0 
in the form of a continued fraction. 

Comparing this equatioa with a^*- ^/v + r » 0, we find that 
** 9* 25 8 . . . , - , 

4 -ir-Tyi^-* P°"*"" ^"^*^*y' therefore the equa- 

tion has two impossible roots ; and the third root is positive, 
since the last term is negative. Substituting S and 3 for w^ 
the results are — 1, and + l6; therefore the root lies between 

2 and 3 ; assume ^ s 2 + - , and the transformed equation is 

y 

y» - lOy« - 6y - 1 = 0, 
in which 10 and 11 being substituted, the results are - 61, and 

+ 54. Next assume y «= 10 + - , and we have 

6i«'-94«'-20ä?-1 =0, 

whose root lies between 1 and 2. And proceeding similarly, 
we find 

1 

^sr 2 + 

1 
10 + - 



1 
1 + 



1 +.&C. 

the value of which may be found in a series of convergents.] 
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SUMS OF THE POWERS OF THE ROOTS 

OF AN EQUATION. 

506. Let a, b, e, &c. be tbe roots of the equation 

J7* — pd?"""* + ga?*"* + wai^~^ — &c. = 0, 

and Sxi S29 S^y a^^, the sum of the Ist, 2ncl, 3rd, 

rn^^f powers of the roots respectively ; then will 

Si = p, aS» = pSi - £g, S^^pSi- qSi -{■ Sr^ &c. 

and generally Sm =l>*y«-i — ^Ä»-« + tS^^z - JWtr; 

where + «; is the coefficient of the m+ 1^^ term. 

It appears by Art. 471 that 

a^ — pai^~^+ qw*'*^ + tf^.r*""- &c. 

1 1 1 

= + 7 + + &C. 

07 — W -• W " C 

whatever be the value of x ; and, by actual division, 

l \ a a^ ö* „ 

= - + - 4- -: + —. , + &C. 

1 1 b V" 6" 

= - + — + — +-;rrr+ 8cc. 

w - b w ar ar o?"'*'* 

\ i c (? ^ %r 

X " c aj ar ar dr""*"* 

&c. =s &c. 

and if «r be supposed greater than any of the magnitudes a, 
6, c, &e. no quantity is lost in the division ; therefore, by ad- 
dition, 

07»-po;*"^+ g^-*,...^-f£;^-"- &C. 
^ . ^^1 . 'S'g äJ^^j ^y^.g ^m-1 ^ 'S'^ . o ^ 

Of X tV ar ar *" of j;^-»-» 
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&e. 



and multiplying the equation by 

^-p^*-*+ qaf^-* + ww*'"^- &c. 

we have 

na?*"*- (n-l)pa?"~*+(n-2)g^""'... + {n—m) ir^"""*- 

= «0;—*+ 514?—*+ S^af"-^ + S^ 0?»-"*-* + &c.\ 

- npaT-^-pSiof-^ - pSm^^a^"^-^ - &c. 

- r Sn^^zoi^"^'^ - &c. 

&c. 

+ ntrof*^"* + &c. 

and equating the coefBcients of like powers of «v, (Art. 324). 

i^i - »p = - (» - l)p, .-. aJi = ;>; 
^y» - P*yi + w? = (^ - 2) g, .-. /Sg = p*?! - 2g ; &c. 
*y« - p*y«_i + qS^.^ - rA^^.a -^-nw^in-m) w, 

Ex. Let aj^H-5a7^— 6/p-8 = 0; then by comparing the 
terms of this with the terms of the equation 

j7» — pa/*~^ + g.x?""^— &c. = 0, 
we have p z=^ — 5, q ss^ 6, r = 8. 

Hence the sum of the roots (*Si) = p = — 5. 
Sum of the Squares {S^t) « pi^i - 2g = 25 + 12 « 37^ 
Sum of the cubes (S^) s=pS2 — qSi -^ 3r 

= - 185 - 30 + 24 = - 191. 

507* The proposition also admits of the foUowing proof. 

I. The same notation bdng retained, let m and n he 
equal, and since a, by c, &c. are roots of the equation, 

a"-pa"'"*+ ga"*"*...... + a; = 

6«_- pfe^-i-f. g^*""* + ti; SS 

C"* — Joe*"'* 4- gc""*,.. ... + l£7 Ä 

&c^ 

/. byadd. S^^-pSn^^i-^- qS„,^^ + rww = 

or *y«=p*S',^_.i-7*y„.2 -mw. 
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II. If m be greater than n, multiply the proposed equa^- 
tion by aT"*, then 

which equation bas the roots a, 6, c, &c. and m — n roots each 
equal to ; therefore the sum of the nfi^ powers of the roots of 
this equation is equal to the sum of the mf^ powers of the roots 
of the former ; that is, 

Sm '■i>«S«-i- 9*5111-8+ &c. to» terms. 

III. When m is less than n : The sum of the tnf^ powers 
of the roots may be expressed in terms of p, 9, r, w^ where 

w is the coefßcient of the m + 1^*^ term of the equation. For 
p^ contains a^ + 6^ + c^ -f &e. with other combinations of the 
roots, as a&, ac, &c, &c. which combinations are oontained in 
a multiple of q ; also p^ contains a'+ 6^+ 6*'+ &c. with other 
combinations, such as d?h^ €?c^ Va^ &c. a&e, acd, hcd^ &c. 
and these combinations may be nfade up of p, 9, and r ; for 
p X g contains the quantities a'&, a^c, ft'a, &c. and r is the sum 
of the quantities a5c, acd, hcd^ &c. In the same manner it 
appears, that a^ + 6^ + c^ + &c. may be found in terms of jp, g, 
r, and % ; and in general, 

o" + 6"* + c* + &c. 
may be expressed in terms of j:i, 9, r, . . . . w. 

Also, the numher of combinations of any particular form, 
as a^&, cannot be altered by the introduction of the root c; 
consequently the numeral coefBcient of the product pq^ by 
which the combinations of that form are taken away, is the 
same, whatever be the number of roots : Hence the expression 
for »"• + 6" + c" + &c. in the equation 

a?*- pod^'^-^ qaf*"^ + wä^*""*- &c. = 0, 

is the same with the expression for the sum of the 1»^ powers 
of the roots of the equation 

a?"*-pÄr""*+ ga?'""* -I-M? = 0; 

that is, 
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608. This ruie was given by Newton for the purpose of 
approximating to the greatest root of an equation. Thus, 

Suppose the roots all possible, and one greater than the 
rest, the powers of this root increase in a higher ratio than 
those of any other, and the 2fn!^ power of this root will ap- 
proach nearer and nearer to a ratio of equality with the sum 
of the Qrnf^ powers of the roots, as m increases; therefore by 
extracting the 2m^ root of this sum, an approximation is made 
to the greatest positive or least negative root. 

[509. To find the sums of the negative powers of the roots of 

an equation, transform the equation by writing - for w^ then the 

sums of the positive powers of the transformed equation will 
be the sums of the same negative powers of the given equation.] 
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610. It has before been shewn (Art. 474), that there are 
as many positive roots in an equation as it has changes of 
signs, and as many negative roots as continuations of the same 
sign, when the roots are all possible. 

But this rule cannot be applied to impossible roots ; which 
appears by the demonstration there given, as well as from the 
consideration, that an impossible expression cannot be said to 
be either positive or negative. 

If then it appear from the terms of an equation that some 
roots may, according to the above rule, either be called positive 
or negative, they must be impossible. Thus, two roots of the 
equation 

^+ ga? -I- r = 0, or ^ ± + gra? -f. r = 0, 

are impossible ; because it has two changes of signs or none, 
according as the second term is supposed to be — 0, or + 0. 

In the same manner, if any term of an equation be wanting, 
and the signs of the adjacent terms be both positive or both 
negative, the equation has, at least, two impossible roots : and 
if two succeeding terms be wanting, it must always have, at 
least, two impossible roots. 
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511. Impossible roots enter equations by pairs (Art. 441); 
they also lie under the form of two positive or two negative 
roots. 

Let ± a + \/- h^ and ± a - y/ - b^ be the roots ; then 
(^ sp a-\/-6*) (^T= a + \/-fe*) =a7*sF 2aa? +a*+6*=0, the 
signs of which equation shew that it has either two positive^ or 
two negative, roots. 

512. Cor. Hence, if the last term of an equation of an 
even number of dimensions be negative, it will have at least 
two possible roots, one positive and the other negative (Art. 
436). 

513. Let an equation be transformed into one whose roots 
are the Squares of the roots of the former, (Art. 459), then as 
many negative roots as the transformed equation contains, so 
many impossible roots, at least, are in the original equation^ 
because the square of a possible quantity is always positive. 

514. If any seriea of magnitudea he auhstituted in 
Order for the unknown quantity in an equation^ there ean 
only he as many changea of aigna in the results^ as the 
equation contains possible roots. 

Let (a^ - 2aa^ + a' + 6^) (a? - c) {x - d) &c. = 0, 
be an equation whose roots are 

a + \/— 6% a - y/ - y, c, d, &c.; 

whatever magnitude is substituted for w^ the quantity 

a^ — 2a w + a*+ 6*, 

which is the sum of two Squares, {of — ay + 6^, is positive ; 
therefore the changes of signs can only arise from the Substitu- 
tion of quantities for w in the product 

(a? - c) (a? - d) . &c, 

which changes, when the quantities are taken in order, are as 
many as there are positive roots c, d, &c. (See Art. 46l.) 



= 0, 
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515. The Umiting equation* has^ at leasU (^ many poa- 
Mble roots aa the original equation^ wanting one. 

Let {jjf- 2aüff + o*+ y) (j? - c) (a? - d). &c. « 
be the proposed equation ; the limiting equation is 

(a?*- 2<im + a*+ ft^) (a; - c). &c. 
+ (aj^-^aw + a*+ 6*) (a; -d). &c. 

+ (^ — a + \/—Ij^) (w — c) (a? — d). &c. 

+ (fl7 — a — \/— ft*) (o? — c) (a7 — d). &c.^ 

<or by adding the last two terms together, it is 

(a^- 2aw + a'+ 6') (of - c). kc.\ 
+ (a?* - 2aa? + a*+ 6«) (^ - d) . &c. V « 0, (See Art. 470), 
+ 2 (a? - a) (^ - c) (07 - d) &c. ) 

in which, if c, d, &,c. be successively substituted for <p, the 
results are +, — , 8cc. therefore there are possible roots in this 
latter equation which lie between o, d, &c. or this equation 
contains, at least, as many possible roots, wanting one, as the 
original equation. It may contain more. 

516. Cor. l. Hence it follows, that there are, at least, 
as many impossible roots in the original equation as in the equa- 
tion of limits. There may be tnore ; therefore from the n um- 
her of impossible roots in the limiting equation, we cannot 
determine exactly the number in the original equation. 

517- CoB. 2. Hence also it appears, that if the possible 
roots of the limiting equation be substituted successively in the 
original equation, we know from the signs of the results what 
possible roots the latter contains. For roots of the limiting 
equation lie between the possible roots of the proposed equation 
(Art. 515). 

Ex. Let j?"+'-a»+ V+ p*d»+^ = 0. 

Its limiting equation is 

(w + S)a?"+*-2a''+^o?=0; 

* This is the limiting equation mentioned Art. 470. 
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whose possible roots, when n is an odd number, are 

1 1 

/ 2 \«+» , / 2 \^+^ 
- I X a, 0, and | x a ; 

which substituted in the original equation give the results either 
— , +5-5or+, +, +; therefore it has either four possible 
roots or none. 

When n is even, the possible roots of the limiting equa- 
tion are 

2 \'»+' 



/ 2 \**+' 



therefore the equation itself will have one possible root or three, 

according as 

1 

when substituted for ^, gives a positive or a negative result. 

618. The roots of a quadratic equation are iropossible, if 
the Square of the middle term be less than four times the pro- 
duct of the extremes. 

Let aar-i- oo; + c =» a; then w = , which 

2a 

expression becomes impossible when b^ is less than 4ac. 

519. It appears from Art. 51 6, that there are impossible 
roots in an equation, whenever there are impossible roots in its 
limiting equation. In the same manner, if the next limit be 
taken, there are impossible roots in the original equation, when- 
ever there are impossible roots in this limit ; and if the limit 
be thus brought down to a quadratic, when the roots of the 
quadratic are impossible, there are impossible roots in the 
original equation corresponding to them. On this principle is 
founded Newton^s rule for discovering impossible roots in any 
equation. 
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620. The discovery of the number of impossible roots 
in an equation has given great trouble to Algebraists; and 
their researches, hitherto, have not been attended with any 
great success.* 

In a cubic equation 

aP — qw -\- T ^ 

two roots. are impossible or not, according as is posi- 

tive or negative (Art. 490). 
A biquadratic, 

has two impossible roots, when two roots of the equation 

j^ + ^qf+ (jf- 4ä) y - r^« 0, 

are impossible ; and all its roots are impossible, when the roots 
of this cubic are all possible and two of them negative. (Art. 
492). 

521. Waring has given a rule for determining the number 
of impossible roots in an equation of five dimensions, but the 
investigation cannot properly be introduced into an elementary 
treatise. See Med. Algebraicce^ p. 82. 

522. Newton'^s rüle is general and easily applied, but as 
it is deduced from the nature of the inferior limits, it will not 
always detect impossible roots (Art. 5l6). The proof also is 
defective, as it does not extend to that part of the rule which 
respects the number of impossible roots. Thus far however it 
may be depended upon, that it never shews impossible roots, 
but when there are some such in the proposed equation. 

Many other rules, which will frequently discover the impos- 
sible roots in any equation, may be seen in the Med. Alg. C. 2. 

[* The truth of this latter Observation has been materially affected by the recent 
labours of Sturm and Fourier. The Student is referred to Fourier's Analyse des 
EqtuUions DetemUrUes ; or Stevenson's Algebraic Eqiuttions^ Chap. IV ; or Hymers* 
Theory of Equatums, Section VI.] 

END OF PART II. 
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Note 1. 

THEORY OF INDICES. 

Arts. 62, 64, and 69 relate to the subject of Indices or 
Exponents. The first Article is strictly so called a Definition ; 
but the others are not ; at least they are not arhitrary defi- 
nitions, but are dependent upon something which does not ap« 
pear. Thus it is strictly a Definition that 

a.a .a shall be represented by a? 

and a. a.a. ..to n factors by a% if n be any 

positive integer. 

Hence it is easily shewn that, when m and n are positive 
integers, 

a'".a»«a'»+" (l), 



«"• 



and — = a"*-" (2), \im>n. (Arts. 90, 96). 



a» 



Now, the assumptions in Arts. 64 and 69 are made subject 
to these two Ruies, that is, made so that these two rules may 
hold true for fractional and negative indices, as well as for 
positive integers* Thus, if Rule (l) be true for negative in- 
tegers as iqdices, 

and if a~" stand for 



a» 



a''* 



a»». a'^^a"'. — = — = a"*"", as before, by (2). 

Again, if ai stand for \/ö, 
then aä . a^ = v a . \/a? 

But va . y/a = a, 
and ai.al^ a^+i = o, if Rule (l) be true for fractional indices. 
*1 
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Similarly if ai stand for y/a^ 

oi . fli . «i = V ® • V ö • V öf- 

But v a . v^ • \/o> «= a, 

and ai .oi.oi= ai+4+i= a, if Rule (l) be true for fractional 
indices. 

And generally, 

since v ® • v^ • V® • &c. to n factors *■ a. 

., 1 - - „ ^ , L + L+1 + ...tontetBM 

Also o»» . a" . a** . &c to n factors = a*» " »* 

n 

= o« = a, if Rule (l) be true for fractional indices, 

.'. a" may stand for v ^• 

•» 1.1^** 111 

Again, since a^:= a"" *» = a« . a" , a" .. . to m lac- 

tors; 

.-. a" = («")"* or (vay (4). 

m p mq np 

And again, a" . a«= ««« . a"« 

= (a^)*"«. {J'^Y^ by (4), 
= (aÄ)««+«^ by (1), 

mq + np 

= a »»« , by (4) • 

m p 

= a" ^. 

Hence it appears that the Definitions respecting negative 
and fractional Indices are not made arbitrarily, but have refer- 
ence to the Rüles already determined for the multiplication 
and division of powers, when the Indices are positive integere. 

Therefore aJ^.a"" =^a^'^''^ whether m and n be whole or 
fractional, positive or negative. 

And similarly a"* -f- a" = «"•"", whether m and n be whole 
or fractional, positive, or negative. 
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Note 2. 
ADDITION AND SUBTRACTION. 

In actual practice it is seldom that either addition or sub- 
traction of algebraical quantities is'presented to us as in the 
Examples, Arts. 85, and 86. The expressions to be handled 
are more commonly in one line^ with or without brackets. 

Thus Ex. 3. in Art. S5. would stand 5a — 36 + 4a - 76, 

and Ex. 4. in Art. 86 6a- 126-(-5a-106). 

The following rules, therefore, are extensively useful. 

RuLE I. If an ewpression in brackets be preceded by 
the sign +, it will not be altered in value if the brackets 
be Struck out. 

RuLE II. If an ewpression in brackets be preceded by 
the sign — , the brackets may be Struck out, if the signs with^ 
in the brackets be changed, namely, + into - , and — into + . 

Rule I. is manifestly true. 

Rule II. may be proved thus : 

To subtract b + c from a, that is, to shew what results 
from taking away the brackets in the expression 

* 

a — (6 + c). 

If from a the portion 6 be first subtracted, the result is 
clearly a — 6 ; but there is not enough subtracted by the quan- 
tity c, since 6 + c was proposed to be subtracted ; tberefore c 
also must be subtracted, and the result is 

a - 6 -c; 

or a - (6 + c) = a - 6 - c. 

Next to subtract 6 - c from a, that is, to shew what re- 
sults from taking away the brackets in the expression 

a — (6 — c). 

If from a the quantity 6 be subtracted, the result is a - 6 ; 
but there has been too much subtracted by the quantity c, since 

*1 — 2 
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& — c only was proposed to be subtracted, therefore c must be 
added» and the result becomes 

a - 6 + c, 
or o - (6 - c) 5" a — 6 + c. 

N.B. A Vinculum is equivalent to brackets; and in strik- 
ing' out brackets according to Ruies I. and II. each pair of 
Symbols, as[], { }, (), must be Struck out separately, and 
not confusedly all at once. 

If an expression appear under the form 

this usually signifies that a -^-b ^ c — d, and a '^b^c •¥ d, and 
no more ; the Upper or lower signs being taken together. 



Ex. K 1 - { 1 - (1 - 1 - .r)} « w. 

Ex. 2. -[-{-.(-a)}] = a. 

Ex. 3. a - (jx-a) - {^-(a-ct?)} =* Sa, -Sa». 

Ex. 4. Sa-2^-(^-2a)- {a-2a?-(2a-^)+a?-2a| =8a-3a?. 



Note 3. 
MULTIPLICATION. 

RüLES. p{a-\-b)^pa + pb (l), 

p(a-"fc) « pa -pb (2), 

(a + b).(c + d) ^ ab + ad + bc ^bd (3), 

(a + 6).(c — d) «= ac — ad + bc -bd (4), 

((z-6).(c-d) « ac — ad - 6c + 6d (5). 

Assuming (l) and (2), which are too obvious to need a proof, 
to prove (3), let a + 6 ^ w, then, 
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(a + 6).(c + rf) = w(c + d) 

= 7WC + Twd, by (l), 

= (a + b).c + (cr + 6).d 

= ac + 6c + ad + 6d. 
Sirailarly for (4). 

To prove (5), let a — 6 = m, then 
(a-fc).(c-d) s w(c-d) 

»WC - Twd, by (2), 

=s (a-6).o — (a — 6).d 

= ac — fec *- (örf — 6d) 

= ac - 6c - orf + 6d, by Note 2. 

The learner should practise multiplication of quantities 
in one line as early as possible, following the above Rules. 
Thus 

(tr + a).(tr + 6) = oß {x -h a) + b (fV + a) = x^-^ ax + ba^ + ab 

= «2?^+ (o + 6)/p + ab. 

Again, 

(.!P+l).(.r + 2),(a7 + 3) = (a^ + 3a? + 2).(<r + 3) 

Again, 

or (p + ^-^)^= P^+ 2jpg - 2pr -2gr + 9^+ r^. 

It is also useful to commit to memory the three foUow-t 
ing results : 

{A^B).{A^B) or {A^Bf^ ^*+ S^+ ^AB (1); 

(^-5).(^-Ä)or(^-B)3=^^+J5*-2^B (2); 

(^4-ß).(^-Ä) = ^--J5^ (3)- 

whatever quantities A and jB may represent, 
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Ex. 1. (aa? + 6y)*= (a^)*+ (byy+2ax.by 

a a^a^ + Wt^-^- Qabwy. 

Ex. 2. (aa-^byy^ (aa^y -{- (byY - 2aw.by 
Ex. 3. (aa? + 6y).(aa?-5y) «a {axf-(byy 

Ex. 4. (öcT + fc + cy + d)^« (aa? + 6 + cy + d)* 

= (ao? +&)*+ (cy + dy + 2 (aa? + 6) (cy + d), by (l), 
^a^aj^-^b^ + 2afea? + c^y^+ d^+ 2cdy 
+ 2(ac«ry + adti7+Äcy + 6d). 



Ex. 5. (a + 6 + c).(o + 6-c) = (a + 6 + c)(a + 6-c) 

-(« + fey-c«, by(3), 
-ßS+ft»- c2+2a&. 



Ex. 6. (6 + c-a).(c+a-6) = (c-a-6) (c + a-6) 

= c^-(«-6)S by (3), 
= c^-(a2 + 6*-2a6) 

Ex. 7. (a* + 6*y « W + (**)"+ 2 aifci 

= a*+6*+2ai&i; 
since (ai)^= «J. ai= ai'*^i= «5. 

Ex. 8. (ai + fci) . (ai - fti) = a* - 6*. 



Note 4. 
GREATEST COMMON MEASURE. 

The proof of the Rule for finding the g. c. m. of two alge- 
braical quantities (Art. 103 — 5) excludes every case in which 
any one of tbe quotients p, g, r is fractional ; for mb is not a 
^' multiple "" of b, unless m be a tchole number, But the frac- 
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tional quotients may always be avoided by rejecting certain fac- 
tors which are no part of the g.c.m. Thus the Operation may 
be conducted as follows : 



Required 

• 


the 


G.C. 


M. 


of a and b. 
b ) a {^p 
pb 

c = m& 

c')b(^q 
qc' 

d = nd! 

d! ) c {^r 
rd' 


suppose 





neither m nor n being a ^^measure^^ of both a and b. 

Now, et is the g. c.*m. required. For a -^pb^c^ mc\ and 
h — qc' ^d=^ nd!. Every quantity, therefore, which measures 
a and &9 measures pb^ and a — pb or mc; hence also it mea- 
sures qc\ and b — qc' or nd'; and since n is no measure 
of a and 6, therefore every common measure of a and b 
measures d\ 

Again, since a == j>6 + c, c = mc', b = qc + d, d = wd', 
c ^Td'\ therefore d' measures c', and wc', and gc', and there- 
fore qc^-nd! or qc' -^ d or b, Hence it measures pb and 
pb + mc'y and therefore ^6 + c or a. 

Every common measure, then, of a and b measures d', and 
d' measures a and 6; therefore d' is the greatest common mea- 
sure of a and b. 

In some cases the proposed quantities are of the form a, 
mb, OT ma and 6, in each of which cases, to avoid fractional 
quotients, the factor m is rejected, not being a part of the 
greatest common measure by supposition. 

Similarly also, such a factor as m may be introduced into 
one of the quantities, if necessary. 

The preceding proof may be easily modified to suit each of 
these cases. 
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From whaf has been said it will be seen that care must be 
taken» lest in rejecting a factor, we reject a part of the g. cm.; 
as also in introducing a factor, lest we introduce one which 
ivill increase the common factors of the proposed quantities. 

Ex. 1. Required the o.c.m. of Qa^+öSj^^-Qaf " 18 and 
ar+ 11^1? + SO. 

a^+ IIa? + 5aj 9^+ 530^^-9^-18 (^9^-46 

9^+99^+270^ 

-46i»2-279^- 18 
-.46ct?*- 50607-1380 



2270? + 1362 = 227 (o? + 6) ; 

227 is evidently not a common divisor of the two proposed 
quantitiesi and may therefore be rejected. 



o? + 6jo?*+llo? + 30(^a7 + 5 



5a? + 30 
507 + 30 



•*. CD + 6 is the g. c. m. required. 

Ex. 2. Required the g.c.m. of 2o7^ + o?*— 8o? + 5 and 
7of-- 1207 + 5. 

To avoid a fractional quotient in the first step the former 
quantity must be multiplied by 7» which is not a factor of the 
other quantity, and will therefore not affect their g.c.m. 

2or^+ 0?-- 8ct?+ 5 

7 



7o?^- 1207 + 5J 140?^+ 7ä?*-56o? + 35 (^2o? + 4 

14o?^- 24.17^+ lOo? 



31o?2- 66.17 + 35 
280?^- 48.r + 20 



SaT^" 180! + 15 a 3 (o7''-6o7+5); 
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3 is evidently not a common divisor of the proposed quantities, 
and may therefore be rejected. 

-6jr + 5J 7^®- 12a? + 5(^7 
7af'- 42a? + 35 



30w — 30 =s 30 (/o - 1) ; rcject the factor 30 ; 

tT - 1 ^ tT^ - öa? + 5 (^ir - 5 



a/^ — ar 



-5«r.+ 5 



.'. a? — 1 is the G.c.M. required. 

Ex. 3. Required the g.c.m. of 36a^- 18a*- 27«*+ 9«^ 
and 27a'6' - 18a*ft*-^ - ga'^bK 

Here 36a«- 18a*- 27«*+ 9a' = 9a^(4a3-2a^-3a+l), 
and 27a*fe^ - 18a*fe* - Qa^b^ = ga^b^ (Sa^^ - 2a - l) ; 

.•. 9a^ is a factor of the g. c. m,, and 6* in the latter quantity 
may be rejected. 

Proceeding with the other factqrs, 

4a' -2a-- 3a + 1 

3 



3a^ - 2a - IJ 12a' - 6a^ - 9« + 3 (^4a 

12a'- Sa^ -4a 



2a^ - 5a + 3 « 2a (a - 1) - 3 (a - I) 

= (2a-3)(a-l); 

2a — 3 may be easily seen not to be a common divisor of the 
proposed quantities, and may therefore be rejected: 
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a - IJ 3a* - 2a - 1 {3a + 1 
3a^ "Sa 



a-1 
a- 1 

'. a - 1 is the a. c. m. of 4a^ - 2a' -Sa + l and Sa* - 2a - 1. 
Hence 9a'(a-l) is the g. cm. required. 



Note 5. 
INVOLUTION. 



If an algebraical expression consist of any number of parts 
connected together by + or — , its Square may readily be found 
by the foUowing Rule : 

Square each part, and multiply twice that part into the 
sum of the several parts that come after ; the sum of all the re- 
sults so obtained will be the square of the whole quantity. 
Thus, 

Ex. 1. (a + 6 + c + d)*= a*+ 2a (6 + c + d) 

+ fc* + 26(c + d) 
+ c' + 2cd 

Ex. 2. (a ^ 6 - c + d)'= a"+ 2a (d - c - ft) 

+ 6* - 26 (d-c) 

+ c*- 2cd 

Ex. 3. (1 + ga? + la^y -= 1 + a? + |a^ 
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Ex. 4. (1 +a? + 2<r^+Sa?3+ 4^ + 5.17* + •..)« 

= 1 +2(a?+ 2a?^+ S<27'+4.t?*+ 5/17^+ 6^7®+...) 

+ ^2+ 2a? (2a?2+ 3^»^+ 4a?*+ 5ar*+ ...) 
+ 4a?* + 4a?' (3afl+ 4a?* ...) 
+ 9^ + 6a?3(4a?*+...) 
+ 

= 1 + 2a7 + 5af^+ 10a?'+ 18a?*+ 30a?*+ 47a?® + .., 

It is useful to commit to memory the foUowing formulse, 
viz., the cube of any binomial quantity ; 

{A + Bf^ J3+ B'+SJB (A + B) (1.) 

(A^By=A^^B'--3AB(A-'B) (2.) 

Ex. 1. Required the cube of a + b + c. 

(a + b + cy={a + b+cy 

:^ (a 4- 6)3 + c^ + 3 (a + 6) c (a + ft + c), by (l) 
= «3 + 6^ + Sab (a + 6) + c^ 

+ 3 (ac + bc)(a + b + c). 

Ex. 2. Required the cube of \/a + af - \/^a - w. 
(\/a~+^ - \/a - xf = a + a?-a-a7-3 \/a + o? . \/a -a? 

. {\/a + a? - \/a -a?}, by (2) 
= 2a? - 3 s/a^" o?^. (v^a + o? - v^a -o?). 
The foUowing forms also ought to be committed to memory : 

^' - S' = ( J - J8) . U^ + ^fi + 50 • • • (4). 
Ex. 1. a?t + yt = (a?i + yi) . (o? — v^ + y)« 
Ex. 2. a?'-y5 = (oyi - yJ).(a? + \/^ + y). 
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Ex, 3. = ar — ttiV + ar. 

<r + a 

Ex. 4. 3 ._ • ■ ' 3^— = ayt + aia?i + a*. 
V ^ — V ^ 



Note 6. 
EVOLUTION. 

The Square root of any number may be found by using the 
common Rule for extracting the Square root until one more 
tban half the number of digits in the root is obtained ; then 
the rest of the digits in the root are determined approximately 
by Division. 

Let N represent the number whose square root is required ; 

a the part of the root found by the common 

Rule; 

<r the remaining part: 

so that \/N = a + «r. 

Then iV = a* + 2a.i? + <r% 



=:iV ■{• — ; 



2a 2a 



that is, N'' a^ divided by 2o will give the rest of the Square 

root required, or <r, increased by — . Now, if w contain n 

/C a 

digits, w^ has 2n at most. But, by the supposition, a has 

2n+l digits at least; therefore 



«r^<2a, or — is a proper fraction. 

^ a 

Hence it appears, that if n + 1 digits of a square root are 
obtained by the common Rule, n digits more may be correctly 
obtained by Division only. 

Ex. Required the square root of 2 to 6 places of deci- 
mals. 
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2-0000. ..(^1-414 
1 



24) 100 
96 



281 j 400 
281 



2824^ 1 1900 
11296 



2828^604000(^213 
5656 



3840 
2828 

10120 

8484 

1636 
'. the root required is 1'414213. 



When a cube root consists of 2n + 2 digits, and w + 2 
have been found by the ordinary rule, the rest can be found by 
dividing by the trial divisor. 

Let a + 6 be the cube root, 



where a consists of n + 2 digits, and n cyphers, 
b n digits. 

c* + Sa^b + Sab^ + b^ the quantity whose root is required. 

Then after a has been found, we have 
remainder »= 3 a^6 + 3 a6* + 6' ; 
trial divisor = 3a^; 

.'. quotient ä 6 + — + — 5 ; 

d od 
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If this be adopted as the value of 6, 

error =— + — -. 
a Sar 



Now 6 is < 10", .•. V < 10*", 
a is not < 10^+' ; 



• ■ 



h^ 10«» 1 
a ^ 10^»+* ^ 10 



Also V^KlQP'j 
c? is not < 10**+* ; 
V 1 



3a« SxlO»+2' 

1 1 

••. error < — + -^ < 1 ; 

10 3 X 10»+* 



that is, the last n figures of the root may be obtained by 
division only. 



Note 7. 
EQUATIONS. 

GiVKN «107 -♦- 6iy + CiÄf =s d, (1), 

«2^ + Ä^y + Cjj8f »dg (2), 

Os^^+ftsy + Cs« = d3 (3), 

required ^, y, and jsr. 

Multiply (2) by m, (3) by n, and add (l) to the resulting 
equations ; then we have 

« dl + wda + wdg. 

Now, to find <r, let the arbitrary multipliers m and n be 
such that the coefficients of y and z in this last equation are 
separately equal to ; that is, 
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61 + W168+ W&8« Ol 

and Ci+ »IC2+ WC3=0J ' 



or 61 C3 +» mb2C3 + nb^Cs = 
and b^Ci + wfe3C2 + W63C3 



::}■ 



and .'. 6, c^ — ftgCi + (62^3"" ^3^2) ^ = 0? 
&3C1-&1C3 



or w = 



and similarly n » 



^2^3- ^3^2 

^2^3 — ^3^2 



Then we have w = — , in which the above 

«1 + «102+ ^^ÖJs 

values may be substituted for m and n, 

Similarly, by making the coefficients of o? and ät, or of off 
and y, separately equal to 0, the value of y, or of ät, may be 
found. 

Hence, the following Rule may be deduced, and will be 
found easy of application : — 

To find a?, multiply the 1^* equation by 62^3—^3^2» tbe 
2^^by ftgCi- öjCg, and the 3'^ by ftiCg- ög^i; then add together 
the resulting eqirations, and a simple equation will be obtained 
in which y and % do not appear. 

Having found the value of a?, the equations are reduced to 
simple equations of two unknown quantities y and Xy which 
may be found by any of the methods of Art. 191. 

Ex. Given 2^ + 3y + 4^? = 16... (l)] 

307 + 2^ + 5^= 8 •..(2)?', required <2?. 
5w + 6y + 3z- 6...{3y 

Here 62^3 - ^3^2 » 6 - 30 = - 24 
6301-6103= -24- 9 = -33 
6102-62^1^-15- 8 = -23; 

.-. from (1) - 48<!i?- 72y - g6% = - 384^] 

(2)- 99<2?- 66y -^i65z=-Q64! 

(3) - 115,t?+ 138y- 69^ = -138 
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•'• adding 262a m 786, 

786 
or a? = — -- m s. 

262 



Note 8. 

QUADRATIC EQUATIONS. 

By the method of Solution pursued in Art. 198 it is clear 
that both the resulting values of the unknown quantity niay be 
those of a difFerent equation and not of the proposed one ; for 
if the proposed equation be of the form 

the Solution effected may be that of the equation 

and it is impossible to say, without trial, to which equation 
either of the resulting values of <» belongs. 

That there is no value of w which will satisfy hoth equa- 
tions is easily proved. For, if possible^ let there be such 
value; then, for that value. 



c 



vfea? + c = 0, or «2? = — , 

h 

a value of es which will satisfy neiiher equation. 

Hence it appears, that after solving an equation of the 
above form by the usual method, it still remains doubtful 
whether either of the values of the unknown quantity obtained 
will satisfy the equation ; and if one of the two be the value 
sought, it remains doubtful which it is. 

Thus from the equation 

So? + \/sOti? - 71 = 5, 

the values of w obtained are 4, and 2§, neither of which will 
satisfy the equation. 

And from the equation 

Soff + y/üw - 2 = 7, 



APPENDIX I. XVll 

tbe Yalues of m obtained are 3, and l|, of which only the frac- 
tional, a!nd not the integral, value will satisfy the equation. 

The fact is, that in the former instance both values of üß 
are the values belonging to the equation 

in the latter x^S belongs to the equation 

Sw - y/zw-2 = 7, 
and the other Solution or = l-| to the equation as proposed. 

Whether there be any values of w or not which will satisfy 

the equation Sx •{- y/sOw — 71 = 5 we cannot say : all that we 
know is, that the common method of Solution will not produce 
them. 

Where then, it may be asked, lies the fallacy in the process 
whereby we obtain a false resultP It is here. We assume, 
as an axiom, that if the same root of equal quantities be ex- 
tracted, those roots are equal to each other in all cases; 
whereas we know, that they may be unequal. For instance, 
retracing the steps in the following Operation, 

aw — y/ha + c t^ dy 



aw — d as \/hx + c, 

(aa? — (Q*=»6^» + c, 

we assume, that the same value of x which satisfies the last 
of these equations must also satisfy the preceding one; but 
this may not be the case, since it may be the value which 
satisfies 

- {acB -d) SS y/bw + Cy 

or ax + s/hsD + c = d, 

instead of aao - \/hoo + c « d, 

the equation we commonly assume to be satisfied by that value, 
when it is the proposed equation, whose Solution is required. 

«2 



• •• 
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The fact ib, that the equation really solved is not the 
propoued one 

but (a^»+ \/bw + c) (ax^y/bof + c) = d*; 

and it is quite a chance whether both or either of the values 
of a obtained belong to the proposed equation. 

It is certain, however, that the values obtained belong 
to one or other of the two distinct equations 



aüff -f- \/bw 
am 



- y/hw + c «= d i 



From what has been said it appears, that the results which 
are commonly obtained as Solutions of quadratic equations, 
when thoae equations are given in an irrational form^ require 
to be verified, before they can be depended upon. 

Hence also, when a proposed problem depends upon the 
Solution of an irrational quadratic equation, the problem may^ 
or may not^ have those Solutions which appear as Solutions of 
the quadratic equation, This conclusion, it must be evident, 
is of too important a nature, to be safely overlooked. 



Note 9. 

APPROXIMATE RATIOS. 

= 1 i 3 - + 3 - ± - : 1, (Art. 213.^ 
a a^ cP 

Now, if X be small when compared with a, - is a small frac- 

tion; 3— : 3- :: - : 1, and therefore, since - is very small 
er a a a ^ 
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compared with 1, —^ ^^ ^^^Y small compared witli 3-; ä 
fortiori — is vegry small compared with 1 or with — . 

Hence \^ — : 1, or a^Sx : a, isa near approximation 
to {a ^ xy : a% if w be small when compared with a. 

Similarly it may be shewn that a ^»4/17 : a; a^kSa; : a; 
&c. are approximations respectively to (a Ji w)* : a^ ; {aJ^ aif : 
«*; &c. 



y/a ± X : v « = \/ 1 «fc - : 1, 



Again, since 

= l±i- -1— ±&c. : 1; 
by the same reasoning this ratio is reduced to 

1 ± *- : 1, or a^±x ', a. 
a 

Also \/a :Jk ^ : y^a ^a^^x : o, nearly ; and so on. 

The Utility of the rules here proved will be suiBciently 
manifest from the foUowing Examples, when it is observed by 
what a troublesome process the several proposed ratios would 
be found without the rules. 

Ex. 1. (1-5241)* : (1-524)*= 1-5240 + 4x0-0001 : 1-524 
nearly es 1*5244 : 1*524 nearly. 

Ex. 2. v^729 : v^728 = 728j : 728 nearly: 
Ex. S. v^21S4 : v^2131 « 2131§ : 2131 nearly. 



♦2. 
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EQUATIONS. 

In the infinite variety of equations which ingenious persons 
may put together, it is not to be supposed that any general 
Rules can be laid down for every Operation necessary to their 
Solution. 

There are, however, peculiar artifices of more frequent 
occurrence than others, which shall be exhibited in the follow- 
ing «xamples. 

a -^ a '^^ *^%a(ß + of 
Ex. 1. . ■= y ; required the value of x. 

a + a ^^2aw + a^ 

^ . a + ^ V+1 

By Art. 190. __= = ——, 



a* 



2aw + cf 



\x^ar / y + i y 



iaw 

+ 1 



2o.r + «» " V6»-lJ ~ ^ " (6» - 1)» * 
Zaw + tf (b' - 1)* 

a + w\* (V-iy (6^+1)* 



m- 



4fe» ' 46« 

a + »r 6* + 1 

^ _ y + 1 -26 (6-1)* 
a 26 ^ 26 

.-.«-^(6-1)«. 
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_ a — ^» + y/^aw - ^ , . . 

JciX. 2. a« 6 ; required w* 



a^ m 



1 + ^- 6, 



a-^ w 






\a-al 



(b - 1)», 



1 - (6 - 1)*, 



1 + (6 - 1)», 



— =v'rr(r:i)"»; 



a — w 



a — w 



a V'i + (6 - 1)« ' 
a \/l + (6 - 1)« 



a 



.". w ^a '- 



\/l+(ft-l)«' 



Ex. 3. 



243 + 324 V 3^ 
16a? -3 



81 v/i.(\/i + 4»\/^) 

,1 I i _ ■ . ■ . ■ - — 

81\/3 
4\/^- "n/s 

(4\/^-v/3)^ 

4\/Äf- \/3 

4 V ^ 



(4 v^ — V^)' 5 required a;. 
« (4 \/^ - \/i)', 

= 81 \/i, 
4\/s, 



.'. ir a 3. 
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Ex. 4. v^a+sT + y/a~w « h ; rcquired a. 

and V^a + ar + \/a-w by the supposition is equal to 6 ; 
.'. cubing both sides of the proposed equation, 

S6v^a'-a?»««6»-2o, 

---(Mi)*' 

2 
Ex. 5. a? - 1 = 2 + — p= ; required /p. 

V ^ 

V ^ 
.-. \/w - 1 = — F= , dividing by \/^ + Ij 

.-. V^+l^'O, or ^/^ = -l, (Art 202.) 
Also HO - y/x = 2, 

a?-Va7 + -«2 + 7«= -, 
4 4 4 

y- 1 S 

Kl W as sfc-, 

2 2 

r- 1 ±3 
V a? «s = 2, or - 1, 

.•. a?« 4, or 1. 
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Ex. 6. a^ -3»^Q; required w. 

.'. 0? (<»* - 1) = 2 (j? + 1), 

.-. 0? + 1 = 0, or a? = - 1. (Art. 202). 
Also 0? . (ar - 1) = 2, 
^ - a? «s 2, 

4?*-^p + - = -, 
4 4 

1 3 

2 2' 

1 ^S 

m = = 2, or - 1. 

2 

2 

Ex. 7. ^ = l| ; required x. 

Sw 

,4 2 

9 Sw 

2 2 
.'. «J7 + - = 0, or ^ B — . 

3 3 

2 1 
Also X = — 5 

3 m 

2 

3 ' 

, 2 /IN* 1 10 

ar-'-x^- (-) «1+- = — , 
3 V3/ 9 9 

1 y/TÖ 

tP — — SS sfc , 

3 3 

1 ±\/lÖ 

.*. ^ SS ' ■ . 

3 
Hence the values of x are - - , , and . 

SS 3 
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Ex. 8. v^(l + aiy - y/{\ - a?)* = ^\ - /p« ; required ^. 

Converting the roots into fractional indices, the equation is 

■ 1 1 

(l + ai)^ - (1 - ^)"' ■= (1 - «*)•" 

i 1 

- (1 +ar)*»(l -J?)"». 

Dividing by (l - w)^ , it beoomes 

« 1 

(1 +a7\"« /l +a7\« 

i i 

/l+a?\"» /l+a?N"» 1 1 5 



j 

/l+^»\m 1 



dl 9 

+ <17\»» 1 ±\/5 



(^:) 



2 

14-^ (i ± x/i)' 



l -07 



.-. (ß = ^ ^^^=4 . (Art. 190). 

(l ± y/5Y + 2* 

■»^^» 9« :; TT ■= ö ; required at, 

(1 + «r)* ^ 

1 + 07* = a (1 + wY 

. «=0(1+407 + 6o7^ + 4o?' + 0^), 

.'. (1 - a) (l + 0/*) = 4a (07 + 07^)+ 6ao7* ^ 
dividing the whole equation by a^^ 

(1 " *) (^ + 3 ) = *« ( ^ ■*"") ■*■ ^^' 

, 1 4a / 1\ 6a 

... 07" + 3 - ^» +- ) - :; > 

07* l-a\ 07/ 1-a 
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/ 1\* 4a / 1\ 6a 2 + 4a 

hr + - U + - = +2 = , 

\ afj 1-aV äfj 1-a 1-a 

/ 1\* 4a / 1\ / 2a y 2 + 4a 4a» 

V "^ ^/ " 1 - a \ W VI - a/ ~ 1 -a "^ (1 - af ' 

2 (1 + a) 

w 1 — a 1 — a 

1 2a±\/2(l +a) 

07 + — = ^^ as 2p, suppose ; 

a? 1 — a 

.-. «»* — 2paf = - J, 

«i;* - 2p^i7 + p* s= p* — 1, 

^7 - p = ± \/p» - 1, 

Ex. 10. 0? + a + S y/ ahm = 6 ; required <r. 

Assume \/i + v ® = vy> 

.'. cubing these equals x •\- a-^-^ y/aw . (\/^ + v^) == y ♦ 

.'. a7 + a + 3 y/ayw = y. 

But, comparing this with the original equation, it appears 
that y^h\ 

Ex. 11. ö?^ — 1 = ; required all the values of a. 
cf - 1 = (a? - 1) . (oT* + a7 + 1) = 0, 

.•. a7 — 1 = 0, or J7=s 1........ (i). 
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Also, a;* + ^ + 1 = 0, 

/r + Ä + - = — 1= — , 
4 4 4 



1 v-s 

2 2 * 
•• ^ = ^^ (")• 

Ex. ISU . 0^ + 1 » ; required all the values of w. 

' 1 

• " Dividing by ^, ^ + 3 == ^j 

, 1 

ar + 2 + — = 2, 

^ + - «B ± \/8, 

w 

al^sfi y/k.X = - 1, 

ar T V 2.^7 + -« 1= — > 

2 2 2 



1 V-1 

\/2 \/2 

±1 sbv^Cl 



•. ar 



\/2 



In a similar manner to that of the last two Examples may 
the roots ofj7*-l = 0, a?* + l=0, a;*+l = 0, and like equa- 
tions, be easily found. 

Ex. 13. a+a? + \/2a^ + ^ = V o^-^ + \/2a*-aa7— «*; 
required w. 

a + « * ^/ats-^ of a V 20^ — aos ^of ^ y/Zaw + a?* 

» \/2a + i. {\/a — 07 — V a?|; 
.•. a'+ 3aa?-2(a + a?)vo^--^ = (2a + ^) Jo-2\/aa7- ^}» 
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2 ^/aüT^ü? « o — 2a?, 
4aa7 — 4a;* «= a* - 4oa7 + 4a?', 

cor -^ aa? = — — , 



8 Ar:wr^- 



a?« - aa? + — = — , ^<T i^' -^ --l t-'^iX 

4 16 ' Df \r-<J\ ^^ 



a? 



- - = ± - v% '^^- • - - '^)^ 



Ex. 14. a + (6 + va?) v^ = (ft - v^) \/2a + a? ; re^ 
quired w. 

a + a? + \/2aa7 + a?* « 6 (v^2a + a; - y/w)i 
{a + w-k- \/2aw^a?y = 6^ (2a + 2a? - 2 \/2aa? + a?*) 

8= 26* (a + a? - y/^ax + a?*), 
(a + a? + \/2aw + a?*)^ = 26*. {a + a?|*- 2aa? + a?*} 

= 2a*6*, 



a + a? + \/2aa? + a?* = \/2a*6*, 
2oa? + a?* = ahy/^ah - 2 v^2a*6* (a + a?) + a^+2aaf + a?*> 



a a6 8/ ' " 

2\/2i?fe* 2 

o> ^ / a ab 8/ — r 

•*• ^ = r V -;^ + — V 2a6 - a. 
2 ^ 26* 2 

2a\/l+a?* . , 

±iX. 15. . B a + 6 ; required a?. 

l~a? + \/l+a?^ 

2ö\/l +a;* 
2a y ^ a - 6, 

1 -a? + VI +a?* 
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2o(l-a?) 



o — 6, 



1 — «» a — 6 



2a? /a + 6\* ^ 4a6 



/(l -a7)* + 2^i? 2a ^a + ft 

'V (1-0?)« "a-6""^""a-6' 

2ar /a + 6y 

^ **■ (1 - wf * V^^J ' 

2a? /a + 6\* _ 4a6 

ö 

4^17 8a& 

(1-0?)« "(a-6)«' 

/l + a?y (o-6)* + 8a6 
' Vr^j " (a - 6)« ' 

1+07 . / 8a6 

1-07 (a - 6)* 



^P s 



^ / Sah 

^^^(^Tftji + i 



a — 6 
2\/2a6 



{^/^^-r- 



07 



/^ Q 2 _^_____ 

Ex. 16. *"/ • . = = ^/o7«-a^{^/o?^+ao7--^/o?^-ao?l; 



required 07. 

Squaring both sides, 

07 + V 07* - a« 
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2 



= 2d?\/^ — a% 






a* = 4a* a?* + 8a*<r* - 4a« a?^ - 8a*a?S 
a« = 4 (a^ + 2) 07* - 4 a* (a* + 2) a?% 



a^ - a*a?^ = 



a 



8 



4 (a* + 2) 



„ . a^ a* + 2 a* + 1 
ar — a or + a* ss — . 5 , 

4 a* + 2 

/»* = - J a± y \ j 

2 I \/a* + 2J 

Ex. 17. 0? - 2 \/a? + 2 = 1 + \/a;^-3a? + 2 ; required a?. 

(j? - 1) - 2 (07 + 2)i = (V - 207 + l)i . (0? + 2)i 

= (0? - l)i . (07 + 2)i ; 



07-1 (07-1)* 

(0? + 2)i " "^ (07 + 2)1 ' 
07-1 (0? - l)i 



{x + 2)J {x + 2)i 



= 2; 



07-1 (o?-l)i 1 1 9 

(07 + 2)i (jjo + 2)i 4 4 4' 



(07 - l)i 1 :fe3 

(07 + 2)1 "" 2 

(07 - 1)« 



= 2, or - 1 ; 



07 + 2 



= 16, or 1. 



XXX APPENDIX II. 

Taking the first value, 

a^- 18J7 + 81 « 112, 

ar-9 B ±4\/7, 
.-. j? = 9±\/7- 
Taking the second value, 

«*-2a7 + 1 « J? + 2; 

üf^Sx + - = — , 
4 4 



3 VIS 

2 2 

S±\/lS 



f a' — 1 ) . a + o*^ — a? a/2^— 1 
Ex. 18. ^ ^ =(l-g')(g+.vy-2gciy; 

(a*-l),a+a*a7+Ä\/2a*-l 
required w. 

Multiplying the numerator and denominator of the fraction 
by the denominator, the numerator becomes 

{(a^ - 1) a + o*A»}* - af^ (2a« - 1), 
er (a* - 1)* a* + Za?w (a« - 1) + aW - 2aW -i- ^, 
or (o* - !)»«• + 2a»a?(a« - l) + a?«(a« - 1)», 
op («« - 1) {«« (a» - 1) + 2a«Är + a?»(a2 - 1)}, 
or (a* - 1) |a* + 2o',r + a^o?* - a* - a?*J, 
or («« - 1) {a^ (a + o?)* - (a« + ^)}. 

Also (l - cf) . (a + «)* - 2aa? = (a + a?)^ - 2a^ - a^ (a + aif 

= a^ + ^ — a« (a + a?)" 
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Hence ^-r = -1 ; 

(denom'.)« 

.'. denom'. « ± \/i - «*, 
or (a* - 1) a + a^a? + wy/za^ -l = ± v^i -a« ; 

1 + a v^l - a* 



.-. d? « sfc -^1 - a« . 



a*+\/2a*- 1 



-^** ^y- . / = ö ; required w» 

1 - ao? + V 1 H- ar - a? V 1 + a* 

(oo?- l).(a-l) + (aa?+ l)\/l +a'* = 2av/rT^; 
.-. (aV - 2aa? + 1) (a - if + 2 (a - i) \/l + a«.(aV - i) 

+ (aW + 2aa? + 1) (1 + a*) = 4a« + 4aV, 
2(aV+l)(l + a2)-2ö(a^-l)2+2(a-l).^l+^2.(^8^_j^ 

= 4a« + 4aV, 

(aV + 1) (1 + «0 - ö (a^ - 1)* + (a - 1) \/l+a* (aV ^ i) 

= 2a8 + 2aV, 
aV+ 1 +aW + a*"a(oA-J)* + ä^.\/r+V(aV-i) 

= 2a' + 2aV, 
aV (a^- 1) - (a*- 1) -a (a^ - l)'*+a - 1 . \/l + a'* (aV- 1) « o, 
(a*-l)(aV-l) -a(a<2?-l)«+a- l.-v/l +a^(aV-l) = 0; 

.'. a«r - 1 s= 0, or a? = -r- (IV 

a ^ ^ 

Also (a^-l)(a«r+l)-«(aa?-l) +a - 1 . y/l + a* (a.r + 1) = o, 
or {a*-H-a-l.v^l+a*-a}a.t?=-{a^-l+a-l.V^l+a*+a|; 
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= 1 + 



o* + a-l + (a-l)V^l + a* 
a'* - ö - 1 + (o - 1) V 1 + a" 

o*-a-l + (a-l)vl +a* 
2a(o*- a - 1 - a - l\/l + a*) 

2a (a* - a - 1 - a - 1 \/l + a*) 

= 1 + — ^^ i = ; 

2 p ^ 1 

.-. 07= - ja-l.Vl +a*-(a'-a-l)} 

a ö 

Ex. 20. 20? \/l - <»* = a (1 + 0?*) ; required o?. 

Squaring both sides, 

407* - 4o?® = a* + 2a* 0?* + €?(d^' 



.8/»4 



Dividing by c?oo\ 



4 407* 1 

= — + 2 + o?S 



(j?o^ c? ar 



4('*-^)-(-'^i)* 



or 

2 



1 2 2 y 4 

--0+ -r = ±-5\/l -a ; 



Ol 2 "^ 2 Jt 

w a a 



.-. 0?*- -T=- -=-{lT\/l -«M =•26^ suppose; then 
07* a 

0?* - 2fc*.t?* = 1, 






.-. 07 = dt \/fe* ± \/l + Ä*. 
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But 6' = --^{lT\/T^*}, 



.-. a? = ±- |\^- 1 ± a/i - a* ± \/2 (l «F vT^)}. 

Ex. 21. a?(6c-^y) = y(a7y-ac)...(l)J 
and ^ry(ay + iti7-^py) = a&c(a?+y-c)...(^)j' 



From (1) c (bw + ay) = a?y (a? + y), 

c (6a? + ay — a?y) = a?y (a? + y - c) 
<ry a6e 
c 



....(3); 
dividing (2) by (3), 



or (wyy ^ ah(?, 
or wy ^ c , \/ah ; 

«ndfroin(l)- = '^y""g^"^°^-^ 

y 6c-a»y bc~c\/ab 

y/ab - a \/a . (y/b - y/a) 
~ b-s/^" \/b .{y/b - y/ä) 

.-. a^ ^ wy. — ^c\/ab. \/ —^ ac^ 
.'. «r = :^ 'y ac I 

and y = ± \/6c J 



Ex. 22. xy 



yz^ 



From (1) 



aiw^y) .. 
h{W'\-z) ,. 
c(y + Äf) .. 

^ + y 

wy 



0)J 
(2) 



* ; required at, y^ x. 



or 



♦3 



1 1 

- + - 



] 



From (2) 



From (3) 
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11 1 

W « 




1111 


• 
• • 


y z a h 




111 
- + - = -; 
y « c 




2 111 


m 
• • 


y a c b 


and 


2 111 
« b c a 



2 111 

also - « - + ; 

w a b c 



2abc 



,'. ar 



ac + 6c — a6 



2a6c 
a6 -^bc — ac 

2abc 



ab + ac "bc 



Ex. 2S. a7(a?+y+») = a% y(af+y+x)^t^9 Äf(a7+y+Äf)=c*; 
required ^, j^, x. 

Adding all the equations together, we have 

(o? + y + ar) . (o? + y + Ä^) = o' + ^^ + c^ ; 



.•. 0? + y + Äf = ± '\/^^H^ + ^ ; 



.% from (1) ar = ± -=====, 

y/ar -¥ br + er 

Va^ + b^ + cr 

& 
y/c? + 6* + c^ 



I • 
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5 e 

Ex.24. ^.(y + Är)*= 1 +a^; a + y =^- ^ x; md yz = —; 

2 16- 



required /p, y, ät. 

1 +«3 



From (1) (y + »)* = 



9 






.3 



1 + a* 3 . 3 
, smce f/j5r = -- 



3 
But from (2) y - » = — x^ 



1 + «' ^ _ p V 



= 3a? + /p' ; 

4 

^c^ ^Zx ^-^'^ 

1 + a^ = ^ - 3a?^ + 3,r, 
a^ = ^' - 3a?^ H- 3.V - 1 ; 
a — ^- 1, 
.'. ^ =s a + 1. 

Hence, from (1) (a + l) (y + i??)* = 1 + a^ 

••• (y + «)^ = a* - a + 1 ; 
.-. y + Äf = ± \/a« - a + 1 = i \/(a - 1)* + a, 

also y - Äf = a ; 

^ 2 

•• 2y = - - a ± \/(a - l)^ + « ; 

1 a 1 y-^ — 

.•. y = =b - V (a - 1)-+ a, 

^422^ / ^ » 



and ^ = st»-\/(a- iV + a. 

2 4 2^ ^ 



*3 — 2 
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Ex. 25. a?(y + «)=-a, y(a? + «)-6, ir(a? + y)«c; required 
«, y, ». 

xy -^ yz^ fe, 
J7» + y«r = c ; 
.-. 2a?y + ^« + yi8f « a + 6; 
2try «= a + fe — c; 
Similarly 2yÄe6 + c-a 
and 2j?Äf = a + c — 6; 

2jßy.2w% (a + 6-c) . (a + c-6) 

.^ - 2ar = 

2yx 6 + c-a 

Qwy.^yx ^ (a -¥ b- c).(b + c - a) 
<iwz a + c-b 

^yz.2w« j (b + c- a) .{a +c - b) 

^ /iZ ■* ^ * 



/(a + 6 - c) . (a + c - 6) 
^ 2 (6 + c - a) 

/(g -4- fe - c) . (6 -h c - g) 
^"^ ^ 2(a + c-fe) 



/(6 + c - a) . (ö + c - 6) 
^ 2 (a + o - c) 

Ex. 26. .r"y* = r, and a?V = * » required a? and y. 
Raising the first equation to the d^ power, and the second 
to the b^^ power, 

w y =r , 



be^.bd 'b 



and ip-y" = «°; 
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Similarly y- {^)*^. 
Ex. 27. x**' M^y*", and y"*"*«^; required x and y. 





*+.v 


rom first equation o? *« = y, 


... second 










a7 + y a 




4a ^ + y 




(a? + y)" = 4a^ 




a?H-y =s 2a; 




.-. «-y»; 




•■• y* + y = 2o. 



From which it is found that y = ^ |- 1 i\/TaT7l ; 
and then o? = - {4a + 1 =p \/8a + l}. 



Ex. 28. ^^y-^' ^ vf+y:h3 ^^^ I 



\/y^ -f 14-1 ^ \/a?-f9 + 3 

^ V ^ [ ; required 

/ 16\ f *^ and v. 

and ar(y + i)««s6(y3 + — J (2)* ^ 

From (1), multipl ying th e Numerator and Denominator of 
the first fraction by \/y^+ 1 - l, of the second by y/w-^g - 3, 
then multiplying the resulting equation by (1), 

\/^ 4- 1 -f 1 ^ y/of + 9 + 3 
\/y''+ 1 - 1 \/a? + 9 - 3 ' 

y-i — 7 \/<r + 9 
.-. v/y* + 1 , 
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äf + 9 





ir^'- 3 , 




.-. 99* = 0). 


From (2), 


9»*(»* + 2» + l) = S6y»+64» 




9»*(»*-2y+0 = 6*. 




3y(y-l)=i8, 




j^-y-=^P 




1 1 8 


• 


35 29 

= — , or , 

12 12 




1 1 y 



And 0? = 9^ 

«- J57 ±\/l05(. 
2 ^ . 

a7 + y j ^-y 

Assume = i?, and = iß» 

2 2 

then 2<2? = 2(t? + tt?), 

also a? ^t^ ^ 4t?«;, and y = r - m? ; 

.'. by Substitution in the first equation 

14 
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or tJ + W — \/^W 



s s 



t?i — VO^ 



But «?> + <<?'«= 9> from the second equation ; 
.-. 2fji= 16, or f? = 4, 
and 2«;« = 2, or w = 1 ; 
.-. a? =: 5, and y = 3. 

By finding aü the values of v and w which satisfy the 
equations v' — 64 = 0, w' — 1 = 0, by the method employed in 
Ex. 11, other values of w and y may be determined. 



Ex. SO. — + - . ^ 



l .^ . 



2a7 3*y2-2^a?*-i a? [. required 

1 I and y. 

and - 2^ = y*^ — i | 

4 ^ 

From second' equation ^— 4^y*=s —4; 

y*- 4a?.y*+4.!F*= 407^—4; 

2^-2^= ±2y^j^«i; 

.-. y«=2/P±2y/^«i; 

and .-. y = ± (^/o? + 1 ± ->/a? - l) (1). 

Substituting for y in the first equation, and taking the upper 
signs in (l). 

V 0? + 1 \/at — 1 2 y/ ar-\- 1 va? + 1 

7 h -. =5 ; 

2^ 207 3 2a? m 

.*• 3 y^a? — 1 = \/ w 4- 1 ; 

9a?-9 = Ä? + 1, 
8a? = 10, 

10 , 
.-. a?=— -= 1+: 
8 ^ 
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And y « y/w Jf 1 + \/a? - 1, 

By taking the other signs in (l), other values of w and y 
may be pbtained. 

Ex. Sl. j?*y-4-=4yafi--y*...(l)| 

^ > ; required /v and y. 

and ^p* - 3 » a^Jyi . (,ri - y*)-..(2) I 
Frpm (1) . y 1 ^ + — I SS 4ya?i'+ 4 ; 

.•. y i^'+ ^y + — ) =» J?y*+4yj?J + 4; 



.-. »M ^ + -j = ± (^*y + 2). 



Taking tbe upper sign, 

j7yfl — o^sy = 2 ; 

yi 

or d7iyi (a?i — yi) — 2 ; 

2 

s 

.-. by (2), cT«- S = 2- -; 

2 

2a?» + y« = 10 (S). 

Also from (2), SaAy^ (a?i - yl) « Sä^ - 9 

= a;l«yl+l, by (3); 

.*. d?" - y» - So^iyi (a?* - yi) =* "" 1 i 
extract cube root d7i — yi = — 1 ; 

.\ yi«ifl?i + 1 (4), 

and substituting in (8), 

2*»' + ti^ -f 1 + SÄ7i (tri + 1) «= 10, 

a?* + ^ + ^i « 3 ; 



m 



V • O I 
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.-. (j^ - 1) + (o? - 1) +(a?i - 1) = 0, 

or (wi - l) (o? + 207^ + 3) a ; 

.'. o^i — 1 = 0, and o? = 1, 1 
substituting in (4), yi» 1 + l »2; ,-. y ^4,j ■ ' ' ^' 

Also 07 + 2wh = — 3; 

.-. Ä? + 2«?i + 1 = (a?i + 1)* = - 2, which is impossible ; 

.'. 07 = 1, y == 4, are the required values. 

Ex. 32. a(l-07y)-07v^l-y»....(l)) . 

y- >; required o? and y. 

and Vo?(l -o?y) = y-o? (2),/ 

From (2), 07^ — 078y = y — o? ; 



+ 07 

1 +07« 

0? + 07 - 1-07* 
... l-^y=l -« _ ., 

1 + «27« 1 4- 0?« 

and l-y«:=l- '^ + g^ + ^ 

1 + 207« + 07^ 

1 - 07 ~ 07^ 4- 0^ (1 -•a7')(l +0?) 

(1 + Jy (1 + 07«)« 

Substituting in (l), a . = .r . — Z-^ y/7+lr ; 

1+07« 1+07« 

.-. a(l+07)«07 v^l+07; also l-o?«0, or 07=l (i), 

.'. 07=8«. vl~+^; also l+07 = 0, or 07e-l, 

.1?* = a* + 0*07, 

07*- a*07 + — = — \- d^; » 

4 4 

«* + a v^a* + 4 
•• ^ ^ (n). 

Also y=i (i)^ 
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and y^ .^ -. , \}^h 

V (a* + 1 + aVrf^f 4)*- 1 -2a 

by Substitution and reduction. 

Ex. 33. if^^uf.iay-hw), and a^^aw -by\ required a? 
and y. 

From first equation, — = ay - 6«», 
and by second equation, a^~aw-by; 

y ay — bof x 

* ' ijB^ ax ^by y' 

a — b- 

X 

Assume - = #, then 

X 

at — b 



f^ 



a-bt^ 
.'. a^-bf^at-b, 
or a*(^-l)-6(<*-l) = 0; 
/. a^(^ + /+l)-6(^ + ^ + /* + ^+l)-0; 

... < _ 1 = 0, (Art. 202.) 
or t-\ (!)• 

Also 6^+(6-o)^+(6-a)^+(&-«)^ + *-=^' 

«4-6 



■■•{-j)'-"-i^{'4)- 



1 a - 6 A /a - 6 * a + 
'tu 46« 6 

ö -6 ± \/a«+ 2a6 + 56* 



6 



26 



m, suppose. 
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Then ^-mf=-- 1, 



= - ± V 1 



ort^^^ V--1 (2). 

If from (1) ^ = 1, then j? = y = o — 6. 



„ m /m* b, , , 

2 4 %^ ' 

and y^t(ß^--\a (fw =*= y/n^- 4)}(m±^/m*- 4), 

where m^^- \a- h^\/a^+ 206 + 5bH. 



y— > ; required üb and y. 

y^Vo?« (a? + y)«.....,...(2)j 



Ex. 34. of^^ y^=^wy(a}'{-y) 
and 



From (1), dividing by o? + y, 

oj^-a^y + ^y^-offy^'hy*'= afy(a^ + 2wy + y') 

^a^y-^^a/^f-^wf; 
.-. ,v*-2jfiy " a^y^-2wf^-^y*=0; 

dividing by a^j^, 

of aß 2f/ f/* 

y y so ar 

aP" y^ 



y* a?* \y wl ' 



+ 1 = 4, 






.-. - + ^ = 1 ±2 = 3, or - 1 (3). 

y ^ 

Taking the first value and multiplying by -, 

y 



0' 



ÜB 

+ 1 =3.-, 

y 
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- -3.- + ---, 
\yl y 4 4 



(4). 



X 3 i \/5 

But from (2) a?y*« (a^ + y)', 

^ (5±\/5)^ 50±20\/5 50±10\/5 
4(3i\/5) 3i\/5 * 



'• y 



- V 2+ -y/s. 



./50±20\/5 5 / 22 y- 

and ar = V — ~- «= - V 10 ± — \/5. 

Ex. 35. (.;--Hi)y.(y«^i).^...(i)| j^^^^^j 

and (y*+l)a?-9(a^+l)y'...(2)J 

From (1) (a^ + -^j y = y* + 1 ; 

•••^■^i"=y+^ (^)- 

From (8) ^ "^ ^~ ^ [^ -*"^) ' 



or 



l(ya).,(«.i); 



...i(,.-),,.l...,(..l),. 

'^*^*'{'*l)-'{'*i)'' 
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And .-. .r« + i = (^ + ^)^s, by(S); 
dividing by /» + - , ^ + - = o, i. e. a?« = - i. which is irapoB- 



sible. 



Also fl?*-i + --«^. 



•'• ^ + - = \/v^i H- 3. 

Similarly a? = V'v^s - i • 

••• a? - - {-s/^i + 3 + V^8-l\, 
and s^+i= (^ + ^)'y/i 



= -s/s . \/y^s + 3 ; 

from which y - i I ^i . y^^T^ j, (^^;^ _, j ^ 



Ex. S6. y + 3\/y<v « +6a? - vy^V^o + 6af = 2a...(l) 
and Ii:lv5:^^2?=2a.^«-Tfc^. (,) 

required the values of iß and y, 

From (l) y — 8^(a + 6a?)J + Syi(a + Äd?)^-(a + 6a?)«a-6a?; 
.•. extracting the cube root, 

\/y — V « + 6a? = \/a — Äa? (8) ; 
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Substituting (3) and (4) in (2), 



2a ^^ 



.". (a - 


- bw)n'*'3 = 


1; 


• 


a-hx - 


1; 




• • cl7 SS 


a 



and y sa 2a 

Ex. 37. (2 + 4/ry-Sj;*)'^=2 -4a?»y*+Sa?* (l) 

27a;* 9^9 2a^y + 1 . . 

and 5«*+ = — - + — —^ — (2) 

•^ 32 2 a^ ^ ^ 

required w and y. 

From (1), 4 + l6a?y + l6a;*y2-12a;^-24a?^y+9^*=2-4af^y2+3.r* 

or 2 + l6a?y + 20a;*j^ - 12a;* - 24a7^y + 6^* = 

1 +8ary H- 10a;*y* - 6a7* - 12a7^y + 3a?*« 0; 

o o 20?'«/* , 2a?y I 
••. 0^- 4iary ^ ^x^f^^ — ^ + 2a?*-2a7y ; 

3 So 

^ • vo /o V 207*1^ 4a?y 2 
/. (a?*- 2a?y)*- 2 (o?*- 2a?y) + 1 = - + — ~ + - 

3 o S ' 

2 
= -(^!^+2a?y + 1); 

A a?*-2a?y - 1 = \/-.(^y+l) (3). 

^ 3 

Again, from (2) 

- 270?* 4a?y + 2 



•■» 
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xlvii 



lo " 3 SS 



or 



/3^V 



4 ^ 3 3 S' 



IT 

Sa^ 



-^wy 



-^/? 



(a^y + 1) (4); 



- 2wy = ar-2wy - 1; 
.-. 30^ «4^7^-4, 



.•. 0? = 2, 
And substituting in (4), 

3-4y=(2y + l)/v/?; 

3 

2y = — = 2 - - \/ _ ; 



2 



+ v^ 



3 



••• ff-i-jVe. 



Ex. 38. ^^^Zl_ s^Jl,„^,) 

ar+ Sy^-2wy^ y 



and 3<i?^ + 42a?y + l6y* = 4\/^ (5a? 4- lly) ..,(2) 

From (2), 3^- 20j?'y^ + 42a?y - 44a?iyä+ l6y*= 0, 



; required 
w and y. 



dividing by a?y, 3 20 V 


^ - + 42 - 44 ^ 

y 


Let - « ^, then 




3^-20^ + 42 


44 16 
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.-. S^- 20/^+42/» -44/+ 16« 0, 

.-. (3t-2)fi''(3t"2)6f+ (S/-2) 10/ -(S/- 2)8-0, 

or (3/-2) (fi-6^+ 10/^8)-= 0; 

.-. 8/ -2 = 0, or /'-6/*H-10/-8«0, 

i.e. (/-4).(/*-2/ + 2) « 0, 

2 
.-. / = -; or/-4«0, ror /"-2/4-2-0, 

^ 1. 

i.e. / « 4. U.e. (/ - 1)' K — 1, which is impossible. 

Therefore, taking the first value of /, and substituting 
in (1) 

— 0?*- 1 
8 

-=8. 



248 ., 27 






--^ 



l6 4 



« . .. » 2*^ ^ 729 . 

2 8 



9 

Extracting the cube root, %w oA^-X. 

2 

9 t 81 49 
.*. m — 00^-^ — ^ —^ 
4 04 o4 

a?*«» -«2, or-, 

8 .4 

.-. ,1? = 4, or -- , 

9 9 I 

andy--^=9, or-.J 

Taking the second value of /, other values of x and y re- 
main to be determined. 



\ 
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Obs. In algebraical analysis it is frequently useful to 
observe whether the algebraical expressions under consideration 
are homogeneous or not, tbat is, whether the ^dimensions^ of 
every term be the same or not; for, if this honiogeneity be 
found at first, no legitimate Operation can destroy it; or, if 
it be not found at first, it cännot be introduced ; and thus an 
easy test is aifbrded, to a certain extent, of the accuracy of each 
ftucceeding step in the analysis. 

For example, if the equation 

be proposed for Solution, in which every term is of three dimen- 
sions, that is, which is homogeneous, every step of the Solution 
will present an homogeneous equation, if it be correct. 

As a simple case it may be well to observe that, if the pro- 
posed equation be homogeneous, the final result must be so. 
A proper attention to this Observation will frequently detect 
an error in the process of Solution. 



PROBLEMS. 

In reducing a Problem to an Equation, the course to 
be pursued is sta:ted in Art. 194 ; but much depends here, as 
in the Solution of equations, upon a practical acquaintance 
with particular artifices, by which the most convenient un- 
known quantities are assumed, and the problem most easily 
translated into algebraical language. 

The general question always is, having certain known 
quantities, represented by given symbols, and one or more 
other unknown quantities, represented by one or more of the 
letters or, y, x^ &c., to connect the known and unknown Sym- 
bols together by the coiiditions of the problem, so as to pro- 
duce as many independent equations as there are unknown 
quantities. 
♦4 
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There is also one general property of a large class of such 
Problems, viz.^ that the increase or decrease, the selling or 
buyingy &c., is after a uniform rate, Thus, if A is said to 
perform a piece of work in a days, he is supposed to work 
equally every day. If A is said to travel p miles in q days, he 
is supposed to travel one uniform distance each day. And so 
on, unless the contrary be expressed. So that the foUowing 
Rule is of constant application, seeing that uniform increase 
or decrease of every sort may be represented by uniform 
motion : — 

If V represent the space described, by a body moving tmi- 
formly^ in 1 unit of time, (whether it be 1 secohd, 1 hour, or 
any other known unit), and 8 the space described by the same 
body in t such units of time, then s s tv. 

8 8 

Also V «= , and / = - ; both of which forms are frequently 

required. 

Thus, if A travels p miles in q days, then the distance 

, V „ , . j whole distance {s) p . , 

(r) travelled m 1 day = \ -z—. 7^ = — ; and the num- 

number of days (t) q 

, - - whole distance 

ber of days = -^, :; — . 

•^ distance per day 

Prob. 1. In the year 1830 A''s age was 50 and £'s 35. 
Required the year in which A is twice as old as B. 

Let 1830 ± a? be the year required. 

Then 50 ± o? = 2 (35 ± a?), 

or 50 ± 07 = 70 ±2^7; 

.-. Js^ s= ^20; 

.-. the year required is 1810. 

Prob. 2. In what proportions must substances of ^^ specific 
gravities'** a and b be mixed, so that the "specific gravity'^ of 
the mixture may be c ? 

Def. By the " specific gravity "^ of a body is meant the 
number of times which its weight is of the weight of an equal 
bulk of water. 

To 1 cubic foot of the first substance let x cubic feet of the 
second be added. 
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Then, 

since 1 cubic foot of the first weighs a cubic feet of water, 

and X feet second hw 

-•. the whole 1 4- o? cubic feet pf mixture weighs a + hw cubic 
feet of water. 

But since c is the specific gravity of the mixture, the 
weight of 1 + 0? cubic feet is c (l + a) cubic feet of water, 

n — c 



,\ X 



c-fe' 



that is, for every cubic foot of the substance whose specific 

gravity is a there must be cubic feet of the substance 

— 6 

whose specific gravity is 6. 

Pbob. 3. From a vessel of wine containing a gallons h 
gaUons are drawn off» and the vessel is fiUed up with water. 
Find the quantity of wine remaining in the vessel, when this 
has been repeated n times. 

Let ^1, x^^ ^33 ...^n ^6 the number of gallons of wine re^ 
maining in the Vessel after 1, 2, 3,...» drawings off respec* 
tively. 

(1) Then <»,= a - 6. 

(2) a?g =» a - 6 — quantity of wine in h gallons of first 
mixture. 

Now, a gallons contain a — 6 of wine ; 

a — b 
.*. 1 gallon contains 



and b gallons contain h. 



a 

a — b 
a 



a — b 

.*. cPj Ä Ä — o — 6 . 

a 

a 

*4 — 2 
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(S) ^8 ■■ quantity of wine in b gallons of second 



niixture. 



But a gallona oontam ^ of winc ; 

a 

.•. 1 gallon contains ^-^ 



a" 



and 6 irallons contain 6. 



(a-bf b^ia-^by 

• <M ^_ _ 



a a'' 



(a-6) 



3 



a« 



And so on, for each succeeding mixture ; so tfaat» generally, 

(a - 6)« 



X 






Prob. 4. If A and jff together can perform a piece of 
work in a days, A and C together the same in b days, and B 
and C together in c days; find the time in whieh each can 
perform the work separately. 

Lct fü represcnt the work, 

and Wy yj «^ the times in which A^ B^ C« can separately do it : 



w 



Then — = A"^ daily work + B\ daily work (l), 



+ Cs (2)» 



+ C's (S); 



- CTs (4); 

and adding (S) and (4) -^ -f -*> « 9.jB's daily work, 

a c b 

w 

«2.-; 

y 





w 
b 


« 


^'8... 




w 


J^ 


iTs 




c 






w 

• • 

a 




- 


-»'s 
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Kji 



• y 



Similarly, x 



and % » 



iabc 




a6 + 6e - 


ac 


^ahc 




ac + bc ^ 


ab 


2abc 





ab +ac " bc 



To shew that the denominators of these fractions ate neces- 
sarily positive : 

By the Prob. B alone could not perform w in a days, 

.*. i3 alone , —in 1 day. 

a -^ 

C alone w in b days, 



.'• C alone 



w 

- in 1 day, 



.*. B and C together _ + _ in i day, 

ab 

— + — ) in ^? days. 
But B and C togetber can perform w in o daya ; 

Or ; — - > 1, 

ab 
andl .'. ac + 6c> ab, 
Similarly it may be shewn, that 

ab ^bo aoj 
and ab -^ ac> bc. 
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Prob. 5. The fore-wheel of a coach makes 6 revolutions 
more than the hind-wheel in going 120 yards ; but if the cir- 
cumference of each wheel be increased 1 yard, the fore-wheel 
will make only 4 revolutions more than the hind-wheel in the 
same distance. Required the circumference of each wheel. 

Let jOD s circumf. of the hind-wheel, in yards ; 

y= fore-wheel 

then 1?? - number of revolutions by fomer in 120 yard. 

X 

120 

— as latter 



120 ^ 120 

.-. + 6 = , 

OB y 

or 20a?-20y = a7y (1). 

120 120 
Again, + 4 = , on the 2nd supposition^ 

j7 + 1 y + 1 

or 30 (y + 1) + (a? + l) (y + 1) = SO (ar + 1); 

.•. 29af-Sly «fl?y + 1 (2). 

Subtr. (1) from (2), 9^^ - Hy « 1, 

.-. 9^ = lly + l (3). 

But from (1) 20 x 9ar - 20 x 9y =« Qwy^ 

.-. 20 (lly + 1) - 180y = lly»+ y, 
or lly* - 39y « 20, 



. S9 39 

^ 11^ 22 



1521 20 

+ — 



(22)" 11 
2401 



(22)« ' 

39 ±49 5 

^ 2« ' 11 ' 

j Ily+l 5 
and a « «5, or : 

9 9 

.'. the circumf. of the wheels are 4 and 5 yards respectively. 
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Pbob. 6. Two labourers A and jB, whose rates of working 
are as S to 5, were employed to dig a ditch ; A worked 12 liours 
and jB 10 hours a day : B being called away, A worked one 
day alone in order to complete the work : when they were 
paid, B received as many pence more than A as the number 
of days they worked together. Now, had B been called away 
a day sooner, A would have received Ss. \\d. more than B at 
the conclusion of the work. Required their respective daily 
wages, on supposition that the payment to each was in pro- 
portion to the work performed. 

Let m be the number of days they worked together ; 
Sw^ and bw the work per hour of A and B respectively ; 

.-. S6w = -4's daily work, 

bOWrrz B\ 

let then S6y = ^'s daily wages, in pence, 

50y = S's 

and we have 

50y X iT — S6y (o? + 1) =: ^p, 

or 14try — 36y — a? (l). 

Again, on the second supposition, A and B work w —1 days 
together, 

.'. the work done in that time « 86«; (^ — 1), 

but the whole work « S6wx -\- S6w\ 
.-. work left to be done by -4 = 122w ; 

.'. A works <r — 1 h — - — days, 

7 , 
or w + 2 + — days : 
18 -^ 

Hence ( a? + 2 + — j 36y - (o? - 1) 50y = 47, 

or ISßy - 14a?y = 47 (2). 

S6y 

From (1) .V « ^— ; 

^ ^ 14y - 1 
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14 K 36«* 

14 X lS6y* - is6y - 14 x 36y» = 47 x 14y - 47, 
1400y« - 794y = - 47, 

. 794^ 397]'^ 91809 

^ "" 1400 * "*" 14ÖÖ "(1400)«' 
S97 * SOS 1 47 

^ 1400 2 700 

.'. A'*s daily wages » S6 x ^ s isd. « is, 6d. 
and S*s s 50 x -j^ » 25d. » 2«. id. 

Pbob. 7. A and B travelled on the same road and at the 
same rate to London. At the 50^^ mile-stone from London J 
overtook a flock of geese, which travelled at the rate of S miles 
in 2 hours; and 2 hours afterwards he met a stage-waggon 
which travelled at the rate of 9 miles in 4 hours. B overtook 
the flock of geese at the 45^^ tnile-stone from London, and met 
the stage-waggon 40 minutes before he came to the Sl'^ mile- 
stone. Where was B when A reached London ? 

Since A and B travel in the same direction on the same 
road and at the same rate, the distance between them is always 
the same. 

Let a s the nuiriber of miles per hour of A^s and S^s 
travelling. 

Then, since the places at which A and B overtake the 
geese are 5 miles apart, which the geese travel over in 5-f-- 

z 

10 
or — hours; therefore in that time A has moved forward 
3 

lOof ._ 
miles ; 



S 

lOdf 



— 5 » distance in miles between A and ß (l). 



S 

j 



Again, A met the Waggon 50 - 2df miles from London, 

• 2üff 



« + - 
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.'. di8tance the waggon travelled between the meetings is 

19 miles ; and the time elapsed between A and B meeting 

S 

the Waggon 

During this time Ä has moved forward 

4 (Süß \ .- 

- — ^\9\ w miles ; 

therefore distance between A and B 

"T""*^"^"9" vT ^^J ^^^' 

equating (1) and (2), 



Sx 4.r fSw \ 

19 + — 19 

8 9 \S J 



3 



-5, 



4a? /8a7 \ 2a? 

— 19 =» — + 14, 

9 \S IS 

l6ar^- I026=9i»+ 189; 

.-. I6a;'-9a?«i215. 

/9\* 81 77841 

.M6a.«-9. + (-)«-+1215--^; 

9 279 

/. 4a7 s=s ; 

8 8 

288 

4a? « = S6 ; 

8 

.-. ^ = 9* 

and — 5 «s 25, the required distance in miles of B from 

London. 

Prob. 8. Fine gold chains are manufactured at Venice, 
and are sold at so much per braccio, a braccio being a measure 
containing about two feet English. When there are 90 links 
in an inch, the value of the workmanship of a braccio is equal 
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to the whole value of a braccio wben there are but 50 links in 
an inch ; and the wbole value of the braccio in the former case 
is equa] to three-times the difierence between the cost of the 
material and workmanship of a braccio in the latter, together 
with 4| francs. Supposing that the workmanship in each brac- 
cio varies as the number of links in an inch, and the weight 
of metal varies inversely as the square of that number, find the 
values of the material and workmanship in a braccio of each of 
the chains. 

f the value of the sqld in a braccio SO links to an 
Let - ' ^ 



{the value 
inch, i] 



in francs, 
y <= the value of the workmanship, 



11 /v ( the value of gold in a braccio 90 

Then — - : — - = ^p : - / . 

30^ 90* 9 1 links to an inch, 

and SO : 90^2^: 3y the value of the workmanship; 

.*. ^ + y=Sy, or ar = 2y (l) 

a 
and - + 3y = S(w - y) + 4j ; 

\^ 

.'. a H- 27y = 27a? - 27y + 40 
54y = 26a? + 40, 
27y = ISzp + 20, 
= 26y -I- 20 ; 
.-. ^ s 20 francs, workmanship of SO link-chain per braccio, 
a? = 40 gold 

.*. - = 4^ francs, gold in the other chain, per braccio, 

3y SS 60 workmanship 



Prob. 9. A pack of np cards is dealt regularly round to 
p persons with their faces uppermost, everj card dealt to each 
person being placed upon that previously dealt to him ; the 
hands are then taken up, turned so as to have their backs 
uppermost, and placed upon one another; that band which 
cöntains a particular card {A) being always placed below r 
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other hands. The cards are then dealt again, the hands taken 

up, turned, and placed upon one another as before; and so 

on : — Shew that, if m and q be the whole numbers next greater 

]og2np , rnp , , , 

than ~ and respectively, the card J will, at the 

log p p — l 

end of the m^ and every succeeding Operation, occupy the q^^ 
place, or be restricted to the q^^ and q-l^^ places from the 
top, according as rn is indivisible or divisible by |>-1. (Senate- 
House Prob. 1839. hy Mr. Gaskin.) 

Let the Ist Operation be performed, and let a be the num- 
ber of Cards whicK stand before A in its own band ; then a < n^ 
and 

rn + a = N® of cardsbefore A in the pack, 

whole N** nextl rn^ta ^i own band, 

less than . . . j p ~ | after 2d Operation, 

rn\ ^^ + ^ _( the pack, 

' ** p \ after 2d Operation, 

own band, 

after 3d Operation, 



rn rn + a (, 

rn rn + a j the pack, 

p |>* " 1 after 3d Operation, 

&c. = &c. 

.-. whole number next less than 



rn rn rn + a 



p p^ P 

that is, the whole number next less than 

rn p^ — 1 a 

,- _L 

l)«-! p _ 1 pm-1 ' 

rnp a rn 

or ' — ^~ + 



5 



P - 1 p«-^. P'^'^ip-l) 

= number of cards before A in the pack, after the w*^ Operation. 

Hence, if ^ be the whole number next greater than — — 

p^l 

rn 

it is evident, when is not an integer, that the card A will 

p - 1 ^ 
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be restricted to the q^^ place, provided -— -, -— r-; r is a 

fraction so small that it cannot tnake a diilerence of 1 in the 
value of 

rnp a rn , ^ 

+ z^. - zTTirr—:^ 0). 



Now a < n, 

a np 
< 



pm-l pm 

flp 1 O 1 

If therefore -^ & or < - , < ^ , 

p" 2 p""* 2 

and is a small fraction, 

for, since r < p, ^ , ^ < - ) 

V ^ p"-'(p-l) 27 

and .'. r — cannot make a difference of 1 in 

the above expression (l). 

^ " i' ^^ P -2^P, P^es 

log2np 
logp 

Hence at the m^^ and every succeeding Operation the card A 
is restricted to the q^ place from the top. 

If be an integer, that is, r» be divisible by p - If 

then it is evident that the number of cards before A may be 
either q-1 or g- 2 ; and therefore A must be restricted to the 
q^ or g- 1*^ place. 
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MISCELLANEOUS ARTICLES. 

I. To prove the RtUea for MuUiplication and Division 
of Decimal Fractions. 

p 

By the De6nition of a Decimal Fraction (Art. 39,) — ^ is 

equivalent to a Decimal having m decimal places, and P being 
the number which the decimal represents excluding the decimal 

. . Q 

point; similarly — represents a decimal which has n decimal 

places. 

P Q PQ 
Now — X «— — = a decimal fraction formed by 

10* 10" 10"+" '^ 



multiplying P into Q and then marking oiF m -^ n decimal 
places : — which proves the rule for multiplication. 

P Q 

Asain, — - -= < 

^ 10* 10" 



p 


1 






Q^ 10"*-"' 


if m 


>n 


P 




if «n 


an 


P 


lo^-"», 


H m<n. 



Hence the rule for dirision is^ Divide P bj Q^ as in whole 
numbers ; and then 

If. m > n, or the number of decimal places in the dividend 

> the number in the divisor, mark oß m -n decimal places in 
the quotient. 

If n» » n, the quotient is an integer. 

If m < n, affix n —m ciphers to the right of the quotient. 

II. Recurring Decimala. In. Art. 44 it is stated that^ 
wben a vulgär fraction is incapable of being represented ac- 
curately by a decimal, the same figure or figures will recur 
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in the same order in the decimal. This is easily shewn by a 

particular instance ; and it may thence be seen to be true in all 

cases. Thus, suppose it is required to find the decimal equiva- 

4 
lent to — . The required decimal is found by dividing 4*00000 

&c. by 27 ; and if the quotient does not terminate, after eacb 
division there will be a remainder less than 27. Therefore, 
ander the most unfavourable circumstances, at least after the 
quotient has reached to 26 figures, one of the remainders 1, 2, 
3f &C....26 rmiat recur; and consequently after that the figures 
in the quotient will recur. In the case proposed the remainder 
for one figure in the quotient is 18 ; for two figures, 22; for 
three figures, 4; which is a recurrence of the original figure : 
consequently the decimal is 0*148148, &c, the figures 148 being 
' repeated in infinitum, Similarly also in other cases. 

III. MulHplication of Small Errars. In the multipli- 
cation of decimals some caution is requisite in taking the 
product as correct to a certain number of places of decimals, 
when either the multiplicand or multiplier is only approxi* 
mately correct. Thus, if 3*12 express a certain length in 
inches, and is known to be correct within the thousandth part 

of an inch, the true length may be any thing between 3*12h 

and 3*12 , that is, between 3*121 and 3*119; and if the 

1000 

proposed number is to be multiplied by 10, the product is 31*2 ; 

whereas it may be any thing between 31*21 and 31*19, and 

therefore may not be correct even to one decimal place. 

« 

IV. Required to convert into a single decimal having 
five decimal places the following series : 



2 



|i 1 1 £111 1 



1 

- - 0-1428571 

7 

1 _ 0*1428571 

r " 7 



= 0-0204081 
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1 


= 0-0029154 


1 


= 0-0004164 


1 

7^^ 


= 0-0000594 


1 


= 0-0000084 


1 

r'' 


= 0-0000012. 



1X111 



Since 5 decimal places only are required, it is not necessary 
to add any more terms of the series. Therefore we have 









1 
7^ 


0-1428571 






1 

i 


1 


: 0-0009718 






1 

5 


1 


= 0-0000118 






1 1 

7 ' ?' 
Sum = 


= 0-0000001 




= 0-1438408 










2 




0-2876816; 


.'. the 


required 


decimal 


is 0-28768. 



INEQUALITIES. 

V. Any quantity may he added to^ or suhtracted from^ euch 
of the two members of an inequality, and the sign of inequaU 
ity remain as before. 

Thus, if a >b^a^w>b^üß\ for if a > 6, it is evident 
that a + x > b -^ w. Similarly, if a < 6, a -f ^ < ö + ^^ 

Again, if a > 6, it is evident that a — x > b — j;, as long äs 
X is not greater than a ov b, If a? > 6, but not greater than a, 
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then it is evident that a - ^ > 6 - «v, for a positive quantity 
must be greater than a negative one. If ^r > a and > 6, then 
both members a - x^ and b - w are negative ; but a is nearer 
to X than 6 is to a?, therefore a ^ w <h ^ w independently of 
the signs ; and of two negative quantities that is the greater, 
which is the smaller when the signs are omitted; therefore, 
in this case also, a — «r > 6 — a?. 

Similarly, if a < 6, in all cases a — w < b — w. 

Cor. Hence any quantity may be transposed (as in equa- 
tions) from one side of an inequality to the other by cbanging 
its sign. Thus, if 

we have a* + 6* - 2a6 > 2ab — 2ab + c* 
or (a - 6)* > c^. 

VI. If a > 6, and c > d^ and « >/, &c., then it is evident 
that 

a + c -k- e + &c. > 6 + d + / + &c. ; 

But if a > 6, and c > d, it does not always foUow that 
a — c > 6 — d, for a may be more nearly equal to c, than b is 
to d. Tlius, 9> 69 and 7 > 2, but 9 — 7, or 2, is not greater 
than 6 - 2, or 4. 

VII. The members of an inequality may be mulüplied or 
divided by any positive quantity ^ and the sign of inequality 
remain as before. 

Thus, if a > 6, 2a > 26, 6a > 66, &c. ; or if - a > - 6 
— Qa > —Qbi — 6a > — 66 ; &c. as is sufiiciently manifest. 

CoE. Hence an inequality may be cleared of fractions by 
multiplying both members by the product of the denominators 
of all the fractions it contains ; or by the least common mul- 
tiple of them all. 

Ex. IfT5 + -i>- + T5 multiplying by «'6', 
6* a* a 6 ^ ^ ^ ^ 

we have a* + 6^ > a6* + a'6. 

But, if the members of an inequality be multipHed or 
divided by a negative quantity» the sign of inequality is re- 
versed, that is» > is changed into <, or < into >. 
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Thus, for example, 6 > 4, but 6x *Sor *-l2<4x*-2 

^,6 4 

or - 8. Also — or - S < — or - 2. 

-2 -2 

Hence, if we multiply or divide the terms of an inequality 
by any algebraical quantity, it will be requisite to knovr 
whether the quantity is positive or negative. 

Also, if the signs of all the terms of an inequality be changed, 
the sign of inequality is reversed, for this is equivalent to mul- 
tiplying each member by - 1. 

VIII. TTte membera of an ineqiiaUty may he raised to 
any power or any root of them ewtracted, and the sign of 
inequality remain as before^ provided that each member ia a 
positive quantity. 

Thus, 7 > 5 and 7^ or 49 > 5* or 25, 7* or 343 > 5' or 125, 
&c. 

If either of the members be negative, then no general 
conclusion can be stated as to the resulting inequality. For 
- 3 < 4, and (- 3)® or 9 < 4* or l6. Also - 2 > - 3 ; but 
(-2)* or 4<(-3)^ or 9. 

Similarly 16 < 25, and y/Tö or 4 < \/25 or 5. But if 
either or both the members be negative, no conclusion can be 
drawn as to their Square roots. 

Hence if the members of an algebraical inequality be raised 
to any power, or any root of them be extracted, we must first 
know whether the members of the proposed inequality are 
positive or negative: otherwige the conclusion may not b« 
eorrect in all eases. 

Ex. 1. Shew that a* + 6* + c* > a5 + ac -f bcj unless 
a = 6 s c. 

Since every quantity, when squared, is positive, and there- 
fore greater than 0, we have 

(a *- by > 0, unkm 4X »« 6, 
or a*- 2a6 + 6* > 0, 

or «^ + i^ > 2fl6, (Art. r.) 

Similarly, ä* + 0* > 2ac, unless a « c, 
and 6* + c* > 26c, unless b ^c. 

«5 
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.% by addition 2a' H- 26* + Sc* > 2 ab + Qae + «6c. (Art. vi.) 
or a* + 6* + c* > «6 + oc + fec. (Art. vji.) 

Ex. 2* Shew Jhat a^ + f^> x^y + y*^. 

Here a7*+ y*>a?*y + y*j7, 
if dr^+y*>j?y(a''+y'), 
or dividing by a? + y, (Art. vii.) 

if /r* — 47^y + ^'y*- 5?^*+ ^> ^y (^ — ory + y') 

> o^'y + ary' - OT'y*, 
or if J7*4- 2a^y'+y*>2a;'y + «ayy*, (Art. v.) 
(^*+y*)' >2a?y(a;*+y*), 

jT'+y* >2/py, (Art. VII.) • 

j7*-2a7y + y' >0, (Art, v.) 

(^-y)* >0. 

Now since every quantity, when squared, is positive, {w—yY 
must be greater than 0, therefore 

ai^ + f^> w^y + y*w, unless a? =■ y. 

APPLICATION OF ALGEBRA TO GEOMETRY. 

IX. The signs made use of in algebraical calculations 
being general, the conclusions obtained by their assistance may^ 
with great ease and convenience, be transferred from abstract 
magnitudes to every class of particular quantities; thus, the 
relations of lines, surfaces, or solids, may generally be deduced 
from the principles of Algebra, and many properties of these 
quantities discovered, which could not have been derived from 
principles purely geometrical. 

X. Simple algebraical quantities may be represented 
by lines. 

Any line, AB^ may be taken at pleasure to represent one 
quantity a ; but if we have a second quantity, 6, to represent, 
we must take a line which has to the former line the same 
ratio that b has to a. 
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Instead of saying AB represents a, we may say AB s a, 
supposing AB to contain as many linear units as a contains 

numeral ones. 

• 

XI. When a series of aigebraical quantities is to be 
represented on one line, and euch of them measured from 
the same point^ the positive quantities being represented by 
linea taken in one direction, the negative quantities must 
be represented by lines taken in the opposite directum. 

Let a be the greatest of these quantities, then a — <r may, 
by the Variation of w^ become equal to each of them in suc- 
cession. Let AB be the given line, and A the point from 
which the quantities are to be measured ; take AB » a ; and 
since a — o? must be measured from A^ BD 

t A D B 



must be taken in the contrary direction «= o?, then AD ^a —w; 
and that a — ^ may successively coincide with each quantity in 
the series, beginning with the greatest positive quantity, w 
must increase; therefore BDy which is equal to ^r, must in- 
crease ; and when w is greater than o, BD is greater than ABy 
and AD\ which represents the negative quantity a — w^ lies in 
the opposite direction from A. 

XII. CoB. 1. If the aigebraical value of a line be found 
to be negative, the line must be measured in a direction opposite 
to that which, in the investigation, we supposed to be positive. 

XIII. Cor. 2. If quantities be measured upon a line 
from its intersection with another, the positive quantities being 
taken in one direction, the negative quantities must be taken 
in the other. 

XIV. If a fourth proportional to lines representing p, 

qr 
g, r be taken, it will represent ~ ; and if p = 1, it will repre- 

sent ^r ; if also, q and r be equal, it will represent (f. 

XV. If a mean proportional between lines representing a 
and 6 be taken, it will represent \/aby which, when a = 1, be- 

♦5 — 2 



Ixviii 
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comes y/h, Hence it appears that any possible algebraical 
quantities may be represented by lines ; and conversely, lines 
may be expressed algebraically ; and if the relations of the 
algebraical quantities be known, the relations of the lines 
are known. 

XVI. The area included withm a rectangular parallel- 
ogram may be measured hy the product of the two numbers 
which measure two adjacent sidea. 

Let the sides AB, AC of the rectangular parallelogram AD 
be measured by the lineal quantities a, by respectively ; then 
etxb will express the number of superficial units in the area, 
that is, the number of Squares it contains, each of which is 
described upon a lineal unit. For instance, if the lineal unit 
be a foot, of which AB contains a, and AC contains 6, the 
parallelogram A D contains a x 6 Square feet. 

B 



■ ■ ■ ' I 



For, Ist, if AB, AC be divided into lineal units, and 
straight lines be drawn through the points of division parallel 
to the sides, the whole figure is made up of Squares, which are 
equal to each other, and to the square upon the lineal unit ; 
and the number of them is evidently a taken b times, or a x 6. 

2ndly. If AB and AC do not contain the lineal unit an 
exact number of times, that is, if a and 6 be fractional, let 



a^ a -i — , and b = Q + — 
m n 



Then take another lineal unit 



which is — th part of the former; and by what has been shewn 



w,n 



the Square described upon the larger unit contains mn^mn of 
that described upon the smaller. Again, the sides AB^ AC 
contain mna + n, mnß + m lineal units of the smaller kind 
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respectively, and therefore, by the first case, the whole figure 
Gontains {mna -f n) {mnß + m) Square units, of the smaller 
kind ; that is, the area 



m^n^ 



<a + — ?</3h — Jof the smaller units. 



« f a + — ] I /3 -f - ) of the larger units, 

^ ab, as before. 

Sdly^ If the sides AB, AC be incommensurdble with the 
lineal unit, a iinit may be found which is commensurable with 
certain lines that approach ds near as we' please to AB, and 
AC, and therefore the product of such lines will represent the 
area of a rectangle differing from the rectangle AD by a quan- 
tity less than any that can be assigned, that is, we may, in 
this case also, without error express AD by AB xAC. (See 
Art. 248.) 

XVII. Cor. 1. Since, hj Euclid, Book i. Prop. 35, the 
area of an oblique^angled parallelogram is equal to that of the 
rectangular parallelogram upon the same base and between the 
same parallels, therefore 

area of any parallelogram « base x altitude. 

XVIII. Cor. 2. Also, since by Euclid, Book i. Prop. 
41, the area of a triangle is half that of the parallelogram upon 
the same base and between the same parallels, therefore 

area of any triangle = - x base x altitude. 

XIX. Cor. 3. Since any rectilineal figure may be di- 
vided into triangles, its area may be found by taking the sum 
of all the triangles. 

XX. The solid content or volume included within a 
rectangular parallelopiped may be measured by the product 
of the three numbers which measure its length, breadth, 
and height. 

Let the base of the parallelopiped be divided into its com- 
ponent Squares, as in the preceding Proposition, and through 
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eacb of the parallels suppose planes drawn at right^angles to 
the base ; and let the same thing be done with one of tbe faces 
adjacent to the base. Then it is evident that the whole figure 
is divided into a certain number of equal cubes, each cube 
having for its face one of the Squares described upon the lineal 
Unit ; (that is, if the lineal unit be a foot, each of these cubes 
will have its length, breadth, and height equal to a foot, and 
is called a cubic foot). Now the ntimber of these cubes is 
manifestly equal to the number of Squares in the base taken as 
many times as there are lineal units in the height; therefore 

content or volume » base x height 

es length X breadth x height. 

CoE. Any three of these quantities being given, the fourth 
may be found. Thus, if C be the content, / the length, b tbe 
breadth, and h the height, we have 

c c c 

^^hk' ^^rr ^^Tr 

MAXIMA AND MINIMA. (From BmrdmC» Alg.) 

XXI. There is a class of problems which require for their 
Solution to determine the greatest or smallest values which an 
algebraical expression will admit of by the Variation of some 
quantity or quantities contained in it. These problems are 
called Maxima and Minima Problems. Thus, 

Prob. 1. Acquired to divide a given number 2 a into two 
such parts that the product of the two parts may be the great- 
est possible. 

Let a + ^r be one part, 

and .•. a — a? is the other. 
The product is a' — €f. 
Let y be tbe greatest value required, 

then y ^cf -^ o?*, 
and a? = ± va^ — y. 

Now, th^t X may have a real value, y cannot be greater 
than a*, but may be equal to «*, which is therefore its greatest 
value. Hence, in that case, a? = 0, and the two parts of 2 a 
required are equal to each other. 
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Prob. 2. Required the minimum of -r- — — — ^ vhen a > 6. 
o»«» - (o» -V)yai''- b*, 

I 
8 LS 

Now, that ^p may have a real value, (a*— 6*)*^* must not be 

less than 4 a* 6% but it may be equal to it. or ^ « — — rr, which 

is tberefore its minimum^ or least value. 

TT 1 • xi.- d^-V Qab b 
Hence also in this case, w = -— . — = — . 

2a* a*-6* a 

XXII. If the quantity under the radical sign remains 
positive whatever value be given to y, then the proposed 
quantity will admit of neither a maanmtcm nor a minimum. 

4bi7* + 4/r "^ 3 

Ex. Required to determine whether -— admits 

^ 6(2d?+l) 

of either a maanmum or a minimum. 

4/r* + 4^p— 3 , 

Let ---rz ;— = y> then 

6(2a?+l) ^' 

'4d?* - 4(3y - 1) ^ = 6y + 5, 
and 0? = -^^ ±^v9y*+4. 

Now, whatever value may be given to y^ the quantity 
under the root will be always positive ; therefore the proposed 
expression does not admit of any maanmum or minimum. 

XXIII. If the quantity under the root be of the form 
i»y* + ny + p, then by solving the equation wy*+ ny + p « 0, 
,we can find the greatest or least value of y which will permiL ' 
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Vmy^TnjT+p to be real, and therefore the required mawi- 
mum or minimum. 

Ex. 1. Let a and 6 be two numbers of wbich a>b, re- 
quired the greatest value of 



(a + Ä) , 2ab 
Ans. Maanmum = -— ; and w = 

(a + af)(b + ai) 



Ex. 2. Required the smallest value of 



a? 



Ans. Minimum (va + v^)*; and x-^/ab, 

SINGLE AND DOUBLE POSITION. 

XXIV. The Arithmetical Rules called " Single Position," 
and '< Double Position,^^ may be thua investigated. 

(l) The Rule of 'Single Position' is applied to Ihose 
cases only, in which the required quantity is some multiple, 
part, or parts, of some other gwen quantity ; that is, if w 
represeiit the required value, a and b known quantities, the 
cases for < Single Position' are such as produce an equation of 
the form 

aoß « b. 

Thus, if it be required to find such a value x that a x o? » 6, 
suppose 8 to be the value, and iostead of 6, we find a x « k fr', 
then we have , 

ax b 

6 

which points out the Rule : — ^namely, Stippose some value (s) 
to be the <me Bought, and having operated upon it as the 
question directs, let the result (b') be noted. Then the true 
value is equal to the true result (b) divided by the false ane 
(b') and multiplied by the supposed value (s). 

Ex. Find the number whidi being added to the half and 
fourth of itself yrill produce 14. 
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Suppose 12 the number, tben 

12 + ^ of 12 + J of 12 is 21 ; 

14 
.-. number required = — x 12 = 8. 

^ 21 

(2) The rule for * Double Position ^ is applied to those 
cases in which the required quantity is not a multiple, part, or 
parts, of a given quantity, but fumishes an equation of the 
form 

a/v + 6 = cäf H- d. 

By transposition this equation becomes 

(a - c) 07 + 6 - d «= (1). 

Now suppose 8 to be the value of w^ which by Substitution 
does not satisfy the equation, but gives 

(o-c)« + 6-d = € (2), 

then subtracting (1) from (2), 

(o - c) (* — or) = e. 

Again, suppose 8 to be the value of o?, which by Sub- 
stitution and subtraction, as before, gives 

(a - c) («' - j?) = e. 

(a - c) (« — 0?) e 



Then 



(a " c) («'— w) e 
8 " iV e 



't > 



or -7 = -> , 

« — a? e 

or €8 - ex = €8 - ex^ 

€8 — e 8 



which proves the common rule, namely, Make ttvo 8uppo8iiion8 
(s and s)for the required quantity ; treat each of them in the 
manner pointed out by the que8tion ; and note the error8 (e and 
e') ; then the required quantity will befound by dividing the 
difference ofthe produ>ct8 es', e's 6y the difference ofthe errors 
e, e'. 

Ex. What number is that which, upon being increased 
by 10, becomes three times as great as it was before? 
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Ist. Suppose the number to be 20, («) 

then 20 -f 1 - 30, 

but 3 X 20 8 6o, .-. e e - 50. 
2dlj. , Suppose the number to be (30), (s') 

then 30 + 10 » 40, 

but 3x30^90, .•. e = -50. 

- 30 X 30 + 50 X 20 



Hence the true number 



-30+50 
50-45 
5. 



GENERAL PROPERTIES OF THE QÜADRATIC EQÜATION. 

XXV. Sinee every quadratic equation may be reduced 
to the form w^ + pw + g <= 0, in which p and q may be positive 
or negative, we assume this as the general equation including 
every other. 

Then, since a^ -¥ pw'^ - g, 

ar^px + -'^ — - — , 

4 4 

P 1 /-^ 

2 2 '^ ^ 

and d? = - - ± _ -x/«*— 4a, 
2 2 ^ ^ 

vhich are the only two values of w that will satisfy the equa>- 
tion. 

Now, from this result, it follows, 

Ist. That there is no possible value of a^if p^< 49. 

2dly. That the values of w are equal to each other, and 

p 
each equal to — , if jö' = 4 g. 

SS 
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Sdly. That there are two unequal values of a?, whose sum 
is -p, if p^ > 4iq, 

Again, it appears that 

Ist. If q be negative, since y/p^ - 4g will then be greater 
than p and always possible, there can be but one positive value 
of ^. 

2dly. If p be negative, q positive, and p^>4>qy there will 
be two positive values of ^. 

The last two conclusiöns may also be deduced from Art. 
200. 

CoB. Similar conclusiöns may be drawn with regard to 

b c 

the equation ao^ + 6a? + c « 0, by substituting - for p, and - 

for q. Thus, if a proposed equation be of the form hx—aa^^c^ 
in which a, 6, c are positive quantities, there will be two 
positive values of a, when 4ac < 6' ; and no value of w at all 
when ^aoV. 

INDETERMINATE COEFFICIENTS. 

XXVI. It may be objected to the proof in Art. 324, 
that it is rather assumed than proved that every equation has 
only a certain number of values of w which will satisfy it; 
and that it does not include those cases in which the assumed 
series is an ^^ infinite series.^ No such objections can be made 
to the following proof: — 

Let A + Büß + Co?* +...= a + 6a? + caF +... be an identical 
equation, that is, hold for any value whatever of w ; then 

-4 - ä + (5 - 6) 0? + (C - c) a;* + ... = 0, 

and, \{ A '-' ai& not equal to 0, let it be equal to some quantity 
p; then we have 

(fi -- 6) 0? + (C '- C) 07» + &c. = p. 

And since A, a, are invariable quantities, their difference p 
must be invariable ; but p = (5 - 6) o? + (C - c) of* + .... a 
quantity which may have various values by the Variation of 
w ; that is, we have the same quantity {p) proved to be both 
fixed and variable, which is absurd. Therefore there is no 
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quantity (p) which can express the difference A -^ On or, in 
other words, 

^ - ö = 0, and .-. A ^ a. 

Also (J? - 6) 07 + (C - c) a?* + ... = 0, 

or jB - ft + (C - c) Ä? + ... = 0. (Art. 82.) 

Therefore, by what has been proved, B =^h. And so on, for 
the remaining coefficients of like powers of w. 

XXVII. 7/* J + 5a?+Ca?* +•.. I /a + 6a? + ca?* +... 

+ Äy +fi'a?y+... \ ^ \ •\- o!y + 6'a?y+... 

/or a// values whatever of x and y, ^Aen ^Ae coefficients of like 
quantities are equal to each other^ that is, 

A ^ a, B -bf C ^c^ Ä=^a\ B' ^ b\ A" « a\ &c. 

Since w niay receive any value whatever, suppose it to 
have some fixed value while y is variable, then the equation 
may be put under the form 

A^ + B,y + cy + ... « o, + b^y + c^ + ... 

where A^^ B^y C^, &c. ö^, b^, c^, &c. are invariable coefficients, 
and 

^^ = -4 + Bw + Cfii^ + ... 

i?^«^'+fi'^+Ca?*+ ... 

&c. s &c. 

6^ = a' + fe'«r + c'aj* +... 
&c. = &c. 

Now, by Art. xxvi, ^^= a^, Ä^= ä^, C^ = c^, &c. ; therefore 
-4 + Ä<r + C^ +...=« +6^ + c/p* + ... 
A' + ßiB + Cc^ + ... = a' + 6'^ + cV + ... 

^"+ BT OB + CV +...-«" + 6"^ + cV + ... 
&c. « &c. 

Then by Art. xxvi, again, since sc may have any value 
whatever, 

A = a^ B ^h^ C ^Ci Ä ^ a\ B' ^ b\ Ä' = a\ &c. 
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SUMMATION OF SERIES. 

XXVIII. Series are sometimes proposed for summation 
which are not actually composed of terms in Arithmetical or 
Geometrical Progression, but which may be made so by 
arrangement. Thus, 

Let the sum of n terms of the foUowing series be required, 

1+ 5 + 13 + 29 + 61 + &c. 

The series is equivalent to 

4-3 + 8 - 3 + 16 - 3 -f 32 - 3 + &€• 

= 4 + 8 + l6 + &c. to n terms — nx S 

2"- 1 

= 4. 3n 

2-^1 

« 4(2"- l)-3n. 

XXIX. To find the sum of n terms of the series 

1 + 2a? + 3a^ + 4fiV^ + &c. 

Let S be the sum required; then 

»S« 1 + 2a? + 3a^ + +naf"-\ 

.-. wS=^ a? + 2t'»*+ -f (« — l)d;*"^+ ^a?", 

and by subtraction, 

S — wS ^ 1 + a? + 07^ -f + <v'"* ^na/'^ 

or »y (1 -a?) = na?% 

1 - a?" naf* 
" {l-a^y "" 1 -a? 

na^^^ - (n + l)af + 1 

XXX. To find the sum of n terms of the series 

n- 1 »-2 ^-3 

. a? + . ar -\ . ar + &c. 

n n n 
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Sum required — o? -h^ + ^+ + a?" 

w 

n ^ ' 

^ • T — :; "t; • 71 — :;Äi (^^- "'^O 

(n — 1) Ä? — na?* + a?*"*"* 
" w(l-a?)* ' 

XXXI. To find the sum of n terms of the series 
a^-^(aJt Vf + (a + 26)« + &c. 

Let ^1, Jg» «^39 •••^» represeot the several terms of the 
series, and S the sum required; then 

Ä\^Ä\^ (Ji + by^j]^3 Jib + 3j,b* + v, 

Jl-Jl^ (^2 + by - ^J = SJlb + 3 j,y + b\ 
Jl-Al^ (As -^-by^Jl^SJlb + sAsV^ 6» 



.'. by addition, 

Jj+i-Jj = S(^J + -4j + ... + J*)6 + 3(^ + J, + ... + ^J6«+»6% 

or (a + w6y-a*= 36*9+3 {2o+(w-l)6} + nb\ 

.-. S^ — ^3na«ö + 3n*a6« + «'^6'-3»a6* + — V 

361 2 2 j 

• o . ^'** . »*6* w6« 

= na*+ nrab + wa6 + —r- 

3 2 6 



n6 



8 



wo(a+w-1.6)+ — (2n*-3n+l). 



Cor. If a B 6 « I9 then 



w' n* n 



1« + 2« + 3« +...+ »«= T + t: + ^ 

3 2 6 
2n'4- 3n* + n 



6 
(2» + 1) n*^ + (2« + 1) n 



-.w(n + l)(2»+l). 
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If a a 1, 6 e S, then 

1*+ 5*+ 5* + ...to n terms « 2n*- w + 2w*+ — 

3 S 

= !?(4w«-l). 
And so on, when other values are given to a and b. 

XXXII. To find the sum of the series 

l*+2* + 3*+ ... + w* , 
by an independent method. 

Assume 1*+ 2*+ S*+ ... + w* = J + Bn + Cn*-\' Dn^-¥ &c. 
^9 B^ Cf &c. being unknown coefficients independent of n; 
then 

i* + 2»+... + (n+l)»-J+5(n+l) + C(n+l)«+D(w + l)»+&c. 

.*. by subtraction, 

w* + 2w+l = -B + 2Cw + C + SDn^ + sZ>n + A 

the foUowing terms being omitted, beeause their coefScients are 
separately equal to 0, being the coefficients in the last equation 
of n% n^, &c. Hence, equating coefficients of like powers of n 
(Art. 324), 

sD = 1, or 2> « ^, 

QC-^SD^^, or C«^, 

5+ C + Z> = 1, or B^}, 

and J 8 ; 

.'. sum required «= — + H — 

^ 6 2 3 

= -w(» + l)(2w-M). 
o 

XXXIII. To find the sum of the series 

l' + 2'+ 3'+ ... + W^ 

Assume l'+2'+3'+...«^ « -4 + Ä» + C»*+2>«'+-Ew*+&c. 

.-. l»+2*+... + (n+l)»=J+B(w+l)+C(n+l)«+2>(n+l)^ 

+£(^+1)* + ... 
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and by subtraction» 

omitting the remaining terms for the reason assigned in the 
preceding Art. Hence 

4i;-xl, or £ = i, 

32> + 6i;«3, or 2) = ^, 

2C + s2) + 4£ = 3, or C=i, 

Ä+C + 2> + £«l, orjB-o, 

and A ^ 0; 

. - n* «' «* 

.-. sum required « — . + — -|- — 

^ 4 2 4 

^ / n(n-H) y 

/^ «. «.(«+1) , 

Co». Smce 1+2 + 3 + .. .4-n« — ^ ^ , tberefore 

1.2 
l» + 2" + 3'+... + n^«(l + 2 + 3 + ... + n)*. 



XXXIV. lfm. he wny prime number, and N a number 
not divisible by m, then N™""^ — 1 w divisible by m. (Fer- 
MAT^s Theorem.) 

In the expansion of (a + 6 + c...)*", every term is divisible 
by m except a"*, 6**, c^, &c. ; therefore we may assume 

(a + 6 + c + &c.)" = o~ + 6*" + c* + &c. + mP. 

Let, then, a « 6 » c a bc. » i, and the number of them be 
Nj and we have 

JV«« JV + mP, 

or JNr(Ar«"*-l) = niP. 
But, by the hypothesis, JV is not divisible by m, therefore 

jy«»-! -. 1 ig a multiple of w, 
that is, JV""* - 1 is divisible by w. 
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XXXV. To prove that 

w"-«(w-l)"+ — ^ ' (n-2)"-&c. - l,2.3....n. 

By the Binomial Theorem, 

(/- l)- = e"'-n6<'-^>' + ^-^^^ €<•"*>' -&c (1) 

> ^ 1.2 "^ ^ 

Also by the Exponential Theorem, (Art. 310) 



(€'-l)''=(l +/P+ — + ... -1)"« (a?+ — + ...) 
^ ^ 1.2 ^1.2 



-^+^a7"+^H-Ba7«+'+...by the Binomial Theor....(2). 
Now, the coefBcient of .r" in c"' is 



i.2...n' 



ff • • • 5 

1.2...» 
(.-«), (»-2)' 

C • • . j 

1.2...n 



therefore, equating coefficients of af in (l) and (2), 



\n 



n" fi(n-i)" n(w-l) (n-2)' , 

1.2...W 1.2...n 1 . 2 1.2...W 

and .-. n" (n-l)"H-— -^ ^(n-2)"- &c. e 1.2.3. ..n. 

INTERPRETATION OF ANOMALOUS RESULT8. 
XXXVI. To explain the results which assume the 

forms a X 0, — , a°, 0**, -- , - . 
•^ a 

1 . Since a x 6 signifies a taken 6 times, it is clear that, 
if is to foUow the same rule as other multipliers, a x sig- 
nifies a taken times, and is therefore equal to 0. 

* ^ , . . 

2. Since — expresses the number of times a is contained 

in by - will signify the number of times a is contained in 0, 

a 

that is, times, or - = 0. 

a 

*6 
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5. By the general Rule of Indices, a*" x a" = a" ''*'•, and 
a*"-r-a* = a*""". Now in the first of these let 7» = 0, then 
fl^.a" = a", if the same rule holds when one of the indices is 0; 
therefore a% as far as regards the rule for multiplication of 
powers, is equivalent to 1, or a° = 1. 

Also, since — = a*""*", or 1 = a°, if the rule for division 

of powers holds when the powers are equal, therefore it also 
accords with the general rule for division that a^ = 1. 

Hence a°, 6°, c°, &c. are separately equal to 1, if be 
admitted as an index subject to the same rules as other indices. 

4. Since it has been already explained, that any quantity 
raised to a power represented by may be safely expressed by 
1, it foUows that (a — 6)°= 1, whatever a and b may be. If 
then a «= 6, we have 0° = 1. 

5. When an algebraical quantity is made to assume the 
form - 9 it is said to be infinitely great, and its value is ex- 
pressed by the symbol 00 . All that is meant is, that if the 
denominator be made less than any assignable or appreciable 
quantity the fraction becomes greater than any assignable quan- 
tity. This is easily shewn by taking any fraction, e. g. — , 

which = 10 a : for if the denominator be successively diminished 
one-tenth, we obtain the series of quantities 100a, 1000a, 
10000 a, &c., proving that as the denominator of the fraction 
is diminished, the value of the fraction is increased, and with- 
out limit. 

6. Suppose that an expression involving w assumes the 


form - when some particular value (a) is substituted for j?, 

then it is clear that the expression is capable of being reduced 

© (^ — a)"* 

to the form —7 r- , where p and q have no factor w - ain 

q\jjß — ay 

them ; and by dividing numerator and denominator by their 

highest common factor, th^ value of the fraction may be found 

when x = a, (See Art. 354.) 
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Thus it appears that a quantity which assumes the form 
- may have a determinate ^alue. And, conversely, since p is 

equal to p . , whatever be the values of .r and a\ i{ w = a^ 

zp — a 


p — - 9 that is, any quantity may be made to assume the form 



- . But this is, in fact, multiplying and dividing by 0, on the 

supposition that the rules which apply to finite quantities apply 
also to as a multiplier. 

It may be said, generally, that to speak of absolute nothing 
as the subject of mathematical calculation is absurd ; and that 
it can only become so when it is taken to represent some finite 
quantity in that State when by indefinite diminution it has 
become less than any appreciable quantity. The mathematical 
Symbol has, then, always reference to some other quantity 
from which it is derived; and it is this primitive quantity 
which must be the subject of our investigations when by be- 
coming it produces an anomalous result that requires to be 
explained. 

That mistakes will constantly arise from considering as 
an absolute quantity is easily seen : Thus, it has been shewn 
that «0 ^ 1 „ 50^ therefore we might say, if is a quantity, that 
a = ft ; or, since 99 = 4", that 2 = 4, both of which conclusions 
are manifestly wrong. 

Again, if a? - l = 0, then 

d? (o? - 1) « 0? X = 0, also op = 1, and .*. ät* = 1, 

or «r- — 1 == ; 

.-. ^(.r-l) = 0, and (0?+ 1) (J?- 1) = 0, 

or 1=2, which is absurd. 

This amounts to saying that, because a x =» 0, and 6x0 = 0, 
therefore « = 6, which is obviously incorrect. 



♦6- 
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TABLE I. 

For determining the Probabilities of the Duration of Life, 
from Observations on the Bills of Mortality of Breslaw, 
made in the years 1687... I691, by Dr. Halley. 



Age. 
1 


Persona 
living. 


Decr. 
of Life. 


Age. 


Persons 
living. 


Decr. 
of Life. 


Age. 


Person» 
living. 


Decr. 
of Life. 


1000 


145 


31 


523 


8 


61 


232 


10 


2 


855 


57 


32 


515 


8 


62 


222 


10 


3 


798 


38 


33 


507 


8 


63 


212 


10 


4 


760 


28 


34 


499 


9 


64 


202 


10 


5 


732 


22 


35 


490 


9 


65 


192 


10 


6 


710 


18 


36 


481 


9 


66 


182 


10 


7 


692 


12 


37 


472 


9 


61 


172 


10 


8 


680 


10 


38 


463 


9 


68 


162 


10 


9 


670 


9 


39 


454 


9 


69 


152 


10 


10 


661 


8 


40 


445 


9 


70 


142 


11 


11 


653 


7 


41 


436 


9 


71 


131 


11 


12 


646 


6 


42 


427 


10 


72 


120 


11 


13 


640 


6 


43 


417 


10 


73 


109 


11 


14 


634 


6 


44 


407 


10 


74 


98 


10 


15 


628 


6 


45 


397 


10 


75 


88 


10 


16 


622 


6 


46 


387 


10 


76 


78 


10 


17 


616 


6 


47 


377 


10 


77 


63 


10 


18 


610 


6 


48 


367 


10 


78 


58 


9 


19 


604 


6 


49 


357 


11 


79 


49 


8 


20 


598 


6 


50 


346 


11 


80 


41 


7 


21 


592 


6 


51 


335 


11 


81 


34 


6 


22 


586 


7 


52 


324i 


11 


82 


28 


5 


23 


579 


6 


53 


313 


11 


83 


23 


4 


24 


573 


6 


54 


302 


10 


84 


19 


4 


25 


567 


7 


55 


292 


10 


85 


15 


4 


26 


560 


7 


56 


282 


10 


86 


11 


3 


27 


553 


7 


51 


272 


10 


87 


8 


3 


28 


546 


7 


58 


262 


10 


88 


5 


2 


29 


539 


8 


59 


252 


10 


89 


3 


2 


30 


531 


8 


60 


242 


10 


90 


1 


1 
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TABLE II. 

For determining the Probabilities of Life at Northampton, 
as deduced by Dr. Price from the mortality of that town in 
the years 1741... 1780. 



Age. 


Persons 
living. 


Decr. 
of Life. 


Age. 


Persons 
living. 


Decr. 

of Life. 


Age. 
62 


Persons 
living. 


Decr. 

of Life. 





1149 


300 


31 


428 


7 


187 


8 


1 


849 


127 


32 


421 


7 


63 


179 


8 


2 


722 


50 


33 


414 


7 


64 


171 


8 


3 


672 


26 


34 


407 


7 


65 


163 


8 


4 


646 


21 


35 


400 


7 


66 


155 


8 


5 


625 


16 


36 


393 


7 


61 


147 


8 


6 


609 


13 


37 


386 


7 


68 


139 


8 


7 


596 


10 


38 


379 


7 


69 


131 


8 


8 


586 


9 


39 


372 


7 


10 


123 


8 


9 


577 


7 


40 


365 


8 


71 


115 


8 


10 


570 


6 


41 


357 


8 


72 


107 


8 


11 


564 


6 


42 


349 


8 


73 


99 


8 


12 


558 


5 


43 


341 


8 


74 


91 


8 


13 


553 


5 


44 


333 


8 


75 


83 


8 


14 


548 


5 


45 


325 


8 


76 


75 


8 


15 


543 


5 


46 


317 


8 


77 


67 


7 


16 


538 


5 


47 


309 


8 


78 


60 


7 


17 


533 


5 


48 


301 


8 


79 


53 


7 


18 


528 


6 


49 


293 


9 


80 


46 


7 


19 


522 


7 


50 


284 


9 


81 


39 


7 


20 


515 


8 


51 


275 


8 


82 


32 


6 


21 


507 


8 


52 


267 


8 


83 


26 


5 


22 


499 


8 


53 


259 


8 


84 


21 


4 


23 


491 


8 


54 


251 


8 


85 


17 


4 


24 


483 


8 


55 


243 


8 


86 


13 


3 


25 


475 


8 


56 


235 


8 


87 


10 


2 


26 


467 


8 


51 


227 


8 


88 


8 


2 


27 


459 


8 


58 


219 


8 


89 


6 


2 


28 


451 


8 


59 


211 


8 


90 


4 


2 


29 


443 


8 


60 


203 


8 


91 


2 


1 


30 


435 


7 


61 


195 


8 


92 


1 


1 
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The preceding Tables require but little explanation. 
The former commences by stating that out of 1000 persons 
who are bom at the same time and attain the age of 1 year, 
145 die before they attain the age of 2 years. Consequently 
at 2 years of age there are left 855 out of 1000. Of these 
57 die between 2 and 3 years of age ; and so on. Thus, of 
1000 persons who attain the age of one year, the Table indi- 
cates that 346 live to be 50 years of age ; &c. 

The latter Table commences a year earlier by taking 
1149 persons bom together, that is, at the age 0; and then 
proceeds in the same manner as the former. Thus, we have 
given by this Table, that after 50 years, out of 1149 persons 
born together, 284 are then alive, and that of these 9 die 
before attaining the age of 51 ; and so on. 

It has been objected to both the preceding Tables, althougb 
the latter is very generally used by the Assurance offices, that 
they make no distinction between male and female life, and yet 
that a very material distinction can be proved to exist. 

The extent of the error which arises from not distinguish- 
ing between the sexes may be seen in the following Table 
constructed by Professor De Morgan from the Statistical re- 
turn s of the whole of Belgium for three successive years, as 
given by M. Quetelet and Smits, in the Recherches sur la 
Reprodttctwn^ &p. Brüssels, 1832. This Table is calculated 
to shew the " expectation of life," that is, the average num- 
ber of years remaining, to any individual, at intervals of five 
years, from the age of to 100. It distinguishes not only 
between male and female, but between town life and rural life ; 
and the middle column gives the general average for the whole 
kingdom, male and female, town and country. 
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TABLE III. 

Shewing the Expectation of Life, as deduced by Professor De 
Morgan from the Statistical returns of the whole of Bel- 
gium made by M. Quetelet and Smits. 



A 


Towns. 


Both. 


Country. 


A 


Agc. 


Males. 


Females. ' 


Both. 


Males. 


Females. 


Age. 





29*2 


33-3 


32-2 


32-0 


32-9 





5 


450 


47-1 


45-7 


46-1 


44*8 


5 


10 


42-9 


45-0 


43-9 


44*4 


42-9 


10 


15 


39-0 


41-3 


40-5 


41-2 


40-0 


15 


20 


35-4 


38-0 


3T3 


38-1 


37-0 


20 


25 


33-1 


35-0 


34-7 


35-7 


34>'2 


25 


30 


30-4 


32-1 


32.0 


33-0 


3V5 


30 


35 
40 


27-5 
24-4 


29-2 
26-5 


28-9 
25-8 


29-7 

26-0 


28-7 
25-9 


35 
40 


45 


21-5 


23-3 


22-7 


22-5 


23-2 


45 


50 


18-3 


20-1 


19-5 


191 


20-0 


50 


55 


15-5 


17-1 


16-4 


l6-2 


16-9 


55 


60 


12-8 


14-0 


13-4 


13-3 


13-7 


60 


65 


10-4 


11-2 


10-8 


10-6 


10-9 


65 


70 


8-2 


8-6 


8-4 


8-2 


8-5 


70 


75 


6-3 


6-6 


6-4 


6^3 


6-5 


75 


80 


4-8 ' 


5-1 


5-0 


5-0 


51 


80 


85 


3-7 


4-0 


3-8 


3-8 


3-8 


85 


90 


2-9 


3-0 


3-1 


3-1 


3-2 


90 


95 


1-8 


2-0 


\ 2-1 


2-2 


1-9 


95 


100 


0-0 


0-5 


; 1-3 


0-5 


0-5 


100 
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EXAMPLES. 



INTRODÜCTION. 



5184 

1. Rebuce to lowest terms . 

6912 

7631 

26415 ' 

236432 



2. Reduce to lowest terms 



Ans. 


3 

"~" . 
4 


Ans. 


13 
45 


Ans. 


14 



3. Reduce to lowest terms 

2347432 139 

4. Required the Least Common Multiple of 1, 2, 3, 4, 5, 
6, 7, 8, and 9. Ans. 2520. 

5. Required the l. c. m. of 21, 22, 23, and 24. Ans. 42504. 

6. Required the l. c. m. qf 24i^ 79 4, 21, and 14. Ans. l68- 

7. Required the l. c. MV;©f 2^, (5^, and 5. Ans. 95. 

. . / 1 3 4 5 7 

8. Reduce to a common driiominätor -, -, -, — , — . 

- 7 8 9 24 72 

72 189 224 105 49 
504' 504' 504' 504' 504' 

27 5 

9. Reduce to a common denominator 21, — -, -, i4. 

16 8 ^ 

336 27 10 24 
xi,ns. — — _ — — . — — - ___ ^ 

16 16 16 16 

2 3 4 4- 
10. Which is the greatest of the fractions -,-,-.? Ans. - . 

3 4 5 5 



11. Which is the greater, 7^ or 7||, and how much ?« 

Ans. 7{g is greater by 



368 



J-^ 



XC VULGÄR FRACTIONS. 

12. Which is the greater, \/-, or \/-? 

Ans. The latter. 

3 

18. Wbat is the value of — of half a guinea ? Ans. 2«. 3d. 

14. What fraction of half a ero^n is _ of ßs. Sd? Ans. l|. 

15. Reduce 5 yards 2 feet to the fraction of a mile. 

17 



Ans. 



5280 



.23 

16. What is - of a day — of an hour ? Ans. Qh. 10|m. 

17. Which is greater, — of £ 1, or — of a guinea ? 

Ans. of£l. 
19 

18. What is the difference between — of £l, and — of a 

12 14 

guinea? Ans. 2d. 

12 3 4 5 

19. Add together - , - , - , - and - . Ans. 3^ . 

X o ^ o o 

2 

20. Add together 387^, 285^, ^94^, and - of 3704. 

o 

Ans. 2548j^. 

^ , 12x 11 X 10x9x 8 

21. Reduce . Ans. 792. 

1x2x3x4x5 

3 

22. Find the value of -X ifx 12^-7-65. Ans. lg. 

23. Reduce ^^^^ ^ , Ans. 4^. 

4x4^-1 

24. Reduce to simplest form 1^ + - of— +— r« '^^^* ^' 

o 34 5|* 



25. Reduce - x - x 13i -f- f - x - + 54 J . Ans. 

7 9 ^ \9 7 / 



227 



VULGÄR FBACTIONS. XCl 



Ans. — • 
57 



Ans. -. 
3 



---(M)-(»-i)«(i^i)- 

27. Reduce — x{l y + _x-x(- + — ). 

17 1 8lJ 11 6 \2 12/ 

28. Siraplify the foUowing peculiar fractional forms : 

2 
13 1 - . 1 - 22 2 

- — 1 + - H + -Y 

S 11 2 '^ 

1' * 2 68 

29. Simplify -; and . (l) Ans. — . 

•^1 4 157 

2 + 3 + ' 

1 82 

3 + 5 + - (2) Ans. . 

. 1 7 ^ ^ 151 

5 

2 . . . 2 

30. - multiplied by 3 signifies - taken three times^ that is, 

3 3 

2 2 2 2 . . 3 . . 

- + - + -; what does - multiplied by - signify ? 

O O O d 4 

31. If two-thirds of an estate be worth £220, what is the 

3 

value of — of the same? Ans. £90. 

11 

32. An article which cost 38. 6d. is sold for 3s. lO^d; 
what is that per cent. profit? Ans. 10^. 

33. How much per cent. is 27-J parts out of 36 ? 

Ans. 76^ per cent. 

34. A Shilling weighs 3dwts. 15grs. of which 3 parts out of 
40 are alloy, and the rest pure silver. How much per cent. is 
there of alloy, and what weight of pure silver ? 

(1) Ans. 7^ per cent; (2) Ans. 3dwts. 8^ grs. 

35. The length of — - of the earth's circumference is 69^ 

miles nearly ; what is the earth^s diameter, assuming that the 

7 
diameter of a circle is — of its circumference ? 

22 

Ans. 7908 1^ miles. 
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DECIMAL FRACTIONS. 

1. DiviDK 31 by 00025. Ans. 1240. 

2. Divide 36.5 by 018349 to 6* places of decimals. 

Ans. 1989*209221. 

2 1 1 

3. Reduce to their equivalent decimals — , — , 



25 800 128 
Ans. 0-08, 0-00125, 0-078125. 

4. Reduce 2«. llfd. to the decimal of £l. Ans. £014936. 

5. Find the value in Shillings and pence of £0'972l6. 

Ans. igs. 5^d. 

6. Convert 008, 0-00125, and 0078125, to their equivalent 

2 11 
vulgär fractions. Ans. — , , 



25 800 128 

7. Add together 2^, 72|, 3l6^, and 2-875. Ans. 394. 

8. Find the value of 0-07 of £2. 10«, and express the 
result as the decimal of £l. Ans. 3«. 6d, or £o-175. 

9. Shew that 3 + = 3-14159 nearlv. 

10. Divide 2^ + - by 3^ — ; and express the result in 

a decimal form. Ans. 0-790123. 

11. Extract the square root of 1^ to 4 places of decimals. 

Ans. 1-1726. 

12. Find the value of — 7- correct to 7 places of decimals. 

Ans. 0-5773503. 

3 5 14 

13. Express in a decimal form 2 + - + + 



5 1000 20000 

Ans. 2-6057. 

14. Prove that the decimal 0-304565321 is more nearly 
represented by 0-30457 than by 0-30456. 



DECIMAL FRACTIOXS. XClll 

^5. Reduce the foUowing expressions to simple decimals 
having 7 decimal places : 

- X {65 + 2| - 3} . Ans 3-0833333. 

fl 1 1 1 1 1 1 1 

2x<- + -x — + -x— +-x-;-»-...>. Ans. 0-6931472. 

[3 3 3^ 5 S'^ 7 S' j 

fl 1 1 1 1 1 1 1 

2x<- + -x—+ -x-- + -x-tH-&c.>. Ans. 0-4054650. 
[5 3 5^ 5 5^ 7 5' J 



1 



Ans. 0-4342945. 



^{n4(n)'^i(n)'-'] 

16. Express the foUowing in decimals of 4 places: 

16 x< , + ; + &c.> . Ans. 3-1416. 

[5 3x5^ 5x5^ 7x5' j 239 

2.2.4.4.6.6.8.8. &c. 

2. . Ans. 3-1416. 

I.3.3.5.5.7.7.9.&C. 

17. Express a degree (69^ miles) in metres, 32 metres being 
equal to 35 yards nearly. Ans. 111835-42857. 

18. The true length of a year is 365'24f224i days. Find 
what the error amounts to by the common reckoning in 4 
centuries. Ans. 0-104 days. 

19. A quadrant of the meridian in French metres is 
10000565-278, and 1 metre = 39*37079 English inches: required 
the length of the quadrant in English feet. 

Ans. 32810846-2868. 

20. The number of degrees in an arc of a circle which is 
equal to the radius is 57*29578 : required the number of seconds 
in the same. Ans. 206264*8. 

^. , 1 French foot ^ ^ , , , 

21. Given that -^=; — 77-7—= — = 1-0657654, and that the 

1 Enghsh foot 

equatoreal and polar diameters of the earth are respectively 
32719^3-854 and 3261072-9 toises^ each toise being 6 French 
feet: find the earth's equatoreal and polar radii in English 
feet. Ans. 20921665 and 20852394. 

22. The length of the pendulum which vibrates seconds 
in the latitude of Green wich is 39*1393 inches, and the force 



XCIV EXAMPLES IN ALGEBRA. 

of gravity is measured by the product of (length of seconds 
pendulum) x (3'1415927)^: required the expression for the force 
of gravity in feet. Ans. 32-1908. 

23. Two distances are measured in inches, and are known 
to be correct within a quarter of a hundredth of an inch each 
way, being 11-87 and 9*95. How far can their product be 
depended upon for accuracy.? 

Ans. Only in its integral part. 



ALGEBRA. Paet I. 



cT + 1 

1. Shkw that — — « (ßy when a; = 1, or 2, or 3, or any 

1 
- + 1 

OB 



proposed number. 



7j?+5 9a? -1 a?-9 2a? -3 



2. Shew that + — -— + ,^ = 235, if 

23 10 5 15 

a?= 19. 

3. Find the value of — i-, when a- - and 6= - . Ans. 9. 

a— 2 5 

4. Find the value of--\/--^, when o? = - and 

y l^y 4 

., 1 Ans. 0. 

^■5- 

5. Find the value of 5\/62 + 3a? - -\/95|- 5a?, when 
ci Ans. 41. 

a? ^ U-g-» 

6. Find the value of V - - a? + \/2a? - - \/l-4a?, when 

4 ^ 

1 Ans. 0. 

a? = — • 
12 

g 3 1 

7. Find the value of + :; , when a?» - . Ans. 8. 

1 +a? l-a? 2 



ADDITION AND SUBTBACTION. XCV 



8. Find the value of + 2. , when a?=s5. 

w + l w — 3 iü-2 

Ans. 0. 
9' Find the value of — when a « 8 and 6 = - 2. 

Ans. — . 
35 

10. Jbmd the value of — — — — - — —- when a— -4, and 

o3-26(a»-ö*) ' 

6 = — 3. Ans. . 

22 



ADDITION AND SUBTRACTION. 

1. Add together a?^ — 2aa;* + a'a?, aP+3aaPy and ^a^-a/v* 
— a^w. Ans. 2a^+2a^ 

2. Add together a*-6"+8^, ^a'^''3l/'-'aiP^ and a'"+46"-a7^. 

Ans. 4a'" + 2ti?''-a?«. 

S. Add together a^-3ah 6% 2 6»- - 6^+cS «6- - V+6', 

® 21 3 3 

and 2 «6 — 6'. Ans. a* + 6' + c*. 

3 

4. Add together 2 (a + 6) + c, 2 (a + 6 + c) + d, and 

2(a + 6 + c + d) + c. Ans. 6(a + 6) + 5c + 3d + «. 

5. Add together (a + 7)^-iy% and (6-7)^- 7y^ 

Ans. (a + 6) ^^ - (6 + 7) y*. 

6. Add together ax - 6y, oß -{-y^ and (a - 1) ^ - (6 + 1) y. 

Ans. 2a^-26y. 

7. Add together 2(o+6)ary'^, 3(a-26)afy*, and 4(2a-6)a?y*. 

Ans. (I3a-86)a?y*. 

8. Add together ar+s6r-9a^+76^. Ans. (10fe-8a)r. 



9. Add together 1 - (l - 1 - a?), 2^ - (3 - 5a?), and 
2-(-4+5«T?). Ans. 4 + ay. 

10. Subtract (a - fe) «r - (6 - c) y from (a + 6) «r + (6 + c) y. 

Ans. 26(a7 + y). 



XCVl MCLTIPLICATIO.V. 

11. From o-.r-(a?-2/i) + 2a-a7 subtract a--2ti7-(2a-a0 
H-(ci?-2a). Ans. 8a - S.r. 

12. Simplify the foUowing quantities: 

«- {^*-(2ft + ^)( + {6-(.r-2&)}. Ans. o. + 4A. 

1 - {l -[l -(1-a)]}. Ans. .r. 

a- {a ■l-6-[a + 6 + c-(a-f 6 + c + rf)]}. Ans. -b-d. 

a + 6-(2a-36)-(5a + 76) -(-13a + 26). Ans. Ja-öb. 

MULTIPLICATION. 

1. MüLTiPLY 2a + 6f? - 26*^ by 2a- bc -\- 2h\ 

Ans. 4a2-feV+46^c-46'. 

2. Multiply 4ab-2ac by 6a6 + 3ac. Ans. 6a*(46*-c*). 

3. Find the product of a — b -^ c — d^ and a + 6 — c — d. 

Ans. a^-h^—c^'^d^ — Qad-k^^bc. 

4. Multiply tv' - ao?* + 6<» - c by j?* - joa? + g. 

Ans. iT* — (a +p) ^* + (6^ + ap + g) ä^ 

- (c'\-pb+aq)a^-j-{bq+cp)äff-'qc. 

6. Find the product of (^ — a) (d? — 6) (a? — c). 

Ans. a?'-(a+6+c)Ä?*+(a6+ac+fec)^— a6c. 

6. Find the product of (^-10) («r + 1) (a? + 4). 

Ans. a^ — 5^^ — 46ti? — 40. 

7. Find the product of (.r - 5) («r + 6) (»r - 7) (^ + 8). 

Ans. 07*+ 2dP^- 85ä^- 86^ + l680. 

8. Find the continued product of ^ + I9 ^ + 2, o? + 3, and 
^ + 4, Ans. a?* + lOiT^ + 35^?* + 50a? + 24. 

9. Find the product of a^ -^ aof + ai^ and a^— ax -\- a?. 

Ans. d* + a'd7*+a?S 

10. Find the continued product of «r — a, <» + a, a^—ax + a^^ 
and tr' + aa? + a*. Ans. j^* - a*. 

11. Multiply (1 +a)a^y + y*+ ay'^ by a*-y. 

Ans. (l + a)y(a^-y-). 

12. Multiply a« + aV' + a^AS + a^a?' + a?« by a» — a?». 

Ans. a — af. 



DIVISION. XCVll 

13. Multiply 0? + 2y» + Sät« by o? - 2y« + 3zK 

Ans. a?" - 4y + ßtvx^ + 9»». 

14. Multiply «i - 2a^6s + 4a86» - 8a6 + l6a86s - 32fci by 
ai + 26s. Ans. a' — 64&*. 

15. Multiply Sa86« + 5a»6» by Sa^bi- Sa^lß. 

Ans. 9a68 - 25asfe8. 

16. Required the coefficient of j?* in the product of 

a?* - ao?^ + fco?* - cor + d and a^ + pw -^ q. Ans. b ^ ap -^ q. 

17. Multiply (26-c)a*-(46*-26c + c^)a + 863-4fe^c T)y 
(26 + c)a. Ans. (46«-c>)a»-(86»+c«)o*+(l66*-46V)a. 

18. Multiply aO'-i)?_5(?-i)i' by a^-Ä?. 

Ans. aP«-a«6^«"^^^-6^a<P-^^9^-6^ 

19. Multiply l+-a? + -0?*+ -a?' 4- by l--j7-i--<r* 

— or^H-... Ans. 1 + -as + — a?*+ — --ar4-... 

7 6 30 1260 

20. Simplify - {o? (a? + l) (o? + 2) + a? (<r - l) (^ - 2)} + 



2 

-(^ — l)tT(a?+ 1). Ans. a?\ 

DIVISION. 

1. Divide a^+b^ hy a + b. Ans. a*— a^6+a^6^-a6'+6*. 

2. Divide w^ - 2ia'^+ a** by w^ - 2aa? + a^. 

Ans. a?* + 2aa;^+ 3a*d7*+ 2a*a7 + a*. 

3. Divide lH-2a?by l--3<a7. Ans. l+5Ä?+15,»*+45a?*+.... 

4. Divide ä* - 81 by a - 3. Ans. a^-j- 3a*-^ 9a -^ 27. 

5. Divide a + 6 by v« + vö. Ans. a^ — «ifel + ftS. 

6. Divide a?""*"" + a?"y*^+ ^""y"* + y*** by «»" + y". 

Ans. d?" 4- y. 

7. Divide a/* — pa7*+ ?^— 9^ + p^ — 1 by a? - 1. 

Ans. d?*-(p-l)a?'+(g-p+l)Ä^-(p-l)«»+l. 

•7 



XCVlll 6REATEST COMMON MBASÜEB. 

8. Divide fiip^+(iii9-np)^-(ii»r+n9)a7+nr by ma^-n. 

Ans. püB^ + qw — r. 

9. Divide (ar^-l)a»-(Är^+j;«-2)a*+(4/»»+Sa7+2)a-S(^+l) 
by (<a?-l)a*-(a?-l)a + S. Ans. (a^+a?+l)a-(ar+l). 

10. Divide a?(a7-l)a'+ («" + 2a7-2)a*+ (Sfl;*-ar*)a -^* by 
a^w + 2a - 1»*. Ans. (a? - 1) a + ^*. 

11. Divide - 2a~*a;*+17a-V-5a?'-24a*a^by2a-V-Saj^. 

Ans. - 0"'^*+ 7a"^^+ So'zp*. 

12. Divide (2 j? - y)* a* - (o? + yYa^a^ + (or + y) 2aa7* - d?* by 
(2ar-y)a*-(a7 + y) a/p + j;*. Ans. (2a?-y)a*+(^ + y)aa;-^. 

^. ., S/p* , 77^ 48^7* S8a? , a^ 

13. Divide 4^ + + 27 by 07+3. 

4 8 4 4 "^ 2 

307^ or 

Ans. 5d7*+ - + 9. 

2 4 

^. ., y 11> 41 a^ 2Sa? ^, 20^ 5a7 

14. Divide + + 6 by -;r + 1- 

3 12 8 4 •^36- 

0^ Sw ^ 
Ans. + 0. 

2 4 

15. Divide -c^— — a" a"+-aÄ+-i;^ o» by 

2 10 3 5 4 20 *^ 

V <* V a. Ans. - vä v a + - vä- 

5 234^ 



16. Divide a^ - ^ by jt« - yi. Ans. a? + J7«y« + y. 

17. Divide a - 6 by \/a — v^. Ans. a^ + oift« + a'6« + 6*. 

18. Divide a^w- i by o?'- i, and write down the last three 
terms of the quotient. 

Ans. afl^'^^ + afl^'^^ + afl^-^^ + ... o^ + ar« + 1 ... 

GREATEST COMMON MEASURE. 

1. RsQüiRED the Greatest Common Measure of 

a* + «6 - 126* and cf — Sah + 66'. Ans. a - Sh. 

2. Required the g. c. Bf. of 

6a^ 4- law - 307* and 6a' + 11 aa7 + Süf. Ans. 2a 4- 307. 



6BBATX8T COMMON MKAIUKE. XCIX 

S. Required the g. c. m. of 
a^ + a*a^ + a* and ^ + aa^ - a^a - a*. Ans. ^ + a« -f* a*. 

4. Required the o. c. m. of 

20ä* + 0?* - 1 and 25 j^ + 5^7* - a? - 1. Ans, 5«* - 1. 

5. Required the g. cm. of 

6€^ - 6o*y + gay* - Sy* and 12a* - 15ay + 8y*. Ans. a - y. 

6. Required the g. c. m. of 

48a?* + l6w - 15 and 24^?^* - 22^?* + 17^7 - 5. Ans. 12a? - 5. 

7. Required the g. c. m. of 

6a^ - 4^* - 11«* - Sa^ - Sa7 - 1 and 4a^ + 2«* - ISa^' + Sa? - 5. 

Ans. 2a?' - 4a7* + a? - 1. 

8. Required the g. c. m. of 

cV* + oa?'-9a*a?* + llii^a? — 4a* and a?*-aa?'*-Sa*a?* + 5a'a7-2a*. 

Ans. (a? - a)'. 

9. Required the g. c. m. of 

a?* — pa;*+ (g — l)a;* + pa? — g and a?*-gra?'+ (p - l)a?*+5a7-p. 

Ans. a?* - 1. 

10. Required the g. c. m. of 

3ar*-(4a + 26)a7 + 2o6+a' and a?'-(2a+6)a>*+(2a6+a")a7-a*6. 

Ans. w -^ a. 

11. Required the g. c. m. of 

2ar'+(3a-fd6)a7*+(2&4-3a6)a? + 36* and 2a?'H-(2c + 36)a? + 36c. 

Ans. 2a + 3b. 

12. Required the g. c. m. of 

a?* + 5a7 + 4, a?* + 2a7 - 8, and a?* + 7^ + 12. Ans. a? + 4. 

13. Required the g. c. m. of 

15a*+ 10a?6 + 4a*6*+6aft» - Sfe* and 6a? + 19a'6 + 8o6« - 5b\ 

Ans. 30* + 2a& - 6^. 

14. Required the g. c. m. of 

a6+2a*-sV-46c-ac-€^ and 9öC+2a*-5a6+4c' + 86c-126^ 

Ans. 2a + 36 + c. 

15. Required the g. c. m. of 

9np*+ S»/i'g*-2npqf'-2«5f* and 2mp*g'-4i»p*- mp^q+3mp^. 

Ans. p - q» 

*7— 2 



C LEAST COMMON MULTIPLE. 

16. Required the g.c.m. of 

a^ + 4ar* - Sa?* - I6ar^ + Ha^ + 12a? - 9 and 6a^ + 20a^ - ISar* 
-48/p*+22a7 + 12. Ans. ^7^+ a?"- Sa? + 3. 

17. Required the o. c. m. of 

a*+ 26*+\/äfe(a + 26) and a*- 6*+ (a -6)v^^. 

Ans. va + \/6. 

18. Required the g.c. m. of 

a?* Ha? / a? 1 1 > 

— + — r- V /r+l — a? — 1 andaf^ . Ans., a?— - v a? + 1. 

S 6 ^ 4 4 2 

LEAST COMMON MULTIPLE. 

1. REauiRED the Least Common Multiple of 

a^—a^ and a^ - a^. Ans. a*+ a^w - aa^ - a?*. 

2. Required the x. c. m. of 

2a? -1, 4a?^-l, and4a?*+l. Ans. l6a?*- 1. 

S. Required the l. c. m. of 

a?*+5a? + 4, a?*-|-2a?-8, and a?* + 7^ + 12. 

Ans. a?^+ 60^-^ Sa^" 26a? - 24. 

4. Required the l. 0. m. of 

a«- 6», a* + b\ (a - b)\ (o + 6)«, a»- 6» and a»+ 6». 

Ans. d''' - a^i^ ^ a^V -^ V\ 

5. Required the l. c. m. of 

a? - 1, a?*- 1, a? - 2, anda?*-4. / Ans. a?*-5a?*+4. 

6. Required the l. c. m. of 

4 (1 - a?)*, 8 (1 - a?), 8 (l + a?), and 4 (l + a^). 

Ans. 8 (1 - a?) (1 - a?*). 

7. Required the l. c. m. of 

a7'-3a?* + Sa?-l, a?'-af*-a? + 1, a?*-2a?* + 2a?-l, anda7*-2a?' 

+ 2a?*-2a?+l. Ans. a?*- 2a?*+ a?*- a?*+ 2a? - 1. 

8. Required the l. c. m. of 

üf - (4a + 6) a^ + (3a* + 4a6) x - Sa^h and a?^ - (a + 6) a?* 

- (SOa^ - a6) a? + 30a'6. 



Cl 



FRACTIONS. 



1. 



Reduce the following fractional expressions : i^P 
1 1 

w--l-(n-l)^ w+l + (w+l)a?' 

2 l + nw 



Ans. 



11. 



♦ 



w' - 1 l-w' 



7a? -10 30^-7 27^-30 1 

2. — . Ans. — . 

5 6 30 6 

a (ad — bc) w a -vhiß 

«^» 7" r— r- . Ans. ;— . 

c c (c + rfa?) c + dw 

b ^ a 

a + 

1 + 6a 
4«. . Ans. 6. 

o — a 

1 — a . ; — 

1 + fea 

4 1 
5. 2 . -I- - . Ans. w, 

2a? + 1 2 

1 1 
- + 



8 • 



a a\^ ^6+1 

0. . Ans. — - 

1 ab 

Ä-l+r 
o 

a (o*-y)d? a{d^-V)a^ a + bw 

t • 7" ~" ö "^ — ö * -Ans. 

b 6* 6* {b + öa?) b + aof 

8. ^y._gf. + ^-^y. Ans. y 



9. -^ — - — ^ -f ^ . Ans. <r + — . 

.r-^-2a?y + y* a?-y w 

,^.1 1 J7 + S ,<r + 3 

lO. -_ . • Ans. — . 

a?-l 2(^+1) 2(a;*+l) a-^-l 

3 3 1 1-0? 



• 4 (1 - a?)* 8 (1 - a?) 8 (1 + a?) 4 (l + c»*) ' 

. l + w — a^ 

Ans. 



1 — of -^ a^ + äof^ 



eil FEACTIOK8. 



1 1 1 1 

13. : — + . Ans. jr" + 2. 

14. T-- — . , TT — -^ zT-z : . Ans. 



15. 



(o»-y)(a?i- ai) (a - 6) (^ - a) ' ' (a-6)(a?-a) 

8 13 5 23 

5 (ar - 2) " 80 (a + 3) " 4(.T-1)* " l6(j?- l) ' 

Ans. 



16. 



(ar - l)»(a? - 2) (a? + 3) 
1 



(a - 5) (a - c) (a? + a) (a - b) (b - c) (a? f 6) 



•^ ———'——^——^——^— A.n8 -— — — — ^— — ^— — ^— — — ^— 

(a - c) (6 - c) (a7 + c) ' * (a? + a) (/r + 6) (jt + c) ' 

1 1 , , ^ 6c +1 

17. ■ > . (1) Ans. 



1 1 a6c + a + c 

a + w^l+ 

+ - 1 + (2) Ans. — . 

c 4-a? 3ar 

Sa 2a + w 5 20oar-22a?* 

18. -j :- + , ^ ' ■ ' - — -• . Ans. ^ r-7 Tf • 

(a-2a?)* (a+af)(a-2a?) a + a? (a+a?)(a-2a7) 

--^ , , ax -»r af . a -¥ x 

19. Reduce to lowest terms — . Ans. — . 

Sbca^cas Sb " c 

T> j 1 14o*-7a6 ^ 7a 

20. Keduce to lowest terms . Ans. — . 

lOac^öbc 5c 

„ - , 12aV + 2oV ^ 2aW 

21. Keduce to lowest terms -. Ans. — -r- . 

18o6«a? + 36*07» 36« 

T> j .1 5(f-\-5aaf . 5a 

22. Reduce to lowest terms — . Ans. 



a* -a^ a — « 



23. Reduce to lowest terms ^ \ — - — '■ — . Ans. ; 

ar+(6+c)a7+6c a? + 6 

24. Reduce to lowest terms — r — . Ans. 

af+2bw-^Zaw+bf f-^^w 



FRACTIONS. cm 

25. Reduce to lowest terms 

6ac + 106c + 9a«»+ 156a? . 3a + 5b 

— — . Ans. . 

6c*+9ca?-2c-Sa? Sc-1 

26. Reduce to lowest terms 

a*+6^+ c*+2o6 + 2ac + 26c . a + fe + c 

-— — — — , Ans« ■ • 

o -6*-c*--2öc a-6-c 

27. Reduce to lowest terms r^ • Ans. -- — -. 

ar - y* or-y^ 

28. Reduce to lowest terms 

Ans. 



4a*-2a*6»-4a'6 + 2a6^ ' 2a(2o*-fc«)* 

„ , , ^ 2o2+a6-6* , 2a-6 

29. Reduce to lowest terms -= — r- . Ans. . 

a'+a*fe-a-6 a'- 1 

SO. Reduce to lowest terms 

6ar*+15a?*y-4a7'Ä*-10^yiif* a?* 2a7+5y 

9a7^y-27a^y»-6/ryjif*+18yiif'* ' 3y' j;-3» 

31. Reduce to lowest terms 

aca?'+ (ad+6c)a7+-6d cw + d 

32. Reduce to lowest terms 

«*+ (a + 6) ao? + 6<r* . a + o? 

Ans. 



33, Reduce to lowest terms 

4/p*- 12aj? + 9a* . ^üb ^ 3a 

8ar*-27o' ' ' 4af^+ ßao? + 9a** 

34. Reduce to lowest terms 

a«(6«-c*)-a6(26«+6c-c«)+6'(6+c) a(6-c)-6* 

'• Ans* 



a3(6-'+2fec+c*)-a*6(2y+S6c+c^)+a^6+c) a«(6+c)-a6»' 

35. Reduce to lowest terms 

(c-d)a'«+6(6c^6rf)a+9(6*c-6^d) a+36 

.A^nst 



(fec-fed+c«-cd)a+3(fe«c+6cV6'd+fed«)' ' 6+c 



CIV FRACTIONS. 



36, Reduce to lowest terms 



Ans. 



2.1? + 207* + Szr*-|-S^ ^of-^Sa^ 
37- Reduce to lowest terms 

3bcq + 30mp -{• ISbc -^ 5mpq 3bc -^ 5mp 

^adq - 42fg -k- 24fad - 7fgq ' ^d-7fg 



1. Multiply a by - + -. Ans. r- 

'^ '^ a X a w er 

2. Multiply 33^ — --J- by /pi - -| . Ans. 3 j?*-26a?y+S5y*. 

, . , fl^ ah 6* 3a^ 2ab V 

S. Multiply ^-_ + -by -- — + -. 

w^ lOafiy 5^y* lOzry* y*' 

, . , a» 2cr»# 7c» ^ a« Sc^d* 7c« 
4. Multiply rr + — rr —- by — TT— + r—rr« • 

a* 4c*cP 14c*d* 4^c* 
Ans. TT — :r- + 



*• 6»« a*6« 4a« 6« 



^. ., a« 2a ac fec c* _ a c 

bc d be d^ de '' h d 

a b c 

Ans. j + - • 

c a e 

c?of aba^ acar b^w a^a a ' aw b 

6. Divide -— + --— — :^ + T :}Dy ;;. 

bd &d cP cd* bc d '' c ä 

7. Divide a' + /p by a + w to 4 terms of quotient. 

t r / / 

Ans. — + — r — .a? — — ; — . ar •\ 2 — .ar— .... 

a ar a^ a 

2 /r 3 ü^ 4t^ 

8. Divide a* by a*+2aa?+a?*. Ans. 1 + — — + 

a (T CT 



9. Divide a^bx by a '\- cw to 4 terms. 

Ans. 1 - (6+c) — H (Ä+c) -T- - (6+c) —5- + 

a a a 



INSQUALITIB6, &C. CV 

1. Which 18 greater a? - y or {s/w - vy)'? 

Ans. The former, if a? > y. 

2. What does ay^+j^y« - aryÄ^-y*«' become, when — y is 
put for y, and — « for « ? Ans. üf-^wy» + aysi?^ i^st?, 

3. Shew that - + > - + - . 

4. Shew that y/a* - 6* + \/a" - (a - 6)* > a, ifa>6. 

5. If ^*=a*+6*, and y^^c^+cP, which is greater ^y or 
ac + bd? Ans. zpy. 

6. Shew that abc> (a -^ b — c)(a + c - b)(b -^ c •- d)^ unless 
a esb^ c. 

7. Which is .greater, n'+ 1 or n + w*? 

Ans. n^+ 1, unless w = 1. 

8. Which is greater, S (l + a*+ o*), or (1 + a + a^y? 

Ans. The former, unless a = l. 

9. Which is greater, 2 (l + a*+ a*), or 3 (a + a^) ? 

Ans. The former, unless a » 1. 

10. Shew that {a + b + cy> 9,1 abc and < 9 («^ + 6* + c')? un- 
less a =s 6 = c. 

11. If a < 4?, shew that (o? + af— o^ < laaf. 

12. Shew that must He between a and 6. 



13. 



Shew that — - — ; — always lies between - and - . 
aar + by^ ^ y 



a + 6 + c + d- ,. a b c 

14. Shew that always lies amon? - , - , - , 

p-\-q-\- T ■\- 8 •' ° p q r 

d 

- , that is, is greater than the least of these fractions and less 

than the greatest. 

15. Find the value of + — ; , when 

2na"-2»a? 2no" — 2«ir 

a*+6" . 1 

d? « . Ans. — . 

2 n 



CVl INVOLUTION AND EVOLUTION. 

16. Find the value of aw + by^ when o? = -— , and 

aq - bp 

ar •- cp . 

y ■» ; — . Ans. c. 

aq -^bp 

X + 2a w + 2& 4>a6 

17. Find the value of + , (l) when w » . 

ar - 2a /p - 26 a+o 

and (2) when a^ « r 777 j-z ^ . 

^ ' a + 6+ \/K^ + ^) + 12a6} 

(1) Ans. 2 ; (2) Ans. 1. 

18. Find the value of far+ ) -r- (^ ) • when 

Of « 5^. Ans. 9- 

^ (2zp — 3 340 — ll «v — 1 

19. Find the value of < > -i , when 

2 13 4 j 2 

«r»4^. Ans. 2|. 

INVOLUTION AND EVOLUTION. 

1. CüBB -a--6. Ans. -a' 1^ — a^b-^-at^- 

2 3 8 27 2 3 

2. Cube 1 + 2a? + 3^ + 4a^- 

Ans. 1 + 6a? + 21 a?* + 56ar'+ llla^+ 174a?* + 219a?«+ 204a?' 

+ 144a?® + 64a?*. 

3. Required the cube of Va - y/b. 

Ans. (a + 3fc) \/a - (6 + 3a) \/b. 

4. Required the cube of v a? - vy. 

Ans. w ^ y - 3 v a?y . (\/a? — v y)« 

5. Required the cube of a? — . Ans. a?* — --sla j. 

a? ar \ Of/ 

6* Required the Square of ai - a» + 1. 

Ans. fl^ - 2a + Saf - 2ai + 1. 

7. Required the cube of . Ans. — r + -, . 

^ a' a? a^ er » ar 



INVOLUTION AND EVOLUTION. CVII 

\ 

8. Required the cube of c* - e"'. 

Ans. e*' -«"'•- 3 (e* - c""'). 

9. Required the cube of a?^« - 1 . Ans. w^ - Safl^ + So:^« - 1 . 

10. !£<!? + -■= p, prove that ^ + 3 «p^ - Sp. 

11. Required the square of 

12 3 4 

1 — w + -^ — .r^+-a?*- &c. 
2 3 4 5 

Ans. l-ir + — är- -x-ar-^ ... 

12 6 

12. Prove that 

13. Extract the square root of 

4^*- 12«^+ 25a?* -24^ + 16. Ans. 2^7* - 3^ + 4. 

14. Extract the square root of 

9a*-12a^6 + S4a*6*-20ay + 25 6*. Ans. 3a*-2a6 + 5V. 

15. Extract the square root of 

«• + 4«*H-10a7*+20a7*+25«*+24/p+l6. Ans. /»• + «a;* + 3d? + 4. 

16. Extract the square root of 

ar— 20?'+ !--;:• Ans. ^-/p + -. 

2 2 16 4 

17. Extract the square root of 

4. . Ans. . 

493 23 

18. Extract the square root of 

a* y 2 1 11 

a?*+— -f — + -aj7 «6 — 6ar. Ans. j?+-a — h^ 

9433 32 

19. Extract the square root of 

10510?* 6'a? 14ar* ^ . . d? 

— — — + 9 + 49»*- Ans. 7a?«- - + 3. 

25 5 5 5 



CVl INVOLUTION UND EVOLUTION. 

eq "^ hr 

16. Find the value of ax + 6y, when x = =— , and 

aq — bp 

ar — cp . 

y «s =- . Ans. c. 

aq-^bp 

X + 2a X + 26 , 4ab 

17. Find the value of + r > (l) ^1^° ^ ■• r • 

a? - 2a ar - 20 a + o 

12a6 
and (2) when x = r jj-z rri — ,^ ,> • 

(l) Ans. 2; (2) Ans. 1. 

18. Find the value of lx+ ) -f- (^ ) , when 

X « 5^. Ans. 9. 

. , , , ^« iiX'-S Sä-1) «-1 , 

IQ. Find the value of < > -= -— , when 

2 13 4 j 2 

x^^\. Ans. 2|. 



INVOLUTION AND EVOLUTION. 

1 2 18 12 

1. CuBB -a--6. Ans. -a'- — 6*- -fl*6-*--afi*. 

2. Cube 1 + 2a? + 3/p*+ 4a^. 

Ans. 1 +6j? + 21/p* + 56<»'+ llla^+ 174ar* + 219Ä?*+ 204a?' 

+ 144a?^ + 644?*. 

3. Required the cube of y/a - \/6. 

Ans. (a + 3fe) v^a - (6 + 3a) \/6. 

4. Required the cube of y/w - v y. 

Ans. a? - y - 3 v a?y . {\/x - v y)* 



5. Required the cube of a? — . Ans. «^*-^-S \x j. 

6» Required the square of oi - a« + 1. 

Ans. al- 2a + 3a»-2ai+ 1. 

07 a* aP 3x Sa* a* 

7. Required the cube of — . Ans. — r + -j . 

^ ar X ar CT m ar 



INVOLUTION AND EVOLUTION. CVll 

\ 

S. Required the cube of e* - c"'. 

Ans. e*' - c-»* - 3 (c* - c-')- 
9. Required the cube of üb^^-I. Ans. /v^ - Sa^+Sa/P^ - 1. 

10. If 0? + — ■= p, prove that ai^+ — « p^ - 3p. 

11. Required the Square of 

12 3 4 

1 — a? + -a^ — .v'+ -0^- &c. 
2 3 4 5 

Ans. l-. + lf^-H^+... 

12. Prove that 

13. Extract the square root of 

4a?*- 12«^+ 25a?* -24^+ 16. Ans. 2a^- 3j7 + 4. 

14. Extract the square root of 

9a*-12a'6 + S4a»fe*-20a6^ + 25 6*. Ans. 3a*-2a6 + 56». 

15. Extract the square root of 

«• + 4«^H-10a7*+20ar*+25»*+24a?+l6. Ans. a;' + «a?* + Sa? + 4. 

16. Extract the square root of 

4r-2^+ + -;;• Ans. a?*-/p + -. 

2 2 16 4 



17- Extract the square root of 



25a*6« c* 5a6c* ^ Stdb c* 
^ . Ang^ — ^ ^ 

493 23 

18. Extract the square root of 

a* 6^ 2 1 11 

4?*+— -f — + -aj7 — -afe — 6^. Ans. j?+-a — ft* 

9433 32 

19. Extract the square root of 

— ;; — + 9 + 49»*- Ans. 7a?*- - + 3. 

25 5 5 5 



CVni INVOLUTION AND EVOLUTION. 

20. Extract the Square root of 

g Say/a ^y/a 41a . Sy/a 

a 1- — - + 1. Ans. a + 1. 

2 2 16 4 

21. Extract the Square root of 

a« fc' ah 

' i9. "^ ~~ö "^ *• Ans. — — — . 

6* a^ h .a 

22. Extract the square root of 

a* 6* 2a 26 ^ a h 

T5 + -+— - + — + 3. Ans. T + - + 1. 

Ir ar h a ha 

23. Extract the square root of 

a*" - 4a*"+" + 4a'". Ans. a*" - 2a". 

24. . Extract the square root of 

25. Extract the square root of 

26. Extract the cube root of 

a*-6a^+ 15a*-20aV 15a*- 6a + 1. Ans. a»-2a+I. 

27. Extract the cube root of 

6aV 12a«6* - 86*. Ans. — - 26l. 

28. Extract the cube root of 

aV ^^""c Sab b" ac ^ h 

fr h c c^ h c 

29. Extract the cube root of 

(a + l)^.v^ + ßcaP (a + 1)*"» j?« + 12c» a^ (a + l)»"a? + 8c»a^. 

Ans. (a + l)»ra? H- 2ca''. 

30. Extract the 6**» root of 



xVnS. — +. — — y^ • 

!^ a? \/2 



'^'+i-'(«*-^^)-^^K"'^ä-'"- 



An«, a — . 
a 



SUBDS. CIX 

1. If two numbers differ by a unit, prove that the difference 
of their Squares is the sum of the two numbers. 

2. If two fractions are together equal to 1, shew that their 
diiTerence is the same as the difference of their Squares. 

p 

3. If the difference of two fractions is equal to — , shew that 

9 
p times their sum is equal to q times the difference of their 

Squares. 

4. In the extraction of the Square root according to the 
common rule, shew that, if the remainder is not greater than 
twice the root obtained, the last digit in the root is correctly 
found. 

5. Prove that «»* + pa7^+ ^o^^+ra? + « is a perfect Square, if 

p^8 = r*, and ^ = — + 2 v «. 

4 

6. Find the relations subsisting between a, bj e, d^ when 
aa^-^ hx^-^ CcV + d is a complete cube. Ans. a(? = dl?. 



SÜRDS. 
SiMPLiFY the following Surds : 

5\/i'<7 \/-x\/2. Ans. 140. 



1. 

2. 
S. 

4. 



5. 



3 

\/4 X 7 vö ?< - V^* Ans. 1 y/\E. 

2 

(3 + y/b) X (2 - \/5). Ans. 1 - y/b. 



Ans. 14^ 



+ 13 vi. 



6. 5\/2 X 3\/4 + 6\/2. Ans. 30 \/2 + 3 \/2. 



ex 



SUBDft. 



7. 



8. 



1 8 



9. 



10. 



11. 



«/— 1 ay •/ 

V 40 - - V 320 + V 135. 
2 

\/i-n 

• 2(\/5-fl) 

7= V^5 ± ^/5 

2V2 

:p . \/5 T \/5 

2V2 

7(\/5="«l) 

4« 



2 £ 

\/2 + S V - 



An». %s/b. 



Ans« 5 -f 3v3. 



Ans. \/ 1 «f - v5. 



Ans. V 5 «f 2\/5. 



Ans. -. 



12- 

13. 
14. 

15. 

16. 



17- 



18. 



19. 



^0. 



V\/^^^ and Vv9^- Ans. v/2a, and \/sä. 

'\/48a6* + 6\/75ä. Ans. 96\/3a- 

öv^^^^H- 2v^2a. Ans. 8v^2a. 

2\/8-7\/T8 + 5\/72-'\/5Ö. Ans. 8\/2. 



2 



V - + \/60 - \/l5 + V -. 



. 28 , 
Ans. — vl5. 
15 




S\/s 1 / — /— . /T . 25 /- 

— 1 \/12 + 4\/27-2 V -^- Ans. — VS. 

4 2 lo 2 

\/l8a*ft'+ y/60a^b\ Ans. (3a*6 + 5a6) \/2a6. 
6*c ^ ffe-üV fe-c \/h^y/c 



ah ^/ a^V ^ 



Ans. 




+ — \/a'6 - 4a*A^+ 406*. Ans. — \/a6. 
<^ 2ü 2c 



SDRD». 



CXI 



21. 



22. 



23. 



25. 



26. 



VTT 



^ + 



\/l + 



w 



Ans. vi - (B. 



1 + 



y/x-sf 



as/ 



c?h 



hc 's/ah 



Ans. I 



a^y/s 



--bc 



)y/ab 

a + c 



2a^ 1 

(i-^)»""(i-^)r 



Ans. 



Sw^-1 



24. Va* + v/a*fc* + \/6« + V^a'ft*. 



^ 



(l-ar«)f 
Ans. (ai+6')*. 



Ans. *{—( 



VO + 07 -f V Ä — 07 

a + 07 - V a — 07 

>vAi a/^ \/^ 



Ans. - + 'v '::^"- 1' 

07 07* 



27. V— .V^.V,^. Ans. -5~=. 

28. Multiply 07 + ^ + \/q + ^ by o? + ^-Vg + ^. 

Ans. üf '{'pw — g. 



«9.Jiuhipi,fV^ + \/|v5\^ 



-x/^. 



c^ 



Ans. 



oo?" 



d 



SO. Multiply v^a'i + V\/^ by V^«^ - V^/cAh. 

Ans. v«"* - voift. 

31. Divide ö'-2^^^- 0*^7^ + 26-5/6 by V^-'C/i. 

Ans. a' \/a - 2 v^?*. 



CXll BÜRDS. 



32. Divide ^ä^^-c:ya\^yb^^^^a^b'•^^^^ 
by Vai - - V^ä*P. Ans. ^a%^ -cy/a^b^. 

SS. Divide at - a by af - «• . 

Ans. a? * + (]e^w • + arx •+ + « •/»• + a ". 

34. Square the expression 

\A±^^ + \/«I^3 . An8. « + v/6. 

2 2 

35. Extract the 5^ root of ^^ /--^^ — . 

. 9(^(a + b) 
Ans. 



36.' Extract the 9*^ root of ^a^^V. 



2ac(2 + a?)*' 



a* 



Ans. l6a*6(a + 6)'. 

37. Extract the square root of - 2 + a*^ + a"*^. 

Ans. a — a" . 

38. Extract the square root of c/+ 2ac \/ — ^ • 

Ans. a \/ - + \/- c/. 

39. Extract the square root of 

y/a-l + va; 6 + 2 \/v^fe . y/y/\ry/a'-^. 

Ans. w a^v ^■'^ W aäb. 

40. Extract the square root of 

af^^^y/b^ai^ - V^-V^'"*"*- Ans. w'^-b'w^. 

4 2 



SUBDt. C?(1U 



Extract the Square root of each of t^e fol)owing quantities : 

41. 18 + 2 \/77- Ans. \/Ti + %/?. 

42. 94 + 42 \/5. Ans. 7 + 8 v^5. 

43. 28 + 10 v^S. Ans. 5 + \/i. 

44. 13 +. 2 \/iÖ- Ans. y/lö + \/i. 

46. a + «» + y/%aaf + a;'. Ans. V/ a + - + \/ - . 

2 2 



A 



-*6. T" + ;: \/a* - c*. Ans. - + - y/lT^^, 

4 2 2 2 

47. ^ + y + » + 2 \/a?i<f + y». Ans. \/a? + y -i- \/». 

48. mx(3i + 5s).is a rational quantity ; find w. 

Ans. 58 - 25 . sl+ 5». 3» - 45 + 5«. 3« - ST. 

49. m X (\/2 + \/3) is rational ; fitid m. 

Ans. 2t- 4 . 3» + 2«. 3I- 6 + 2 . 31- 3t. 

50. m X {y^ + \/5) is rational ; find m. 

Ans. S«"- 31. 51+45 -5«. 31+25.31-5!. 

„ . >75ai + >7o-03375 . . , ^ 

51. Ueduce — ^7= ,/ — to its äquivalent simple 

V 80 - V 0-01 '^ 

decimal. Ans. 0-5. 

52. Reduce the foUowing fractions to equivalent fractions with 
rational denominators. 

2\/2-3\/3 1+V2 + V3 V4-\/2 

. ^ v^io , ^ o - ft n. 

\/2 - V 3 V a - Vi a + V6 

Ans. (1) — {S\/s -2\/2 + 2\/6 + 9}, 

Ans. (2) - {4 + 3 y/% - 2 \/s - v/6}, 
4 • . 

Ad».. (8) v^4Ö + y^ + v^lÖ, 
•8 



— » 



Ans. (4) - ViÖ.{4\A+4v^i+ÄV^2.V^9+64-sV8»V^^ 

+ 3^/9}, 

Ans. (5) a« + ai6« + oifei + «4, 

Ans. (6) 1 — 7 • 

SS. Prove that 



• T^ y ■ I III 

y/g + \/2 + -v/3 \/i - V 2 - Vs 
is equd to \/2- 



1 . \/w--\/a 



54. Simplify -r7=i v= — i7=5 • -*^^- — I — T 



55. Simplify -7= 7= — 7=. Ans.--'v/80+-v^+-\/s. 

i. 7\/i 

56. Find the value of —7= 7=. Ans. 3*10. 

\/ll + VS 

3 + 2 \f7 

57. Find the value of 7= 7=. Ans. 3-159. 

5 \/l2 - 6^/6 

.. c- ISA. ^/3 + ^/g-v^g-^A 

58. Simplify . -p===. 

V3 + >/5 + V5-V5 

Ans. v^5- 1 --\/lO-2v/5. 
^2 



59. Simplify V^I^^i=. Ans.A/2(2+A/2)-\/2-l. 

2+V 2+V2 

60. Simplify ^^!:'^ > Ans. V^-V^ + ^3-2. 

61. Simplify the expressions 

(6 + y/^iT^y - (6 - %/««-«•)*. ^ 

(1) Ans. 8 (a^ + «a*^ - »*) ; («) Ans. 1606 x/ST^. 



62. Prove that 

,1 f \/5 ^ l \i . . , , , 5 ^ / 2 >- 

I — Q 1 ^® äquivalent to - \^2±-\/5; 

l 2 j 2 5 

, ,. fx/JillJ . , 5 y 22 /- 

and 5*.< -> equivalent to - \/ lOiii — V5. 

63. Find the value of fLt?, when ^ _ ^'"^ «V^^^N^ 

1 + a?* 2 ' 

Ans. 

\/(a* + 1 + a y/a" + 4.)* - 1 - 2a ' 

64. Simplify ^' " '^ -^ (^' - 1) x/^^^- 2 



n^ - 3w + (n* - 1) -v/n* -4 + 2 



. »+ 1 4 /w-2 

Ans. V . 

n- 1 w+2 



65. Simplify j!fjtl±5V:^2}* ^^g ^mVJ^ 

l2ar*+S+a?\/4^H~sJ ' 3\/^+T 

66. Find the value of V?zl, when ««= ^"^^"^^^^^^ 

W*+l 2 



V 



Ans. '^-^ 



67. Find the value of l^L^ . x/lI*5, ^hen 

1 +aä) 1 —^at 



I. Ifa:^^/-'-^^y'l-l, 



68. If«= V --± \/ -~1-, find the value ofV+ra!» 

2 4 27 

+ m • Ans. 0. 

69. Find the value of >/^+f±y^^ ^b,„ ^ = ifii . 

y/a + a-^a-w 6*+ 1 

Ans. fr. 
*8 — 2 



,Cl(yl B^OATIONS. 



70. Find the value of -; , when 

^ + V 1 +^ 



If ß ß\ , , 

^■»-{\/^— \/-V. . Ans. a + 6. 

2| ^ 6 aj 

71. If a?--^^(v/5 -l), andy« ^-~= (\/5 + l), find 
2V5 2V5 

the value of 47* + y*. Ans. 2. 



BQÜATIONa 

w w abc 

1. If — + •—■■c, 0? 



» 6 ' a^ft 

^^aw cw ew . _ ä— fi' 

2. If ^-+— +^«gÄ7+ — + *, j?-6. — -2^-. 

3. If — + = « + ^ > ar - — ■ . 

4. If a + a? + y/^aw + ar = 6, o; « -^ . 

2o 

5. If « + Ä7 + \/a^T^«*, ^ = ::|l-7 ?• 

2 l 6 - a j 



6. If \/^ + V « - \/a^ + 0^ = \/a, 



7. If a + fl? + V^a'^r 6a? + A-^sft, w^b. 



9a 

m ts — 

16 
6 -.2a 



8. If \/a-a7 + 2\/a + a?« V a-a7+ v/aa; + a7% a?« 



SÄ -2a' 
64 a 



1025 



>. If \/4a + a? =« 2 \/6 + ar - y/w^ Of^' -^ 

2a- b 



10. If\/l+a? + a?*»a-\/T^-^+^, ^*2^^"""»^* 

^^7a? + 5 9^-1 a?-9 2a7-S ^, 
28 10 5 15 ^ 



• • 



EQUATIONS»'. CXVll 



,^ Tjf^^^^^' 402 -Sei? 471 -6a? 

29 12 2 

2w - 3 3w - 1 



t«T*^ 3 4 3a?*+2 • 

13. If - - « - . , J? « 44. 

2 ^-1 2 S^-2 ^ 

2. . 

« 



15. If - y/a + a? + - vo + i « - \/^r, w « -5 — - . 

a w b a3~ 63 

17. If V^+ V a? -\/l -a? = 1, ^e — 

25 

18. If 1 + \/l + ^ - VI + 0? + \/l - a- «» 0, 07 = . 

25 



,2 



19. Itw-^x/a^+a^ 



na w — 1 



otb a. 



j f W =a Uf . . _ 



20. If \/4a + ^ + \/a + o? = 2 \/a?-2a. 



07 



17a 
"1" 



21. If \/l + 0? + VI + a? + \/l ~ 07 = \/l - 07, 07 b . 

25 



22. If V 07 + \/o7 - W OD - \/a « a \/ 



^— > 



1 f 1 )« 

^=-<l -a + > . 

4 I 1 - a j 

23. If ao7 + v/a*o?*+6'^=\/6»+ao7\/46* + o7^, 

8aA 

0?'«r y -. 

V^l - 16a« 



.« --t 



a^-0?- .— «2 / 26 

24, If / . «6-Vq^-hJ7% 07- ^/y/s-_. 



dsvm BavATiovf. 



aW'^h \/aw -^b 1 f, nc \ 

«5. if -7= — z^- Cy **"{* — ^^^r • 

\/aw + 6 n a [ n-l) 

y - y J 2 ^ /f»*-l 

26. If VI +a? + Ä?*+ Vl-« + a7*=wia', ^«= — V— i — 7- 

27. If \/a*-a?*^+a?v^a«-l=a^>/l -^, o?« V -, — r- 

a + 3 

28. If V ö + ^ = V ^+ S<*^ + *% 



«r = 



» » -fUbiJU 

29. If Vfl7*+ 2a^ + va^-2aa?= — 7==j 



6a 



{n-2 2 1 
2 »-2j 



^^ aa?-! y/aw-\ ^ 81 

SO. If — == «4+^- , T' 

Vaa7 + 1 2 



81. If \/(2a+a^y+y+\/(2a-a?y+V«2a, a?= \/a«+-. 

8 

32. Uy/a-^y/a^-cf-\-y/a-y/€f-a^^nS/ 7=f=^> 

^ 4 



88. If 7; 7, + 7; r, - a, 0? = a V : • 

(1 + /p)* (1-47)' a + 4 



34. If \/(l + ^)* - a/P + a/(1 - a?)* + a^ « 07, 



8 



^. \%* j = + j = -, Wts-^S. 

^ Stay/T^ MaA a/^1 



mUATIOKS. 



cxix 



37. If a (1 - 0?) + v/l -^ a^ = ay/l + ai\ 



■» « » I 






2a 



38. If 



1 +\/^«- 1 \/^* -1-1 



1 +2a\/a?»-. I ^-2 
39. If \/ ^ + v3aa?-#-i — \/j-4.a?, a?a»-*. . 



4 2 

40. If v^l + df + -^1 - 07 = v^, 



12 a+ l 



41. If 



1 + J7 



1 -JT 



I I -. 



1 + w -¥ y/l + a?* l-Är+-\/i+5 



a? s \/(2 - a)* - 1. 
. If Vi + ^ + ^ 4- a/i - 0? + /t* - a, a?g-\/ "" . 



4fi 



43. If a + ^ 



2a'\/l + a*^p 



a\/^ + \/l + a*47* 

_ - 1 H- ^ + vidMM^ 
44. If j « 1 — a^. 



/r 



2 ' a*-l 

a 
1 + 2ay/a 

(« + 2)« 
4a(a + l>' 



1 — ar + vi^Mh^ 
45. If x/TTa l-i^) + y/l-a (-—] •«2\/l-a*, 



1 -,»\i 



*r 8= — ff. 



46. If \/(l + a)* + (1 - a)^ + \/(l - a)* + (1 + a)« «= 2a, 

479 8. 



_ . 1 + ^ - \/2a7 + a?* \/2 + «? + y/a; 

47. Ii . = a . . / 73» , 

1 +a? + V2a?-f tf* v2 + <r-va? 



/r 



48. If ^. «fe. 

+ '^iasB —cf 



jP* aii Cf ^ " ■ — ■ ■ ■ ■ j « » 



1 + 6 



ctx 



XQfrATIOKÜ« 



49. If 



a + /r 



a - j? 



\/« + \/a + X y/a -h \/a — w 



Va, 



fl 1 y- 

ar t= - X - V S, or 0- 

2 2 



50, If -^^^^ /■ . - ^^ ^ « 6, 



2\/6' 



Vii + V a - \/a^ - 



ad? 



51. If . h —y= wm ttj 

Vl-<r + l vl+Ä?-! 
52. If ^ y" ^ ^ . 6, 



BS 



. If ^^ — — V -^^-1» 

1 +«ar 1-0» 



a \a/ 



2ay/b y- — -- 
1 + 6* 



1 4 /io 



54. ir(l+4?)v^l +a + (l-a?)VT-a«2>A+^, 

a \al 

Vi 1 r- 

f «= \/ - + -V2. 



55. If v^.»* - 1 + ^ \/a?*- 1 = or^, 



2 2 



56. If v/a? + 2 \/2a - a? = V^ + \/2«* - SÄor 4- <^ 



^e 2ci» or d> or 



p6lg 
1025 



1. If aw^hy^ 
and 



^ + y = c, j 

aa '\-hy ^m^ \ 
a'w + h'y = m', | 



6c 



ac 



2. If öjr + 6y B» m, 
and 



tjn ff 

S. If - +- = 43, 
9 8 

, ^ y 

and - + - «42, 
<8 9 



üt 



4 


' a + 6' 


y *" 


a-^ h' 


6'»»- 


a'6 ' ^ = 


atn- 


- a*m 


a6'- 


ah' 


-a'h ' 






' w 


B 144, 






\y 


= 216. 



EQUATIONS. 



cxxr- 



4. If — + — = a, 

w y 

and - + — ■! 0, 
w y 



w 






it^-V? 



fT- 1 



5. If \/a^+ y/hy^ - (o^+y) «^ + 69 

2 



(a«-6«)(a7«-y«) = 4a6, j 



^=(\/a±\/6)% 
y«(\/a¥V^)'- 

r . ATfe 

^ = V — ^> 



0-6 



a + 



^ T4? ^^"♦■y 7y + 6a? + ll 19 5<r-17 ' 

7. 11 -I- s 

9 18 2 6 

3 1 

and -{5j? + 3y + 2} «-{9^ + 6}, 



p = 7, 



8. If 



Sw-öy 2/p-8y-9 y 1 I 
3 12 *" 2 "*" 3 ■*"X' 



•"d 4-j^ + f +li} = Si-{4^-f-24|,j 



p-7, 



T* 0-360? - 0*05 26 + 0'005y 



0-5 



0-25 



0*04y + 1 0*07o? - Ol 

and ™ — ' 

0-3 0-6 



{ 



J 



/» = 10, 

y- 5. 



10. If vy - \/a - w = \/y - zp, 1 

and 2\/y-a? + 2\/o-^ s 5'\/a-a?^ i 



4 

5 
5 

4 



of y 



w 



11. if- + f-i--, 

ab c 

and ? + -«i+2, 



f (06 + ac — fec)a6c 
(öC-aÄ — 6c)a6c 



cxxu 



SaUATIOKS* 



12. 



If (a*-6*)(SÄf + 5y)-(4a-fc)2a6, 

and a*a? ^r + (a + 6 + c)6y « 6*a? + (a + 26)a6, 



a + & 



13. If + - 

w Sy X 

112 

— + - + - 

^w y z 

5 1 4 
6w y X 



%» 



6^ 



12 



aS9 



t. Tr ^y + 86 4^-y 

14. 11 = j 

3af-{-2y 5 

^« + 4^ . ^T-Äf 

äff + 3x 2 ' 

yx-k-^ y-^-Sx 
2y + j8f " 7 ' 



ab 



Cß 



\ 



f 



a 


-6' 


ab 


a + b 


w 


■=6, 


y 


-9, 


K 


1 

s 




15. If --— +-«7|, 
äf 5y X ^ 

112, 

— + — + -«io|, 

3^ 2y « 



4 14^, 



10> 



2 
1 

1 
4 



lO, ll + ■ 

14 9 

5w-^6y+x 3a?-y+Ä?+l 

; 7 11 

5y-8j8f+4 ^-2« + 5 

12 6 



^-4 



2y + »-5 
3 



8y+Sjr-'2j?, 



^9b25, 
l« »s 6. 



XAÜATIOMS« 



CXXUl 



17- If a? + y + Ä = 0, 

aba+ acy + bcx < 

18. If 5a?- ll\/y+13V^«22, 
4cT+ 6\/y+ 5v^Äf=31, 

w'^ys? = 18, 
a?y*Är* =108, 

20> If a?-^y-»»-»=(l05)-S 

/py«-*=2|, 




21. Ua^i^s^^a, 



;1 



22. If /pyar « 231 

wyw sa 420 
yÄfti? = 1540 
of»w = 660 

23. If 7^ - 2Äf + 3w 

4y - 2« + / 
5y — Sw •- 2u 
4y -<8t^ + 2^ 
3ir + 8t« 



IT, 1 

n, 

33, ] 



w- 



»8= 



- 1 
(a^fe)(fe-c)' 

1 
(a-fe)(a-c)' 





o; 






«7 



Z 



f 

1 



y< 


ac*" 


V • 


6« • 


W t 


= 3, 


V" 


= 7, 


X '- 


= 11, 


w- 


= $0. 


X 


-2, 


y 


-4, 


X 


= 3, 


u 


= 3, 


[t 


= 1. 



CXXlt fiOUATIONSJ 

1. Show that the following equations are not tufficient to 
deterxnine a^ y^ %. 

(1) S^-2y H- 5»« 14, 
2/r + y - 8«sB 10, 
%w -3^ + 2» «38. 

2. Shew that the following equations will not give m^ 
y, and z. 

(2) 8a7-2y + 5«= 14, 
6^ - 4y - 3« « 15, 
9a? - 6y -7« = 20. 



_^a? + 24-a^- ^ 4 

1. If = 24, s^SjOt"^. 

2 43 

2. If 125ar--7Ä?= 17s, «r«-, or- 



5' 125 



^^2a7(a— a?) a So a 

3. If — ^^ ^«-~, a?=— , or-. 

Sa -207 4 4 2 

« 

^^nx-\'h na-hh V 

4. If — ;=— = ;=^ , «r = a, or -r- - 



12a 4a Sa 



* = — • or 



\/w y/a 

5. If V a + fl? + \/a — w « . , «. — , v* — 

5 Va + ar 5 5 

6. If ■ + > =*2Va, a?-:±aV8v2-ll. 

va — 0? v a + ^ 

^^Sy/x - a^ li-^ S\/w -9,x 1 

7. If — ^^ » -^^ ^ , 0^ = 4, or - . 

^ + 2 2 V^ - S 25 

8. If aa7 + 2\/n*^+naa?*=(3a?-l).w, ir= , or . 



9^ If a? H- vo?*- a^p+6^as — +6 a?«aaior--<l8fc \/ 5 >. 

a 2 ( a] 

_- a ^ X a + X /— a >- 

10. If— ^=s^ ^=^+-^ ^^^ = ^o, ^-±-V^S. 

y/a-^ \/a + x va + va-j? * 



KaVATION«. cxx^ir 



11. If — + — « v .— + , « - 6a« or . 

8a 3 Sa 4 2 S 

IS. If 5 \/62 + 3* - - \/95f - 5a? = 41, ,^ « 6-J. 

3a^ -- 6aüP 



13. If a + ^ + v/sao? + a?* 



y/ilaof + JT^ 

8a /2 /^ \ 

j?*» — , or -V3-1 2a. 

5 ' \3^ ) 

14. If(.-^)^|(a^6)(l+jy 

a? = y/^ab + 6^, or \/— (6 - a). 

15. It mqa^— mnof + pqäff -^ np ^Oy jr= — , or — — . 



16 



. If \/a? + \/2a?-l -\/^-\/2a?-l = -V 



5 j? + \/2ar-l 

dr = 2i, or -. 

s* g 

17. If (a?-a)*+ 2\/^' (^ -ö) «■<**+ \/^» 

- 07 «2a + 1^ ±\/2a + 1^. 

18. If 07® (a ^ üß) + bw (a + ,1?) H= fe - (zp + 2fe), 



0? = — fe, or i 

'42 



\/^-i-^ 



19. If V^a+07 + \/a-o7 = 6, o^-iV a*- (6*±'V a+— J . 



20. If v^2a7*- 1 +\/l -a*.v^l -a^^aw^ 

r5a*-6i2a\/2(o'^-l)li 

21. If 2o7*-<r-2o?v/l -^= 1^» c» = A-\/3. 



2 



l+a?' 1-0?^ (a 2 \aj 4j 



CXXVl SQ0ATIOKB. 



3 1 

«4. If 16(^ + 2)*+ -7==« 82 Ä* + 48, ^«■"^r- 

Va;*+ 2 2 

25. If (a7+S)"-2(d7*+8)-2«r(ar+l)«, or-l, or -8, or--. 

26. If Vi + a. \/l - ^ - \/l - a . y/l + ^ = 2a, 

a? « a (S -4a*), or - a. 

a 



|2 a 4 aj 



^« Ti. A/l+a*-a\/l+^ 1 1 1-Sa* 

28. li . ■■ j Ä a, 0? =3 - , or - . — r . 

\/l+^-a?\/l + a« a a a*-S 

^9. If (o + a?) v/^T^ = 6 (a - /p)*, 

^ « (9 i 4\/i) - , or (8 A 3 -v/r) a. 

Ti. ^ "W^aoD - A"^ 47 a 

80. If j — . - « w ^ üj or - . 

81. If a + ^\/l +a'*« a\/l -a?*+a?\/l - a^ 

0?»— Y^ {'v/l-a«-8\/l + a*}. 

82. If ax/^at^" 1 -2v^l +a».\/l -a^-a, 

a» + 2 



^B ^ 



a* + 2\/l +a* 



88. If 



« - 1 
na + w. ra 



i + nr 



-(i-^(H)-^^^1lK^. 



EQUATIONS. 



CXXTU 



34. If 0?*"- 1 = a + ~, 



2 ^ 4 

55. If a/CÖT^ + -^^(a-or)«« S v^a« - a;«, 

(S ± \/5)* - 2* 



a? = 



-^■— ^ ii ^ 



36. If 



(27a+8/r)i Sät" 



IS 



(S ± y/sf + 2* 
8 Sa . j— 



UüP 



-ü — +— T7=== — rp=, ^= — {3A\/2l}. 
27» 3V27a+8^ 5 V a? 32 * ^ 



\\/6 \/a/ 



1 \r*2 
"ff 



38. 



1 o»-6» / ,,- , 






39. If («*"+ 1) (a?J - 1)« = 2 (o? + 1), 



40. If ar - 3 



3 + 4\/^ 



^ 



w = 



7±\/l3 



41. If 07 + 7v^= 22, 

42. If a;« + - + 07 + - « 4, 

or 0? 

43. If a;« - 7^ = 8, 

— 8 7 

44. If \/a? s= 



a?«8, or {-1 iv- lo}'- 

3±V5 



/Tal, or 



(ß v^-2' 

45. If or - 2 V a? + 2 « 1 + V ^*- So? + 2, 

07 a 9 Js 4\/7, or 

46. If 2or*(o7' + a^)l = 2o7*(a7 + 2a) + a^{x ^ a), 



0? =» 2, or - 1. 



07 sa 1, or 16. 



3± v^l3 



47. If 0?*- 7 = v^{«*- 4807 + 89}, 



a 

0? = - • or — a. 
2 



» = 2, or - 5, 



CXXTUl 



EanATiowt. 



48 






« « 2401, or — { - 7 =fc \/i7}*" 



49. If -r r, - a, 

(1 + aiy 

50. If ^ -r = a 



1 -2ai\/4a- 3 
2 (1 - a) 



« Ä 



(1 + J?)* 

v/4g+l(\/5+\/4a-n)4-[lO(6o^l)+2V'5(4a-fl)*]* 
* 4(l-a) 



51. If V a^-\-\/üP^w-l-\-Sy/x^ »=7» or 



Sl±10\/37 



18 



« / 



. If vp-y = 8, 1 

and a?* - y* = 14560, J 

I. If a? + y = 5, 1 

and (a?« + !/«).(fl^ + jr') «455,1 



61 



, If.\/f 4^V^--=-hl, 

a? \/a?y 



y 



and V ar*y + x/.ry' = 78, 

4. If 07* + y* =641,1 
and ü/^y + y'^ = 290, J 

5. If J?*+a7y + y*=37, | 

a^-\- wx + sts^= 28, 

j^+ y« + «*= 19, 



6 jf ^ V^^ -^ y ^ 5 \/^ + y 



/r 



y 



, S^/w-y 3\/af-y 
and + 



lOf, 

4 



M 



ar 



{ 



{ 



Of e 11, 

y= 3. 

y »2. 



{ 



jr <s 81, 

y-i6. 



{ 



y 

X 

y 

X 



5, 

4, 

2. 



{ 






V'\ 



BQÜATIONS. 



< 7. If a7* + y*+a?y (^ + y)-= 13 
and (a?*+y*)afV «468 



:1 



6. If ? 

00 

and - 



00 



w+y 

^ + y 

00 






^ 



X- ^* y ^ + V 
9. If — - « — , 

y a? 0?* + y* 



0?" 



y* 'J 



10. If 



w 



-s/lF^ 



»' 



and - 



1-y 



0?, 



11. If ci^ - 6 \/a?«y = 27, 1 
and «» - 2 \/^y «3, j 



12. If (a?H-y)8«j?Va?«y» 
and J^H- 4y* = 4a?y (2y* 



{ 



CXXIX 

^ — 3, or - 2, 
y « - 2, or 3. 



»--77 



9 
1 

18 



« 



i{iA\/«}, 

4 



l'-l 



«» « - 

4 
1 



i' 






+ y'. 1 I ^ IS ' 



l..^/5 



13 



8 



13. If 0? + \/^ - y* - - (\/a?+y + \/a?-y), 
and (a?+y)i-(^-y)»«26, 

14f. If « + \/«»-y» .. - (-v/ar + y + V^TT^), 
and v^« + y + y^» - y - y, 



rar = 5, 
ly-4. 



for-^ll^'/i + r^MI 



*9 



czxx 



SaUATIONS. 



15. If ^-y*=17oy + Sy«H-4ar\/iay^, 1 iw^lay 

and fl;*+y* = 2ay + 8\/y.(a?V^-y\/y)>* l !/ « «• 



1 

16. U w- s/df-it = - (\/^ + y + y/^-y)^ 

and (a?+y)i - (fl?-y)* = 6» 



^ = 



3 V 4a 



y = V4a.'v • 



17. If 



and 



^ + y + \/^+y* 



2j? ^ 



+ ^ 



a-y 



18. If y/oTy - \/a? - y - a, 



and V 



/a? + y- va?-y-a, 1 
i/a? + y + -^Ä - y = ft) i 



19. I( \/a-y/y^y/y + ^9 

and a? + 8 « 8 \/y + 2, 



} 



-11 ±\/l53 
•» «= • Ol 



16 



j i,. 



13 =f \/l53 



8 



. n. 



w 






20. If 0^ + y* = 1 + 2 J7y + Saf^f, 1 
and j?* + y' = 2y»a? + 2y' + fl7+ 1, j 



{ 
{ 



d7 ■= 4, 

y = i. 



21 



. If /»* + y* = Sa?y, 1 
and a^ + y* = 2, j 



f 



Ä?« •^--7=('\/5-l)» 



2'\/5 
V^IO 
2v^ 



(\/5+l). 



/»^ - a?y « 6, 1 

a^ + y^^eij 



22. If /»^ - a?y « 6, 
and 



{ 



fl? = 6, 
y = 5. 



SaUATIONS. 



ex XXI 



23. If (y/w)^'^<^ = (V^y)i , » 
and (V'y)^^^ = (A/*)'J 



w 






24. If 5aa + 12y (a -o?) = 0, 
and a?^ - y* + a* BS 0, 



} 



4a 



Sa 



w^ 



y«-r 



25. If a?y - 4 = 4a?j^ - ^'^^ 1 
and aP — S^wyijD'-y)^ * 

26. If v/^ + >^^«^.\/y« + .>;/^=a, ) 

and ^ + y + 3 v^6a?y s 6, i 



s ' 


or 


4 


~ 9 


5a 






5a 


T' 


OT 




• 

4 






^ 


-1, 






y 


= 2. 



27. If («*+»*).- = 84, 

«2? 



and (^ 



1 



j j? » - {6* + \/2at-6tp, 
L = -{6i-V^2at-6i}». 

ly = 2. 



28. If (a?*+y*) (a? + y) t= l5wy, 
and (af* + j^) (d?* + y2) - 85a^y« 



.} 



{ 



a? = 2 or 4, 
y s= 4 or 2. 






29. If (^-47ff+y«).(a;» + j^)»9l, 
and («v^ 



30. If (Ä?-2)y-\/^y.(y«-l)a2y*-a?, 



4 



a?y- 18 



^«2 or -3, 
y B 3 or - 2. 

^b8 or -12, 

4 
y = 2 or — . 
^ 3 

♦9 — 2 



CXKXIl 
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^1 



. If 5 - « y/y + 2 - — - {y/m - s \/y )*, 



7 /^ 

and — 10 ^ - « « - 16, 






52. If vV+y + \/^ - y = 



oiy-y 



-yV^-\ 



and ^/w-^-y + \//p - y = 6> 



f 1 [6* v^SaM» .y— ; 

1 



2 ^2 6* 



33, If (6 + a?)fl7 + ay-(a?+y)'-2v^ary.\/a-a?.\/6-y, 
and vy 



+ V ö — ^ 




n-6 



»Ba + --r- {« - 6 A \/a6 (6- 1) + n (n-6)}*, 
y - 6 - n. 



34. If «•+y*-i« + -, 

and «*(a7-2) + 6y*a?(a7-l) + y* 






fa7a- Ji-\/4 
2 4 



4a + 2 T 2 \/8a*-4o-86+ 1, 



i-\/4«n-2±2V^«a*-4o-86+ 1. 

4 



61 , . /y\i 1200 
35. If «y + — /pM-410 -) « , 

and 3»* + l6yt + 42 (a?y)* - 4 {py^ {5ä* + lly* } , 

4r-S, y-27. 
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CXXXIU 



S6 



4s^ 






. j^t 2.i?l ^a^ 133 1 2 yi 
y^ y f^ 36 ' y^ ^ ^^ * 



37. If •»*= mo? + »y» l 
and f/*^my + «a^, J 



{ 



üp = 27, or - Bf 
y « 8, or - 27. 



j a? « - V 4»» + 2n (a T v/a'- 4), 

x^y » y/m + n, or i , ^ 

y = V ^+ -n(a±\/a*-4)ji 



where a 



— w + « ± v^wi* — 2 m/i + 5n* 



2n 



5. If 80 V 4 4 + 40 V ^ Jt « 241, 



7 



8 1 

27 8 

1 8 

^8* 27 



39. If (1 - off. (1 + »") - (1 + ^)*. (1 - y*) - 4^\/i + y*>l 

and 4a?y - \/2 (1 - a?») (l - j^), " 

(t\/2 \/s - 2) V^2 \/i i 2 



» 



A/2\/3db(\/3 + l) 
V2\/3 



■ ' ■ > 



CXXXIT BdUATIOMS. 

1. The trinomial aa^ + fco? + c becomes 4Ä when zp « 4, 
22 when w^S^ and 8 when w^2; what are the y alues of a^b^c? 

Ans. a B 3 ; 6 « — 1 ; and c » — 2. 

2. Solve the equation ar'-5a?*24 a o, without completing 
the Square. Ans. J7 = 8, or — S. 

3. Frove that in simple equations of two unknown quan- 
tities there is only one pair of values of the unknown quantities 
which will satisfjr the two equations. 

4. If Wii (Vg represent the two values of w which satisfy 

the equation aar-^ o^ + c » 0, prove that — + — = ; 

^ '^ w^ Xi ac 

and verify this formula by the equation ^cf-lw + 3 = 0. 

5. In the equation a^+ fto; + c » 0, suppose a = 0, then 

07 a — -- ; make the same supposition in the values of w obtain- 
led by completing the Square, and explain the results. 

6. Shew that w -k- - cannot be less than 2, whatever 

w 

positive quantity be substituted for (b. 

7' If a proposed equation be reduced to the form aof = 
Aa^-^Cf what conclüsion is to be drawn as to the value of at. 

Ans. 07 s 00. 

8. Given that afr - ^ (a + 6) (j> + g) + pg = 0, 

and cd-^(c + d){p'^q) -^pq ^0; shew that 
{p-qf ^ (ft-c)(g-d)(6-c)(6-d) 
2 (a + 6-c-d)* 

9« If the same value of <v satisfies both the equations 
aa^-\- fco? + c » 0, and aV+ b'w + c'= 0, what is the relation 
subsisting between ö, 6, c, a , 6', c ? 

Ans. (ac—acy^ (ab'-^ab) {bc-^Vc), 

10. Find the relation subsisting between the coefiBcients 
in the equations a^or + b^y « Ci, agor + b^y « C29 Osor + b^y a C3, 
that they may be satisfied by the same values of w and y. 

Ans. («1 fcj — O2 ^i) ^8 = (^^^i^s — ögCi) 6j + (ci fej — Cjfci) «s . 



PBOBLEM6. CXXXy 

11. Find the value of a^+ 6y*-4- c«*, when aa?^b^^ c«*, 

,1111 ; . 1 1 1 

and - + - + - = --. Ans. (a* + 6* + c*)'. cP. 

w y X d ' 

12. Eliminate a, 6, c, from the equations 

©■^(f)"*©"- = ß)M^)"*(a)"- 

^m ym ^ 



and 



a"+» 6»+" c"+" 



PROBLEMS. 

1. A PERSON distributed p Shillings among n persons, giving 
9d. to some, and 15d. to the rest. How many were there of 
each? Ans. ^(5n-4p) at 9d., and ^(4p-Sn) at 15d. 

2. A labourer is engaged for n days, on condition that he 
receives p pence for every day he works, and pays q pence for 
every day he is idle. At the end of the time he receives 
a pence. How many days did he work, and how many was 

Ans. He worked , and was idle , days. 

'p^-q p-^q "^ 

3. Nine years ago A was three times as old as jß, but now 
he is only twice as old. Required the respective ages of A 
and B. Ans. A is 36, B is 18. 

4. A person, being asked what o'clock it was, answered 
that it was between 5 and 6, and that the hour and minute 
hands were together. Required the time of day. 

Ans. 27m. 16^ s. past 5. 

5. There are two places 154 miles distant from each other, 
from which two persons A and B set out at the same instant 
with a design to meet on the road, A travelling at the rate of 
3 miles in 2 hours, and B at the rate of 5 miles in 4 hours. 
How long and how far did each travel before they met ? 

Ans. A travelled 84 miles, and 56 hours. 

B 70 
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6. There is a certain fracdon, whicb, if 1 be added to its 
numerator, becomes ^ ; but if 1 be added to its denominator, 
it becomes ^. What is the fraction ? 4 

15 

7. A Courier paflsiiig thiougfa a certain place (P) travels 
at the rate of 5 mfles in 2 faours. Four bours afterwards 
another passes through the same place travelling the same 
way at the rate of 7 miles in two hours. How far from the 
place (P) is the first overtaken by the second ? Ans. 35 miles. 

8. Two travellers A and B^ set out from two places P and 
Q at the same time ; A from P intending to pass through Q, 
and B from Q intending to travel the same way. After A had 
overtaken Bf and they had computed their travels, it was 
found that the distance A had travelled together with the 
distance B had travelled made up SO miles ; that A had passed 
through Q 4 hours before ; and that B at his rate of travelling 
was 9 hours journey distant from P. Required the distance 
between the two places P and Q. Ans. 6 miles. 

p. The rent of a farm is paid in certain fixed numbers of 
quarters of wheat and barley: when wheat is at 55s. and 
barley 338. per quarter, the portions of rent by wheat and 
barley are equd to one another ; but when wheat is at 65s. 
and barley at 41«. per quarter, the rent is increased by £7- 
What is the eorn-rent ? Ans. 6 quarters of wheat» 

10 barley. 

10. A constable is in pursuit of a thief, and proceeding at 
a uniform pace he finds by inquiry that the thief is travelling^ 
1-| miles per hour quicker than himself ; he therefore double» 
his speed after the first 4 hours, and takes the thief at the end 
of 6 hours and 20 minutes from the time of his starting. Given 
that the thief had a Start of 1 hour, and never varied his speed, 
find the rates of travelling of the two parties, and the distance 
at which the capture took place. 

Ans. Constable^s speed at first 8^ miles per hour, 

Thiefs speed throughout 9^ , 

Required distance 7lj^ miles. 
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11. At an election where each electoc may give two votes 
to different candidates, but only one to the same, it is found on 
Casting up the poll, that of tbe candidates Aj Bj C» A had 158 
votes, B had 132, C had 118. Now 26 voted for A only, 30 for 
B only, and 28 for C only. How many voted for A and B 
jointly ; how many for A and C ; and how many for B and C ? 

Ans. For A and By 102; A and C, 30 ; B and C, 0. 

12. During a panic there was a run on two bankers, A and 
B; B stopped payment at the end of three days, in conse- 
quence of which the alarm increased, and the daily demand for 
cash on A being tripled, A failed at the end of two more days. 
Now if A and B had joined their capitals together, they might 
both have stood the run as it was at first for 7 days, at the end 
of which time B would have been indebted to A £4000. What 
was the daily demand for cash on A at the beginning of the 
run? Ans. £2000. 

13. There is a waggon with a mechanical contrivance by 

which the difiference of the number of revolutions of the wheels 

on a joumey is noted. The circumference of the fore-wheel 

is a feet, and of the hind-wheel b feet ; what is the distance 

gone over, when the fore-wheel has made n revolutions more 

than the hind-wheel? . abn ^ 

Ans. feet. 

6 — a 

14. A person has two casks containing a certain quantity 

of wine in each. He wishes to have an equal quantity in 

each ; and in order to have this, he pours out of the first cask 

into the second as much as the second contained at first ; then 

he pours from the second into the first as much as was left in 

the first ; and then again from the first into the second as much 

as was left in the second. At last there are exactly a gallons 

in each cask. How many gallons were in each cask at first ? 

. IIa , 5a 

Ans. , and — 

8 8 • 

15. A person rows Crom Cambridge to Ely (a distance of 
20 miles) and back again in 10 hours, the stream flowing 
uniformly in the same direction all the time ; and he finds that 
he can row 2 miles against the stream in the same time that he 
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rows S miles with it. Find the velocity of the stream, and 

the times of going and returning. 

5 
Ans. Velocity of stream ^ of a mile per hour. 

Time of going 4 hours. 
returning 6 hours. 

16. The Gas Company engage to light a shop, for six days 
in the week, with 5 large and 3 small burners, but having by 
them only one large bumer, they supply the deficiency with 
5 small ones. The shopkeeper, not finding this light sufficient, 
procures two small burners more, and at the same time agrees 
for the lights to bum double the usual time on Saturday nights, 
for which additional gas he was to pay £l. IIa. How much 
did he pay a year altogether ? Ans. £5. 58. 

17. A shopkeeper, on account of bad book-keeping, knows 
neither the weight nor the prime cost of a certain article which 
he had purchased. He only recoUects, that if he had sold the 
whole at 308. per Ib., he would have gained £5 by it, and if 
he had sold it at 22«. per Ib., he would have lost £l5 by it. 
What was the weight and prime cost of the article ? 

Ans. Weight 50lbs. 
Cost 268. per Ib. 

18. A book is so printed, that each page contains a certain 
number of lines, and each line a certain number of letters. If 
we wished each page to contain 3 lines more, and each line 
4 letters more, then there would be 224 letters more than before 
in a page ; but if we wished to have 2 lines less in each page, 
and 3 letters less in each line, then the page would contain 145 
letters less than at first. How many lines are there in each 
page, and how many letters in each line ? 

Ans. 29 lines, and 32 letters. 

19. Aj B9 Ci by E play together on the condition that he 
who loses shall give to all the rest as much as they have already. 
First A loses, then jS, then C, then 2>, then E. All lose in 
turn, and yet at the end of the fifth game they all have the 
same sum, viz., £32. How much had each before they began 
to play? Ans. ^ f 81, Ä £41, C £21, D£ll, E £6. 
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20. A pack of p Cards is distributed into n heaps, so that 
the number of pips on the lowest cards, togetber with the num-* 
ber of Cards laid upon them, is the säme number m for each 
heap, and the number of cards remaining is found to be r; 
required the number of pips on all the lowest cards. 

Ans. (m + 1) n + r - p. 

21. Ita men or 6 boys can dig m acres in n days, required 
the number of boys whose assistance will be required to eoable 

a "p men to dig m + p acres in n — p days. 

pb ( m + n a\ 

Ans. — 1 + . — l . 

a \ n^p mj 

22. Supposing the sum of 51 cards in a common pack to be 
lOn + a, (where a < 10), prove the value of the last card to 
be 10 - a, the court-cards reckoning for 10, and the others 
for as much as is the number of pips upon each. Find also 
the value of n. Ans. n = 33. 

23. The distance between two places is a, and on the 
firat day — tb of the joumey from one to the otber is per- 

formed ; on the 2nd day — th of the remainder ; then — th 

n m 

and -th of the remainders on succeeding days. Find the 
n 

distance gone over in 2j9 days. 

24. To complete a certain work A requires m times as long 
a time as B and C together ; B requires n times as long as A 
and C together ; and C requires p times as long as A and B 
together. Compare the times in which each would do it, and 
prove that 

1 1 1 

+ + = 1. 



m + 1 n + 1 p+1 



25. Sij S29 S39...Sni.i sixen+l stones placed in a straight 
line a yard from each other, and Ä^ is another assumed Station 
in the same line produced; two persons set out from Si, the 



CXl RATI08, PROPORTION AND VARIATION. 

one to carry the stones separately to Su and the other to ^; 

find the distance from S^+i to JC, that the latter may travel 

exactly twice as far as the former. ^ n(n + i\ 
^ Ans. — ^^ -. 

26. Two clocks are striking the hour together, and are heard 
to strike 19 times. There is a difierence of two seconds in 
their time, and one strikes every three, the other every fbur, 
seconds^ What is the hour they strike? it being obsenred 
that, when the clocks strike in the same second» the sounds 
cannot be distinguished, so as to determine whether one or 
both strike in that second, and that this is the case with the 
last stroke of the faster clock. Ans. 11 o^clock. 

27. The hold of a vessel partly füll of water (which is 
uniformly increased by a leak) is furnished with two pumps 
worked by A and Bj of whom A takes three strokes to two of 
B\ but four of B*s throw out as much water as five of ^"^s. 
Now B works for the time in which A alone would have 
emptied the hold. A then pumps out the remainder, and the 
hold is cleared in 13hrs. 20min. Had they worked togetber, 
the hold would have been emptied in dhrs. 45 min., and A 
would have pumped out 100 gallons more than he did. Ae- 
quired the quantity of water in the hold at first, and the horary 
influx at the leak. 

Ans. Quantity in the hold 1200 gallons. 

Horary infiux 120 gallons. 



RATIOS, PROPORTION AND VARIATION. 

1. Frove that a : b is a greater ratio than aw : bw + ff^ 
and a less ratio than aw i hx -- jf. 

2. Prove that o' + b' : a' + b^is greater than c?^V : a + frw 

3. If four numbers be proportionalst shew that there ia 
no number which, being added to each, will leave the result- 
ing four numbers proportionals. 



EATI08, PftOPOBTION AMD VAKIATIOV. CXli 

4k What quantity must be added to each of the terms of 

the ratio a : b, that it may become the ratio cid? 

^ ad^bc 

Ans. ~ . 

c - d 

5. Pfove that, if a : 6 is a greater ratio than c : cf, 
a + c: 6 + disa less ratio than a : b but a greater than c : d. 

6. Four giveil numbers are represented by a, 6, e, d ; re- 
quired the quantity which added to each will make them pro- 
portionalst . bc — ad 

Ans. 



a — 6 — o + c( 



^^ a c . , 2o + 36 2c + 3d 

7. If T =» -; > shew that = . 

6 ff 4a + 56 4c + 5(2 

8. If four quantities of the same kind be proportionals, 
prove that the greatest and least together are greater than the 
other two together. 

9. If the differenee between a and b be small when com- 
pared with either of them, shew that the ratio 

y^ — y/ft : v^a- v6 is nearly equal to ny/a : fn^^b. 

10. If -V7= vr- ^ •v= fcy » shew that m : y 

« 1 ik v^ : 2. 

11. If m Shillings in a row reach as far as n sovereigns, 
and a pile of p Shillings is as high as a pile of q sovereigns, 
compare the values of equal bulks of gold and silver. 

Ans. Val. of gold : val. of silver :: 20m*p : rfq. 

12. Given that y « 4f, and when o? « 2, y = 10, required 
the equation between w and y. Ans. y^5w. 

13. Given that y* « a* - 47*; and when w = \/a» - 6«, 

V 
y B ~ ; find the equation between w and y. 

a 

Ans, y « - \/o' - ^. 



Cxlii RATI06, FEOPORTION AND VARIATION. 

14. Given that y is equal to the sum of two quantities, one 

of which varies as «, and the other varies inversely as a^; and 

when or «= 1, 2, y ^ 6f 5^ respectively. Find the equation be^ 

tween w and y. .4 

. Ans. y^2w+ --. 

ar 

15. Given that y is equal tp the sum of three quantities, the 
Ist of which is invariable, the 2nd varies as w, and the Srd 
varies as a^. Also when o^ s i, 2, 3, ^ = 6, 11, 18, respectively. 
Express y in terms of w. ^ns. y^3-^2w + a^. 

16. If o + 6 oc a — 6, prove that a* + fe* « ab. 

17. If - oc a? + y, and —oza-^y^ shew that .t*- y* is in- 

y ^ 

variable. 

18. If aw^-by^cw-k- dy^ prove that a? oc y. 

19. It A cc ßf and B oc C, shew that 

mA + nB^pC ocm'^/AB + ny/AC-^p'y/lBC. 

20. If ^ocJ5, and B cc^/JC^ and Coc^Y^+^aI^, 
shew that m\/ AB -n\/ BC ccpy/~Ä + q's/D. 

21. A sphere of metal is known to have a hoUow space 
about its centre in the form of a concentric sphere, and its 

.7 
weight is - of the weight of a solid sphere of the same substance 

and radius; compare the inner and outer radii, having given 
that the weights of spheres of the same substance oc (radii)'. 

Ans. 1 : 2. 

22. A locomotive engine without a train can go 24 miles an 
hour, and its speed is diminished by a quantity which varies as 
the Square root of the number of waggons attached. With 
four Waggons its speed is 20 miles an hour. Find the greatest 
number of waggons which the engine can move. Ans. 144. 

23. The value of diamonds oc the Square of their weight, 
and the square of the value of rubies oc the cube of their 



AKITHMSTICAL PROQRE9SION. CXliÜ 

weight. A diamond of a carats is worth m times the value of 
a ruby of b carats, and both together are worth £c. Bequired 
the values of a diamond and of a ruby, each weighing n carats. 

(m + 1) a* (m + 1) ft* 

24. If the prices of two trees containing p and q cubic feet 
of timber he £a and £b ; required the price of a tree contain- 
ing r cubic feet, supposing the values of the timber and bark 
to be respectively proportional to the m*** and n^^ powers of the 
quantity of timber in the tree. 

abr (1 + r~-") (p'""" - g*""») 



ARITHMETICAL PROGRESSION. 
SüM the foUowing series : — 
. 1. 1 + 2 + 3 + 4+ ••• ton terms. Ans. n ~. 

2. 1+3 + 5 + 7+ Ans. n^. 

3. 2 + 2g + 2|+ Ans. -(n + 11). 

4. 13 + 12| + 12| + Ans. -(79-n). 



1 2 11 . n, 

5. --T--^- Ans. — (l3-7n). 

2 3 6 12 ^ 

^13 1 n 

o. - + - + - + ... Ans. —-(»+3). 

4 8 2 16 "^ 

7. - + l+ly+ Ans. -(n + 4). 

15 4 * A ^ ^ 

8. - + ^ + -+ Ans. — (3» + l). 

3 6 3 12 ^ 

^9. - 9 - 7 - 5 - ... to 20 terms. Ans. 200. 

5 2 1 

10. - + — — ... to 101 terms. Ans. - löllsi. 

7 9 9 *^ 



Cxliv ABITHMSTICAL PBOGKSSSION. 



a-fc 3a-2fc ^ n ( »+l ,1 

H. — 7+ -- + ... ton terms. Ans. — -{na b). 

a+b a+fr a+6 { 9, ] 

n-1 n-2 «-3 ^ n-l 

12. + + 1- Ans. . 

n n n 9. 

13. 2^ + 3^ + 4*^ + ... to 5 terms. Ans. 20^. 

/l «\ /l n-l\ /l n-2\ 

14. + ) + ( +••. ton terms. 

\a wl \a X I \a w ) 

. n n + 1 1 

Ans. — — n . . - . 

a 2 w 

15. (« + a) + (« + a + d) + (* + o + 2d) + ... to n terms, 



where * ■= (2a + n - 1 . d) -. Ans. (n + 1) *. 

2 

16. Given the first term (a) of a series in Arithmetical 
Progression, the common difference (6), and («) the sum of 
the series to n terms, find n. 

Ans. n « ± «v/ — j. f j , 

2 6 ^ 6 ^ V2 6/ 

17. Given * = 40, a = 7, and 6-2. Required n. 

Ans. n « 4, or — lo. 

18. How many terms of the series 19, 18, 17, &c. amount 
to 124 ? Ans. 8, or 31. 

f^ ig. The sum of a series in Arithmetical Progression is 72, 
the first term 17, and the common difference -2; find the 
number of terms and explain the double answer. 

20. In any Arith. Prog. of which a is the first term, and 
2 a the common differenee, prove that the number of terms, 

which must be taken to make a sum «, is X/ -, s being 



a 



assumed such that - is any Square number, but no other. 

a 



ABITHMETICAL PE06BB8SION. Cxlv 



21. The »*** term of an Arith. Prog. is ~(3«-l), prove 

that the sum of n terms is — CSn + l). and find the series. 

. 1 5 4 11 ^ 
'^°'- i' 6' i' 6"' *^'- 

22. There are two series in Arith. Frog., the sums of 
which to n terms are as 18 — 7^ : 3^ + 1 ; prove that their 
first terms are as S : 2, and their second terms as -^ 4 : d. 



23. The «H-l term of a series in Arith. Prog. is 



tna — nb 



a — b 9 



reqüired the sum of the series to 2n+ 1 terms. 



ma^nb . . 

Ans. =— .(2» + l). 

a — 6 



24. Shew that the sum of the m — vH^ ädd m -4- n^ terms 
of any Arith* Prog. is equal to twice the n!^ term. 

^ 25. Determine the relation between a, 6, and c, that they 
may be the p**, (j^^ and r*^ tefiMfs of an Arithmetical Pro- 
gression. Ans. (5'-r)o + (r-p)fe + (p-g)c = 0. 

26. In an Arithmetic Progression, if the/> + 9I term «= m, 

and the 'p -q\ term = «, shew that the p*^ term = - (w + n), 

2 

^ ^ ' ^q 

^7. In an Arithmetic Progression, a is the first term, b the 
common difference, and Sn the sum of n terms, prove that 

>Sn + *S»4.i + «S^+g + ... to n terms 
-(3»-l) — + (7»-2)(n.-l)y. 

^ 28. Prove the following forms in Arithmetical Progression : 



-i^^i 



« + -J-26*, 



*10 



Cxlvi 6E0METRICAL AND HABMONICAL PROGRESSION. 

ln-1 n(n — l)j 

29* In the two series 2, 5, 8, &c. and d, 7» II9 &c- ^^c^ 
continued to 100 terms, find how many terms are identical. 

Ans. 25. 



GEOMETRICAL AND HARMONICAL PROGRESSION. 
SüM the following series: 

1. 1 - 2 + 4 - 8 + ... to n terms. Ans. - {l - (- 2)"}. 

3 



12 4 

2. + .. 

5 15 45 

1 1 



4. - + r + -+ Ans. 

S 2 4 



5. 2^ + 2| + 3^ + &e. to 13 terms. Ans. 58|. 

.213 8 

o. --- + -+... to 00 . Ans. — . 

3 2 8 21 -t 

^ \/2 + l 11 ^ ^ 

7. —7= — + 7= + - + ... to 00. Ans. 4 + 3\/2. 

V 2 - 1 2 - V 2 2 

8. ö' + «''+« + a'+*« + ... to » terms. Ans. a/^. . 

9' ^-y+ — + ... ton terms. Ans. Ji-(-fL) l 

fVl+V^ + '^^+ 



la 

M ^ M 3 



1 {^wy - (Sa)^ 






") 



s \ I 



GEOMSTaiCAL AUD HABMONICAL PROGRESSION. CXlvÜ 

IK 1 + 5 + 13 + 29 + 61 + .«.ton terms. Ans. 4(2"-l)-3n. 

12. 2+6+ 14 + 30+ Ans. 4(2'-l)-2n. 

13. 1 +3 + 7 + 15 + 31 + Ans. 2(2"-l)-n. 

14. 3 + 6 + 11 +20+ Ans. 2*+*+-{n'^+n-4}. 

SS 

1 3 7 15 * V 1 

15. - + - + - + — +-.. to n terms. Ans. 2(n-l) + — r. 
12 4 8 ^ ^ 2"-^ 

14 44 134 ^ 9/ 1\ 

16. ^ + 4 + — + — + — + Ans. 5n — ( 1 I . 

3 9 27 2V 3V 

17. {«-«) + (s-^a-^-ar)-^ (a-a-^ar + af^) +...to n terms, 

r"- 1 

and to 00, where e ^ a. . 

r- 1 

naf^ ar 
ar 

18. Find the sum of (l'-l) + (2' -2) + (3^ - 3) + &c. to n 

Ans, -(n+2)(«'-n). 

4 

!(- 19. The first term of a geometric series, continued to oo, 

is 1, and any term is equal to the sum of all the succeeding 

terms; find the series. ^ 111 

Ans. 1+^ + - + -+ 

2 4 8 



>, 20. Prove the following forms in g. p. : 

/(«-0-»-ja(«-a)»-» = O, 



r 

a 

s — a 
r« -, 



♦10 — ^ 



Cxlviii OEOMKTRICAL ÄND HABMONICAL PB06RXS8I0N. 



21. In a Geometrie Progression^ if the p + 9^ term » «n, 
and the p -q^ term = », shew that the p^ term — \/mny 

and the (^ term — «1 ( — ] '*. 

22. Required the sum of the first p terms of the series 

whose v!^ term is na + a". . , , ^ a^- 1 

Ans. 4l'(j' + ^)^'^^« • 

o — 1 

2 5 

23. Given -, -« the first two terms of an a. f., find the 

S 7 

sum of 15 terms; and if the same quantities be the first two 
terms of a 6. f., find the sum of 15 terms. 



28fi5l^*^ l 



(1) Ans. 15; (2) Ans 

24. If a, 6, c are quantities in g. f., prove that 

25. If there be any number of quantities in 6. f., r the 

common ratio, and S^ the sum of the first m terms, prove that 

r 

the sum of the products of every two « . S^^S^^^ . 

1" + 1 

26. Prove that in any g. f. the sum of the first and last 
terms is greater than the sum of any other two terms taken 
equidistant from the beginning and end of the series. 

4, 27. The first two terms of a series in Harmonical Pro- 
gression are a, h ; continue the series to three more terms. 

ah ab ab 

Ans. a* o, r ,. • . 

2a -6 3a-2ft 4a-d& 

28. If a, b, c be three terms in Harmonical Progression, 
shew that a* + c* > 2 6*. 

V 29. The sum of three consecutive terms in Harmonical 

Progression is 1^, and the first term is -; find the series. 

2 

. 111 
Ans. ■*-, -, -• &c. 
2 S 4 



PERMUTATI0N8 AKD COMBINATIONS. CxHx 

^30. Given a and b the first two terms of an Harmonie 

Proirression. find tbe n^ term. . ab 

® ' Ans. 



(»-l)a-(»-2)6 



4- SU «If a, 6, c be in 6. p., shew tbat log^n, log^n, log^n, 
are in h. p. 



PERMÜTATIONS AND COMBINATIONS. 

1. How many days can 5 persons be placed in dif- 
ferent positions about a table at dinner? Ans. 120. 

2. How many different sums may be formed with a 
guinea, a half-guinea, a crown, a half-crown, a Shilling 
and a sixpence? Ans. 63. 

3. At an election, where every voter may vote for any 
number of candidates not greater than the number to be 
elected, there are 4 candidates and 3 members to be chosen ; 
in how many ways may a man vote P Ans. 14. 

4. From a Company of 50 police-men 4 are taken every 
night to guard the police-station. On how many different 
nights can a different selection be made ; and on how many 
of these will any particular man be engaged ? 

(1) Ans. 230300. (2) Ans. 18424. 

5. How many combinations are there of 52 things taken 
13 together ; that is, how many different hands may a persm 
hold at the game of whist ? Ans. 635013^59600. 

6. Find the number of different triangles into which 

a polygon of n sides may be divided by joining the angular 

points. . 1 ^ 

Ans. - » (n - 1) (n - 2). 
o 

7. Prove that the number of different combinations of 
n things taken 1, 2, 3, ... n at a time is 2"— 1. i 

8. If there be any unknown number of beans in a bag, 
prove that the chance of bringing out an odd number taken 
at random is greater than that of bringing. out au even 
number. 



Cl EXPAKSIONS. 

9. In how many ways can 8 persom be seated at a 
round table, so tbat all shall not have tbe same neigbbours 
in any two arrangements ? Ans. 5040. 

10. Out of 17 oonsonants and 5 -vowels, how many words 
can be made having two oonsonants and one vowel in eacb ? 

Ans. 4080. 

11. Find tbe number of words which can be formed by 
taking tbe 24 letters of tbe alpbabet, 6 at a time, eacb word 
containing two vowels. Ans. 27907200. 

12. If tbere be two dice, one of which bas n and tbe 
other n + r faces, eacb die being marked in the usual man- 
ner from 1 upwards, find the number of different throws 

which can be made with them. * 1 ^ 

Ans. - n (n + 1) + nr. 
2 

13. Find tbe number of Permutations with repetitions 
(tbat isy allowing quantities which recur to be combined as 
if they were different) of n things taken r together. Ans« n^. 

14. Find the number of different combinations of n things 
taken 1, 2, 8, ... and n together, of which there are p of one 
sort, g«f another, r of another, &c. 

Ans. (p + 1) (gf + 1) (r + 1). &c. - 1. 



EXPANSI0N8. 

1. ExPAN0 (a + by, (a - b)\ (2a? - Sy)\ and (5 - 4af)*. 

Ans. (1) «'+ 8a^6 + 28a«fc*+ öea^b^-^ 70a*6*+ 56a'ft* 

+ 28a«6»+8a6^+&^. 

(2) a'- 7a^b + 21a*6«- Sba^W -k- S5ü?V- 21a« 6* 

+ 7«r6^-6'. 

(3) 32a?*- 240^y + l^Oa^f-lG^Ow^f-^ 810/py*- 243y*: 
. (4) 625 - 2000a? + 2400^?«- 1280^7^+ 256j^. 

2. Required the coefficient of o?* in the expansion of (a?+ö)*. 

Ans 56^ 



EXPANSIONS. Cli 

3. Hequired the 5*** term of the expansion of (a* - 6*)**. 

Ans. 4950" 6*. 

4. Required the 7*** term of the expansion of (o'+ Saby. 

Ans. 61286 a^*6«. 

5. Required the S^'^^term of the expansion of (Sa*- 7ar*)®. 

Ans. l36ls670a^w^K 

6. Required the &^ term of the expansion of (aa? + byY^. 

Ans. 252a*6*ar'y*. 

7- Required the middle term of the expansion of (a* + oT)". 

Ans. gZiia^a^"'. 

1 N 

8. Expand -, 



V Od? — d?" 

1 1 ai ^ a^ 14> afi 

Ans. -- — i + '''~4 + ;^'"7+^' "^0 ■*■ 
(aa?)» ^ o» 9 oi 81 «T 



9. Expand 



1 6d7« 21/r* 56af 
— + — + + — 

a^ al ai ^ 



Ans. — + ^- + — r + "IT ■*" ••• 



10. Required the middle term of the expansion of (1 + w)^, 

1.3.5 ... (2n - 1) 

Ans. ^^ ^.2*a?"* 

1.2.8... n 

11. Required the r^ term of the expansion of (8 a - 2^7)5. 

1.4.9... (5r- 11) , ^, y r v5 

12. Required to know which is the greatest term of the 
expansion ^^ (^ +^) • ^^^' ^^^ ^^^' 

18. Find an approximation to the cube root of 81 by the 
Binomial Theorem. Ans. 8*14188. 

14 Find an approximate value of \/l08. Ans. 1*95204. 



Clii KXFAMSIONS. 

a 3 'y /% 

15. Find the sum of 1 + - + - + — + &c. o, p, 7, &c. 

being the coefficients taken in order of the expansion of 

(a + 6)". ^ 2*+*-l 

^ Ans. 

n + 1 

16. Prove that the coefficient of the r+ 1*"* term of (l +af)** ^ 
is equal to the sum of the coefficients of the r^ and r + 1^ 
terms of (1 + w)*, 

17. If r be the createst whole number contained in -» 

q 

': \a^ ai)i has the first r + 2 terms of its expansion positive, and 
"^-.the r + fii* of the same sign as (- l)"; biit (a - a?)f has the 

nirst f* + 1 terms altemately positive and negative, and all the 

rest of the same sign as (- 1)'"*'^ 

18. Given that the p + 1*^ term of the expansion of (l + ai)* 
is equal to the p + 3^^ term, shew that p = 1. 

19. What is the meaning of (1 + wy^ P Has the Binomial 
Theorem been proved in any sense to extend to such a quan- 
tity ? 

20. I{ w > a, prove that the sum of all the terms of the 
expansion of (w + a)% after the first two, is less than 
(2"-»- l)aa^"'. 

^^ „p(p-l)(p-2) (p-r + 1) ^ „j^ by 

1.2. 3 r ^ -^ 

Pr^^rOYethat (p -^ q)r^ Pr+ Pr^iqi + Pr^iqfi + +Pl9r-l+?r 

22. If — — K^ + r- ) ^ represented by 

1.2 »3 •••••« T 



^Py, shew that 

2S. Prove that 
l.S.5,..(2r-l) 1.8.5 .,.(2r-3) 3 1.3.5...(2r-5) 3.5 

is equal to 2*'(l + r). 



»0» 



sxPANsioNs. cliii 

24. If ^ be very small compared with 1, prove that 

\/l J^w + y/il-wy 5 . 
. «1 --a? nearly. 

25. If e s a * 6, and is very small compared with a and b, 

26. If a > 6, prove that a* - 6"> »6""* (a - 6) and < na""*. 

27. If fl? be nearly equal to 1, shew that /vV"- z*"^ s '; :.v\ 

a ^+« nearly. v^>' v AI' 

28. If « « — -I- — -— , and z is very nearly equal to 1, 

(*— «)^ — « 
shew that u^lß. z ? " very nearly. 

29. If -sl+A, A being very small, find the value of 

Cv 

, Ans. 1 + -5 — 77 nearly 

SO. If N represent the vü^ term of the expansion of a% 
find n when the series begins to converge at that term ; and 
shew that the sum of all the succeeding terms is less than 

Nn 

* 1 — ZT . log a * 

31. Required the term involving w^ in the expansion of 
Q + fl? + a?*)\ Ans. 45a?*. 

S2. Required the term involving üf in the expansion of 
(1 + 2^ + S^ + 407* + ...)•. Ans. 4S68/P*. 

33. Required the term involving c?}f(? in the expansion 
of (a + 6 + cf. * Ans. 90a*6*c*. 

34. Required the term involving b^c^e^f in the expansion 
dT (a + 26 + 3c; -t- 4e{ + 56 4- 6/)^°. Ans. 5 1030000006V 6*/ 



( 



Zam — 07* + — r- I 

a* / 



cliv BXPAXSION8. 

35. Required tbe coefficient of xb* in the expansion of 

(l+w + 2j^ + S«^ + ...)•. Ans. - (n* + lln). 

36. Required the coefficient of af in the expansion of 

(1 + 2a? + S^ +...). Ans. -^^ — — -' 

^ ^ 1-2.3 

37. Required the number of terms in the expansion of 
{«0+ ®i^ + ^^* + «s^*- Ans. 35. 



Write down the n^ term of each of the foliowing series 
which proceed according to the law indicated by the terms 
given : — 

1. 1 + - + 1- + Ans. 



1 1.2 1.2.3 



«-1 



2. 1 + 3 + 6+ 10+ 15 + 21 +28 + ... Ans. -n{n-\- 1). 

2 

111 ^1 

3. 1+- + - + — + ... Ans. . 

3 6 10 



- (n . n + 1) 
2^ ^ 

4. 1.2.4 + 2.3.5 + 3.4.6 + ... Ans. n (n + 1) (it + 3). 

3y.5 5x7 7x9 . (2n+l)(2n + 3) 

1.6.11 1.6.11.16.21 

6. 1+ + -+ 

1.2.3 1.2.3.4.5 



Ans. 



1.6.11. l6...(lO»-9) 
1.2. 3.4... (2n-l) 



3 6 9 12 .3« 

7- - + T + — + — + Ans. 



5 8 11 14 3n + 2 

111 

8. + + 



6.7.8 8.9.10 10.11.12 

Ans. -— 



(2n + 4) (2» + 5) (2n + 6) 



EVOLUTION OF SURDS. clv 



19 1 28 1 39 1 

9» X — X X — + '<";: + 

1.2.3 4 2.3.4 8 3.4.5 I6 



(n-^Sy + S 1 

Ans. — z r^r r X 



»(» + l)(n + 2) 2"+^ 

10. 1'= 1, 23« 3 4. 5^ 3»- 7 + 9 + 11, &c. Writ^ down n* 
after the same law. 

11. Required the first three terms of the series whose 

n -f 1*^ term is ^^ "^ [ ; ^"" ^ . 2*. Ans. -35 -16 -7t. 

(n + l)(n*+l) * 



12. Required the n + 1*^ term of the series whose r^ term is 
n(»- !)...(« -r + 2) / w y^ I Of y 

1. 2 (^-1) ' V1+2W ' * Vl + 2a?/* 

EVOLUTION OF SÜRDS. 
ExTRACT the Square root of each of the foUowing surds : — 

1. l| - 2| X vi . Ans. - (\/3 - 1). 

3 3 

2. •\/27 + 2 y/6. Ans. \/l9, + V^. 

3. \/32 - '\/24. Ans. a/i8 - y^. 

4. 3^/5 + \/4>0. Ans. v^20 + v^- 

5. Extract the Square root of 

/ h\^ / aifi 

{a—\ +2 Vö*Ä-2a*W+ — . 

Ans, V^ (o — ) -a6+\/a6. 

^ ^ , ^Sa ^ flÄcFh^ 4a* 6* 

6. Extract the Square root of — + 'v — s • 

. ah . /sä a*6* 

Ans. — + V =- . 

c w c^ 

7. Extract the Square root of 

ab -k- ^c'-tP+^y/^abd^'^abd'. Ans. \/ab + y/ 4fci^ - tP. 



elvi EVOLUTION OF 8URDS. 

8. Prove that Vbc -k^ftb^hc-^+Vbc - Sthy/bc-V 
is equal to «b 26. 

9. Extract the cube root of 7 - 5^/2. Ans. 1 -vS. 

45 J. 29V^. Ans. S ±v/i. 



10. 



• •• • • • 



11 148+48v^- Ans. v^2{2 + \/n}. 

12. Extract the 4**" root of 14 + 8 y/s. Ans. 4;^ • 

18. Extract the 5*** root of 41 + 29 \/2. Ans. 1 +\/2. 

14. Extract the 5^ root of 228 + lS2\/i. Ans. (l + v^) V^- 

15. Extract the 6*** root of 2889 - 1292 \/5. Ans. 2 - \/5. 

16. Extract the 7*^ root of 239 4- 169^2. Ans. 1 +\/2. 

17. Extract the Square rpot of 9+2'\/i + 2\/5 + 2\/l5. 

Ans. 1 + \/s + \/5. 

18. Extract the Square root of 6 + 2 v/2 + 2\/i + Zy/s. 

Ans. 1 +\/2 +'\/i. 

19. Prove that V 2 +\/8 may be expressed by \/i+\/-i 
+ Vl^y/'^. Does it follow that \/2 + v^ is "impossible? *• 

20. Prove that v a ± ^/fe may be reduced to the form 
V^ ± V^/3, when 1 - -- is a oomplete square. 

21. Prove that (20 + \/s92)* + (20 - y/3^)\ is equal to 4. 

2 4 27 2 ^ 4 27 

and r e 0, shew that the values of « are and ^ v9- 

23. If (jr-?^).{6-y-(a-ar)p}=c*,andp-vt^, 
prove that \/(6- y)a? - v (a - a?) y » c. 



INDETEEMINATX COEFFICIEMTS. clvÜ 

24. GiveD that 2 {^+ y*-»'-y} + l«0; required w 

and y. ^11 

Ans. 0? «s -, y = -. 

2 2 

INDETERMINATE COEFFICIENTS. 
By the method of Indeterminate Coefficients shew that, 

3 + 2i? S 11 7x11 . 7'xll _ 7'xll ^ 

1. - — — =--— a?+-_a?«-— ^0?»+-— ~a?*- ... 
5 + 7ar 5 5* 5^ 5 5* 



2. 



3. 



4. 



Z"*"^, « 1« + 2».a? + 3«.a?« + 4^a;» + 5«..»* + ... 



Sä?-5 7 1 l 1 

^««.6^7 + 8 2'*-4 2*^^-2* 



30^-7^7 + 6 2 1 S 

5. — r= — = :: iT^ "" :: rm + 



6. 



(ar-1)» (a?-l)' (a?-l)'* a?-l 

1 1 11 

a^ — ai^ 4a^(a + ^) 4a^(a-j^) 2a*(a* + a;*)' 

7w ^ i«a? + (a-6)4^+(a*-a6-ö + d)a?'+ .. 

1 -aar-^ cor ^ ' 

1 _ 1 f 1 1 ^-2 af + 21 

a?*-l 6\a?-l a?+l ^r'-a? + l a7^+fl?+lj* 

ai^+pa + q a^-^-pU'^q V + pb-^q 



{a^a)(a^b)(a^c) (a-6)(a-c)(jr-ö) (^-a)(6-<?)(j»-6) 

(c-o)(c-6)(a?-c) ' 

10. Given y = aa7 + 6a?* + ca?'+dd^+ ..., required /p in a series > 
of powers of y. 

Ans. a?=:-y--y»+ — -r — jr- ^ y*4-... 

11. Given y^ - a/ry — 6* = 0, required y in a series of powers 

of d?. . , aw c^a? a*/r* 

Ans. y = o + -r- — — - + — -- - ... 



clviii 

CONTINÜED FRACTIONS. 

251 

1. Find a series of fractions converging to — - . 

. 1 22 23 114 „ 

Ans. - , -7- • — • — , &c. 
3 67 70 347 

84 . 

2. Express — m a continued fraction, and find the con- 

^ 227 

vergents. 

Ans. The quotients are 2, 1, 2, 2, 1, 3, 2. 

^, 1 1 3 7 10 37 84 

The convercrents are -, -, -, — , — • — • — . 
® 2 3' 8 19' 27 100 «27 

3. Find the convergents to the continued fraction whose 
quotients are 1, 4, 9, 2, 1, 1, 4. 

1 5 46 97 143 240 1103 
Ans« ~* • ^ • "■"" % "~~* f "■"""" « • - • 
1 4 37 78 115 193 887 

4. Find a series of fractions converging to \/2- 

. 1 3 7 17 41 ^ 
Ans. -, -, -, — , — , &c. 
1 2' 5* 12' 29 

3 + \/7 . . 

5. Express in a continued fraction. 

Ans. The quotients are 2» 1, 4, 1, 1, 1^ 4, &c. 

855 

6. Prove that — differs from 3*14159 by a quantity less 

than 0*00001. 

7. The lunar month, calculated on an average of 100 

years, is 27*32l66l days. Find a series of vulgär fractions 

approximately nearer and nearer to this decimal fraction. 

. 27 82 765 3907 . 

Ans. — • — , — , , &c. 

1 3 28 143 

8. The sidereal revolution of Mercury is 87*969255 days ; 
and that of Venus 224*700817 days. Represent these quan- 
tities approximately by less numbers. 

A xi Ti# S7 88 2815" „ 

Ans. For Mercury — , — , , &c. 

•^ 11 32 

_, ,, 224 225 674 1573 . 

For Venus — , — , — , , Sic. 

113 7 



INDETERMIVATE EdCTATIOXS AND PROBLEMS. cIlX 

9« Find the least fraction with only two figures in each 

1947 11 

term, approximatine to . Ans. — . 

^^ ® 3359 19 

10. Given 2'= 6. Required ob in the form of a continued 
fraction ; and find the convergents. 

. 1 ^ 2 3 5 13 Sl 

Ans. wm2+ Convergents are -,-,-, — , — , &c. 

2 + ... 

(7\' 3 
— j = - . Find Of. Ans. 0-53. 

12. If 3'= 15. Find of. Ans. 2*465. 

— 682 Sfifio 

13. Shew that v 5 is ^eater than — and less than — - » 

305 1292 ^ 

and that it di£Pers from the latter fraction by a quantity less 

than . 

2 X 305 X 1292 



INDETERMINATE EQÜATIONS AND PROBLEMS. 

1. 14^ -^ 5^ B 7 ; find the least positive integral values of 
^ and y. Ans. ^ = 3, y^7. 

2. 27^ + l6y = 16OO; Ans. ar = 48, y«19. 

3. Required the number of Solutions of 11^ + 15^ » 1031 
in positive integers. Ans. 7. 

4. Sa + 5y ^^6; find all the values of <r and y in positive 
integers. Ans. a? = 7, 2. 

y«l,4. 

5. 11/P + 13^B 19O; Ans. ^«9, y=7. 

6. I3a?+l6y = 97; Ans. ar = 5, y = 2. 

7. lla?H- 7y= 108; Ans. ;p«6, y=6. 



C\X INDETESMINATE EdUATIONS AND PROBLEMS. 

8. Prove that an equation of the form aa-^ by ^c admits 
either of no Solution in integers, or an infinite number. 

9. Shew that there is no Solution in whole numbers for 
the equation 49a? — 35y «= 11. 

10. Given w^ 4f, ^ « 9» one Solution of 2^7 + 3y « 85. 
Find all the Solutions in positive integers. 

Ans. 1^"*'^ = ^' 
lo?« 1, y« 11. 

11. Given ar + 2y + S« = 20 

and 4/r + 5y + Sat » 47 

■ a? « 1 >• 2} 3, 



> ; tequired Wf y, x. 



Ans. 



y = 5, 3, 1, 

z mSf 1^ 5. 



12. Given 6a? + 7y + 4« =* 122 1 . , 

lla? + 8y-6^ = l45r'"^"''"^^'»''*- 



Ans. < y s 8, 
l« = 3. 



13. Find the number of Solutions of 17^7 + I9y + 2ljv 
= 400 in positive integers. Ans. 10. 

14. Find two fractions having 7 and 9 for their denomi- 

nators) and their sum •--• Ans. -« -. 

63 7' 9 

15. Find a number which upon being divided by 39 gives 
a remainder 16, and by 56 a remainder 27. 

Ans. 1147, or 3331, &c. 

16. Find the least number which upon being divided by 
11, 19, and 29, gives the remainders 3, 5, and 10, respectively. 

Ans. 4128. 

17. In how many difierent ways is it possible to pay .£^20 
in half-guineas and half-crowns ? Ans. 7. 

18. A certain sum consists of {ü£ y Shillings, and its half 
of y£ a Shillings; find the sum. 

Ans. .ei3, 6s. or any multiple of it. 



8CAI.B8 OF VOTATIOK. dxi 

19. Find two numbers such that thdr sum shall be equal 

to the sum of their Squares. . 15 3 

^ Ans. — , — . 

13 13 

SCALES OP NOTATION. 

1. 17486 is in the denary scale, required the equivalent 
number in the senary scale. Ans. 212542. 

2. 215855 is in the denary scale, required the same num- 
ber in the duodenary scale. Ans. t^tee. 

3. 3t4ie2 is in the duodenary scale, required the same 
number in the denary scale. Ans. 8OI98. 

4. Divide 95O889I8 by tt4i in the duodenary scale. 

Ans. tiitee. 

5. Multiply 64ft. 6in. by 8ft. 9^in. 

Ans. 565ft. 8'. 7". 6"'. 

6. The difierence between any number (in the denary 
scale) and that formed by reversing the order of the digits is 
divisible by 9. 

7« The number 124 in the denary is expressed by 147 in 
another scale, required the radix of the latter. Ans. 9. 



8. The area of a Square is 17ft. 4in. 6^'., required the 
length of a side. Ans, 4ft. 2in. o'. 2". 10'". 

9. Prove that any number of 4 digits in the denary scale 
is divisible by 7, if the first and last digits be the same, and 
the digit in the place of hundreds be double that in the place 
of tens. 

10. Any number is divisible by 4, if the last two digits, 
taken in order to form a number, be divisible by 4. 

11. Any number is divisible by 8, if the number, con- 
sisting of the last 3 digits in order, be divisible by 8. 

12. There is a certain number consisting of two digits, 
which is equal to four times the sum of its digits ; and if to 
the number 18 be added, the digits will be reversed. 

Ans. 24. 
♦11 



clxii PBOPEETIBS OF XÜMfeBUS. 

IS. The two di^ts of which a number consists are as 
5 : 2, and when the digits are reversed the number is divisible 
by 3, and is to the former number as 23 : 32. Required the 
number. Ans. 96. 

14. Any number consisting of an even number of digits, in 
a System whose radix is r, is divisible by r + '/, if the digits 
equidistant from each end are the same. 

15. If JV^, iV, be any two numbers in the denary scale com- 
posed of the same digits differently arranged, prove that N'^N'y 
is divisible by 9« 

16. The Square of any number which has less than ten 
digits, (in the denary scale) each of which is 1, will, when 
reckoned from either end, form the same Arith. Prog. whose 
com. difF. is 1, and greatest term the number of digits in the 
root. 

PROPERTIES OF NÜMBERS. 

1. Pbove that n^ divided by 4 cannot leave 2 for a r&- 
mainder, n being any of the natural numbers. 

2« No number can be a square which has any one of the 
numbers 2, 3, 7) 8 fpr its last digit. 

3. If « be not less than 3, shew that v« >y/n + 1. 

4. Any number divided by 6 leaves the same remainder 
as its cube divided by 6. 

5. If n» be any odd square number greater than 1, prove 
that (m + 3) (w + 7) is divisible by 32. 

6. No number having each of its 2 last digits 9 can be ä 
Square. 

7. No vulgär fraction can be expressed in the common 
Scale by a terminating decimal, unless its denominator be of the 
form 9r. 5". 

8. Shew that ^-5/i^+4^ is divisible by 120, whatever 
positive whole number w may be. 



PROPERTIES OF NUMBERS. clxÜi 

9. The difference of the Squares of any two odd num- 
bers is divisible by 8; and the difierence of the Squares of 
any two prime numbers, of which the less exceeds 5, is divi- 
sible by 24. 

10. If n be any whole number, one of the three n*, 
n*+ 1, w*+ 2, is divisible by 5. 

11. If 9} be an odd number not divisible by 7, *either 
n'+.l or »'- 1 is divisible by 14. 

12. Shew that, when m is any even number greater than 
2, m* (m* — 4) is divisible by 192 ; and, when m is any odd 
number greater than 3, m (w? - 1) (w»*- 9) is divisible by 1920. 

13. If » be a prime number greater than 3, ^Zi « an 

24 
integer. 

14. If a and h be prime numbers, the number of num- 
bers prime to ab and less than ab is equal to (a — 1) (6 - 1) — i. 

15. If there be two binomials each of which is the sum of 
two Squares, their product is the sum of two Squares. 

16. Neither the sum nor the difference of two irreducible 
fractions, whose denominators are difierent, can be an integer. 

17. li n be any number, and a the difference between 
n and the next greater square number, and b the difference 
between n and the next less square number, shew that 
n — a& is a Square. 

18. If n be a prime number, and a prime to n, prove 

, «"-1. 

that — ^ 1& an integer. 

n 

19. Decompose %SX6O0 into i'ts prime factors ; and find 
the multiplier which will make it a perfect cube. 

(1) Ans. llx7x5'x2*xS*. 

(2) Ans. 118580. 

*11 — 2 



dbUT YANISHIKC FKACTIOVt. 

90. U N i» % numbar of the form a*i^, where a and 

b are prime to each other, shew that JV. . — - — is the 

ab 

number of integers not greater than N and prime to it. 

How manj numbers are there not greater than 100 and 
prime to it ? Ans. 40. 

21. If one number (Ä) have exactly as many places of 
figures as another (B), and also have more than the first half 
of its figures identical with the corresponding figures in By 

shew that the difPerence between ^J and \/B will be less 
than - , if n be any whole number not less than 2. 

VANISHING FRACTIONS. 

1. Requibed the value of when 

w m a. ^1 

Ans. 



2a 

Ä. Required the value of -- — — when a = 6. Ans. — . 

a*-6* 2 

S. Required the value of when a « 6. 

. m 
Ans. — a"*"*. 
n 

4. Required the value of ^^ ^ when « « 0. 

Ans. - 



»-1 



na 

5. Required the value of — "^ — "^ ^ ^ . when 

a — V a^ 

^ — ö* Ans. 5a. 
o, Requu'ed the value of when 

Ans. — . 
2 



C0NVSRGIN6 AN0 SlYSBGlNG SERIBS. clXY 

7. Required the valu^ of ^ ""^ "" '^l^" ^"^^ "^ ^ 

\/ö + w — V a — w 

when ^ « 0. Ans. y/ä. 



CONVERGING AND DIVERGING SBRIEa 

1. Peove that 1+-- + + :; + will begin 

1 1.2 1.2.3 ^ 

to converge at some point for any value of w^ however great. 

2. Shew that the series for (l + w)\ given by the Bi- 
nomial Theorem, will always be " convergent '^ when ^ < 1 ; 
and determine after how many terms the convergency will 
begin. 

S. Shew that both the following series are convergent» 

a^ a/^ of 

<" '-r^-r 

üf afi a* 
(2) X + T + 

Li L! II 

and if ^ = 1000, at which term will the former series begin 

to converge? Ans. r-r-. 

[264 

4. In theexpressionaa?"+6a?""^ + ca?""* + ...... ifobeany 

fixed quantity however small, and 6, e, df, &c. any fixed qnan- 
tities however great, shew that x may be taken so great that aa^ 
shall contain ha^^^-\- cai^'^ + as many times as we please. 

5. How small mnst x be taken, so that the Srd term of 
the infinite series 

1 + Sx + 5a?" +7^ + 

may contain the sum of all that foUow 500 times. 

Ans. a < — . 
702 



clxvi 

LOGARITHMS. 
Apply the Logarithmic Tables to find^ 

1. 2". Ans. 1844675000O000000OOO- 

239 X 827 X 54S 

2. ' Ans. 83069-S2. 

76 X 17 

3. v^23578. Ans. 2'4Ä5522... 



^ (r- 



Ans. 11*86322... 



: vi 



V^6. Ans. 1-295695... 



/l32 X (7-356)» 

6. V j • Ans. 144-5972... 

V(3-25)* 

(l-05y-l A .rrn 

7- T -z^ • Ans. 5-79-.. 

(1-05)^ X 0-05 



'• ^/Q■• 



8. A/ ( — 1 . Ans. 0-17577.- 



9- f 15. 7«. 3|d. X (lOS)**. Ans. £67. 7«. Id. 

10. Given 20*= 100; required m. Ans. o; ». 1-537244. 

11. Given c*"'«a.6~'~'; required ^r« 

loff a — loff 6 
Ans. «. —-5 f-_. 

mlogC'-nlog^ 

12. Given ä**4- «*'« «**; required j?. 

logi(l + v^) 
Ans. ^ a - 



2loga 

j logl(6±\/6^) 

13. Given a'+ »6, find d?. Ans. a^ = 

ff log a 



INTEREST ANJIO ANNüITIBS. elxTU 

14» Given 4^ « y*, and aß «a y«, find (ß and y. 

Ans. logor«--?- {logp - log gr}, 

15. Given S^.Ö»-*=7'-^ll*-, find AT. Ans. 07=1-242076... 

16. Given (a*- 2a«6»+ yy-i^ C^-fe)]" g^j ^ 

(a + 6)* 



. loff a — 6 

Ans. a?=r ° 

log o^ + fr 
17. Given a} .a^.cf.d' . &c. = p, find the number of factors 

^'' "'' ^'^ ^'- Ans. V^. 

loga 

INTEREST ANP ANNÜITIES. 

1. Wh AT principal put out at simple interest for 3 jears, 
at the rate of 5 per cent. per annum, will amount to «^828 ? 

Ans. £720. 

2. A person borrows £450 at 5 per cent. simple interest, 
and returns for it £511. 10«. ; for what time was it lent ? 

Ans. S years. 

3. A person returns £610 for the loan of ^600 for one 
month, what is the rate of interest allowed ? Ans. 20 per cent. 

4. What will a capital of ^12000 amount to in 10 years, 
at 6 per cent. per annum Compound interest, the interest being 
"^paid half-yearly ? Ans. £2X673. 68. Sd. 

5. Frove that the amount of £l in n years at Compound 
interest is given within less than a farthing by the first four 
terms of the expansion of (l +r)"£, the rate of interest being 
not greater than 4 per cent., and n not.greater than 10. 

6. Find in what time a sum of money will double itself, 
put out at 5 per cent. per annum, reckoning Compound in» 
terest. Ans. 14'2 years. 



Clxviii IVTBEBfT AUD AKVUITIES. 

7. Find in what time at cmnpound interest, reckomng 
5 per Cent, per annum, £lOO,will amount to £lOOO. 

Ans. 47'14 years. 

8. What is the amount of one farthing, for 500 years, at 
S per Cent, per annum, Compound interest ? 

Ans. £2731. 28. 5^ 

• m ^ * 

9. Shew that the common ruie for determining the 
equated time of payment of several sums due at different 
times is in favour of the payer. 

10. Required the discount on £l60 for a quarter of a year, 
reckoning interest at the rate of 5 per cent. per annum. 

Ans. £u 19«. 6d. 

11. What wiU be the amount of J&1212 per annum left 
unpaid for 76 years, reckoning 4 per cent. per annum, Com- 
pound interest ? Ans. £566702. 17s, 4d. 

12. What will an annuity of £250 amount to in 7 years, 
paid half-yearly, allowing 6 per cent. per annum simple in- 
terest ? Ans. £2091. 5«. 

13. What annuity improved at the rate of 8 per cent. per 
annum, Compound interest, will at the end of 10 years amount 
to £3000 ? Ans. £207. 1«. 9d. 

14. What is the present value of an annuity of £20 to 
continue for 40 years, reckoning interest at the rate of 6 per 
cent. per annum ? Ans. «f 300. ISs. 6d. 

15. An annuity of ^20 for 21 years is sold for £220; 
required the rate of interest allowed to the purchaser. 

Ans. £6. 169. 5d. per oent. 

16. If a lease of 55^ years be purchased for £lOO, what 
rent ought to be receiv^d, that the purchaser may make 5^ 
per cent. per annum for his money ? Ans. £5. l6s. 

17. An annuity A is to commence at the end of p years, 
and to continue q years; find the equivalent annuity to com- 
mence immediately and to continue q years. J, 

"'• (l^ry' 



IVTBEBST AUD ANNUITIS8. clxix 

• 18. The discount on a promissory note of £lOO amounted to 
£7. 10». and the interest made by the banker was £5*405405 ... 
per Cent. ; find the interval at the end of which the note was 
payable. Ans. l^ years. 

19. A person puts out P£. at interest, and adds to his 

1 
capital at the end of every year th part of the interest for 

that year ; find the amount at the end of n years. 



^(mr + m + rY 
Ans. P.l > . 



90. The lease of an estate is granted for 7 years at a 
pepper-com rent, with the condition that the tenant at the 
expiration of the lease may renew the same on paying a fine 
of £100. What is the value of the landlord^s interest in the 
estate immediately after any such renewal, allowing Compound 
interest at the rate of 5 per cent. per annum ? 

Ans. £245. 128. lOd. 

21. A person spends in the 1'^ year m times the interest 
of his property; in the second 2fn times that of the remainder; 
in the third 3 m times that of what remained at the end of the 
second ; and so on. At the end of 2p years he has nothing 
left. Shew that in the p^^ year he spends as much as he has 
left at the end of that year« 

22. The reversion of an estate in fee simple producing £60 
a year is made over for the discharge of a debt of £577* 4«. 5d. 
How soon ought the creditor to take possession» if he be 
allowed 5 per cent. per annum interest for his debt? 

Ans. 15 years. 

2S. A person puts his whole fortune P£ out at interest, at 
the rate of r£ per l£ per annum, and requires for his annual 
expences p£ more than the whole interest of F£. In how 
many years, at this rate, will he have spent the whole ? and if, 
when he has spent half his capital, he diminishes his expendi- 
ture one half, how much longer on this than on the former 
supposition will he continue solvent ? . (Pr \ , 

(1) Ans. — ^ ^^ . (2) Ans. _ _ . 

log 1 + r log 1 -f r 



Clxx INTEBE8T AVD AKNUITIS8. 

24. Find the present value of an annuity of £90 a year^ to 
commence in lOyears, and then to continue 11 years, reckoning 
4 per Cent, per annum Compound interest. Ans. jEllS. 7«. S^d. 

25. What sum ought to be paid for the Reversion of an 
annuity of £50 for 7 years after the next 14, that the purchaser 
may make 6 per cent. per annum of his money ? 

Ans. £125. 98. Id. 

26. If a person purchase the Reversion of an estate after 
20 years for £500, what rent ought it to produce that he may 
make 6 per cent. per annum of his money ? Ans. £96. 4^. Sd. 

9,1. A debt of a£ accumulating at Compound interest is 

d 
discharged in n years by annual payments of — £ ; prove that 

log (1 - mr) "^ 

log (1 + r) 

28. If Mgf M^ represent the sums to which an annuity 
would amount in n years at simple and Compound interest 
respectively, prove that 

Af, nr (« - 1) r + 2 

Afc " T ' (1 + r)» - 1 ' 

29. If two joint-proprietors have an equal interest in a 
freehold estate worth p£ per annum, but one of them purchase 
the whole to himself by allowing the other an equivalent an- 
nuity of q£ for n years, shew that 



- = 2 



r"(l+r)-)- 



SO. If P represent the population of any place at a certain 

time, and every year the number of deaths is th, and the 

# 
number of births — th, of the whole population at the beginning 

ofthat year; required the amount of the population at the 

1 + / . 

31. In the last problem» if jp es 60, and 9 « 45, shew that 
the population will be doubled in 125 years, nearly. 



clxxi 



CHANCES, AND LIFE ANNUITIES. 

1. Wh AT is the chance of drawing the four aces from a 

pack of Cards in 4 successive trials ? .1 

^ Ans. . 

270725 

2. There are 4 white balls and 3 black placed at random 
in a line, find the chance of the extreme balls being both 

black. . 1 

Ans. -. 

7 

3. Of two bags one contains 9 balls> and the other 6, and 

in each bag the balls are marked a, b, c, d, &p. If one be 

drawn from each bag, what is the chance that the two will 

have the same letter-mark P ; 1 

Ans. -. 

9 

4. A plays one game with Bj and another with C; the 
odds that he does not win both games are 4 to 1 ; the odds 
that he beats B are 3 to 2.* What are the odds in his game 
with C? Ans. Odds against him 2 to 1. 

5. From a common pack of cards 12 are dealt to as many 
persons, one to each, the cards collected, shuffled, and the same 
repeated. What is the chance that a given person will on 
both occasions have the same card dealt to him? What is 
the chance that the two cards dealt to him will have the 
sum of their numbers equal to 3? 

1 2 

(1) Ans. — . (2) Ans. --- . 
^ ^ 52 ^ ^ 169 

6. Two dice are placed together at random so as to form 

a parallelopiped : determine the chance that two or more ad- 

jacent faces will have the same marks. . 1 

Ans. -. 

4 

7. From a bag containing 2 guineas, 3 sovereigns, and 
5 Shillings, a person is allowed to draw 3 of them indiscrimi- 
nately : what is the value of his expectation ? 

Ans. 32 ß Shillings. 



Clxxii CHANCES, AND LIFE ANKUITIB8. 

8. A Shilling ig thrown upon a chess-board, a Square of 

which will just include 4 Shillings, find the chance of its falling 

clear of a division. . 1 

Ans. -. 

4 

9. Three men, Ä^ B^ C, in succession throw a die, on 
condition that he who first throws an ace shall receive £l; 
what are the values of their several expectations ? 

Ans. Äs = 18. 10|d. ffs = 68. l^d. Cs = 58. 5fd. 

10. There are 5 persons, out of which 4 are going to play 
at whist. , They all cut, and the lowest sits out. What is the 
^ chance that two specified individuals will be partners ? 1 

11. ' There is a lottery containing black and white balls, 

from each drawing of which it is as likely a black ball shall 

arise as a white one, what is the chance of drawing 11 balls all 

white ? .1 

Ans. 



2048 



12. There is a lottery crf 10 green, 12 white, and 14 red 
balls. Let 2 have been drawn, what is the probability that they 
will be green and white ? Ans. 17 to 4r against it. 

13. A die is thrown time after time : in how many times 
have we an even chance of throwing an ace ? 

Ans. Not quite an even chance in 3, bat more than 
even in 4 times. 

14. Two witnesses, on each of whom it is 3 to 1 that he 
speaks truth, agree in afBrming that a certain event did happen, 
which of itself is equally likely to have happened or not. What 
is the chance that the event did happen ? Ans. 9 to 1. 

15. A speaks truth 3 times out of 4, S 4 times out of 5, C 
6 times out of 7 ; what is the probability of the truth of what 
A and B agree in asserting, but which C denieS ? 

Ans. 2 to 1. 

^ 16. Thirteen persons are required to take their places at 
a round table by lot; shew that it is 5 to 1 that two particular 
persons do not occupy contiguous seats. 



CHAVCXt, AKD LIFE ANKVITIS8. clxxtti 

17. Supposing tfae House of Commons composed of m 
Tones and n Whigs, find the probability that a Committee of 
p + 9 «elected by ballot will consist of p Tones and q Whigs. 

Ans. ?^^l^. 

18. There are 3 balls in a bag, of which one is white and 

one black, and the third white or black ; determine the chance 

of drawing 2 black ones, if 2 be taken. . 1 

ns. -. 

19. A collection is made of ten letters taken at random 

from an aiphabet consisting of 20 consonants and 5 vowels; 

what is the probability that it will contain 3 vowels and no 

more? .60 

Ans. 



253 



20. At the game of whist, what is the chance of dealing 
one ace and no more to a specified person ? And what is the 
chance of dealing one ace to each person ? 

(1) Ans. — nearly. (2) Ans. , or- nearly« 

^ ' 13 ^ ^ ^ 124950 9 ^ ■ 

21. There are two bags each containing 4 white and 4 
biack balls. Four are taken at a venture from one of them 
and transferred to the other. Then 8 being drawn from 
the latter, 6 of them prove white and 2 black ; what is the 
chance that, if another be drawn, it will be white ? 

Ans. — -. 
106 

22. At the game of j^hist what is the chance of the dealer 
and his partner holding the four honours? 

Ans. ~T— 7> o' — nearly. 
1666 29 ^ 

23. In dealing a pack of cards what is the chance that all 
the hearts will be found in the first 20 cards dealt, first with- 
out regard to order, and secondly in the order of their value ? 

8x|l3x|39 8x|39 

(1) Ans. — Y:^ »— . (2) Ans. -J=S. 

[52 ^ ^ J52 



y 



/" 



clxxir CHANCS8, AND LIFS ANKUITIBS. 

24. A person puts bis band into a bag containing 12 balls, 
dtaws out a certain üumber at random, and transfers tbem 
witbout examination to a second empty bag. He then puts 
bis band into tbis second bag, apd draws out a certain number 
in tbe same way as before. Sbew tbat tbe odds in favour of 
bis drawing out an odd number from tbe second bag are nearly 
341 to 340. 

25. Supposing it an even cbance tbat, on A aged 46 marry- 
ing B aged Sß^ tbey will botb be alive at tbe end of w years ; 
find ^9 when of 86 persons bom togetber one dies annually 
until all are extinct. Ans. ^ « 31*62... 

26. A person 35 years of age wisbes to buy an annuity 
for wbat may bappen to remain of bis life after 50 years of 
age. Wbat is tbe Present Value of tbe annuity reckoning 
interest at 4 per cent. and using Dr. Halley^s Table*? 

Ans. 4^ years' purchase nearly. 

27. An annuity of £lO, for tbe life of a person now 30 
years old, is to commence at tbe end of 11 years, if anotber 
person now 40 sbould be tben dead, or, if tbis sbould not be tbe 
case, at tbe end of any year beyond 11 years in wbicb tbe 
former life remains, but not tbe latter. Required tbe Present 
Value of tbe annuity, reckoning interest at 4 per cent., and 
taking Dr. HaUey's Table. 

Ans. £34. l6«. in one single present payment; or £s. 
annual payment during tbe Joint lives. 

28. An estate or annuity of £lO for ever will be lost to 
tbe beirs of a person now 34, if bis life sbould fail in 11 years. 
Wbat ougbt he to give for tbe Assurance of it for tbis term 
according to Dr. Halley's Table ? Ans. £43-4. 

29. A person now 40 is wiUing to pay £200 down, besides 
an annual payment for 10 years, to entitle bim to a life- 
annuity of £44 after be attains tbe age of 50. Wbat ougbt 
tbe annual payment to be, reckoning interest at 4 per cent. and 
using Dr. Halley's Table ? Ans. £8-55. 

* See Page Ixxxiv. Appendix iii. 
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^ 1. SoLVE the equation a/^ - %üf - 4j? + 12 = 0. 

Ans. /r s 2, - 2, and 5. 

11 1 

2. Solvethe equation uf — a;'+-^— 1=0. Ans. ^=1,2,-. 

* S. ^ + a?^-8a7*- l6a?- 8 = has oneroot 1 -v/5^ Find 
the others. Ans. 1 + \/5, — 1,-2. 

>* 4. Reqüired the equation whose roots are ± v - 2, S, 4. 

Ans. d?* -7a?^ + 14^»* - 14^ + ^4 = 0. 

5. Find the roots of aP-{a-\''p)of-¥ (äp + 9)^ - ag = 0. 

-p±\/|)*-4g 
Ans. a, . 

4 

^ 6. 0?* - 3/»^+ 40?^ - 54? + 4 = has two roots of which the 
product is 2. Find all the roots. 

Ans. 1, 2, + \A--2> - 'x/- 2. 

7. Prove that if the roots of ^-3^*- 4a? + 12 = are 
-2,2, and 3, the roots of «?'+ Sa;*- 4^? — 12 = will be 
2, — 2, and - 3. 

X 8. Transform the equation a?*-27a;^- 14^ + 120 = 0, whose 
roots are 5, 2, — 3, - 4, into another whose roots shall be those 
of the former diminished by 3. 

Ans. ^+ I2y*+ 27y*+ 68y - 84 = 0. 

> 9. Transform the foUowing equation into one which shall 
want its 2nd term ; and then find all the roots : 

0?*+ Saz^+aT*- l6a?*-2Ö/p - 16 «0. 

Ans. Transformed equation is $(? - 9|^ + y* — 9 « ; and 
the r^uired roots are 

2,-4,-2, i{-i+v^i:i}, l|«l-./Ii}. 



Clxxvi EftUATIONS. 

'f 10. Take away the 2nd term from the equation 
Sgf + 15^17' + 25/9 -*3 « by transformation. 



, 152 
Ans. Sy' = 0. 



H' 11. To take away the r + 1*** term of an equation by trans- 
formation, shew tbat an equation must be solved which is of r 
dimensions : and find the equation. 

Ans. e"" -r- e'^^ + — e"^- &c. - 0. 

n n(w-l) 

12. In an equation of n dimensions the 2nd and drd terms 
may be taken away hy the same transformation, when the 
Square of the sum of the roots : the sum of their Squares 
:: n : 1. 

7 11 25 

13. Clear the equation a^ — a?^ + — w =0of fractions 

^ 3 36 72 

by transformation. Ans. y* — 14y* + 11 y — 75 = 0. 

f 14. Solve the equation 

4d/^- 2407*+ 5707*- ISüfi-^-BTuf ^9.4tW + 4«0. 

111 + \/^ 1 -- ^/^ 

Ans. 0? « 2, 2, - , - , 5 . 

2 2 2 2 

15. In any ^ recurring equation^ 

a7*-pa7""^ + ^d7*~*- ... - j9|jiLl «s 

whose roots are a, 6, c, &c., prove that "^ 

^ + -8 + J + ^ + &c. - (p*- 2? + V'n)(p*- 2g ->/n). 

^ l6. Transform al^^ pcfi-k-qa^-^-rw '\- 8^0^ whose roots are 
a, 6, e, d, into an equation whose roots shall be ah + cdy 
ac + &c2, hc + ad. 

Ans. y*- gy*+ (pr - 4«)y - (r*- ^qs + 1)*«) « 0. 

17. Transform the equation ofi-^ 9^+ f = into one whose 
roots are the llquares of the differencSs of the roots of the 
proposed equation. - 



»• 



EQUATIONS. Clxxvii 

18. Every equation of an odd number of dimensions has 
at least one real root, and its sign is contrary to that of the 
last term : and every equation of an even number of dimensions 
has at least two real roots, if its last term he negative. 



19. If the r -h 1"* term of a complete equation be the first 
which is negative, and M the greatest negative coeiSicient, 

shew that 1 + y/ M is a superior limit of the positive roots. 

20. Find a limit greater than the greatest root of the ^ 
equation ar" -^ 1 a^ - \^w^ - AQa? + 52w -13 = 0. Ans. 8. 

21. a^~ 5a^+ 8<r — 4 = has two equal roots ; find all the 
roots. Ans. 2, 2, 1. 

22. 0?^ — ^— 8a7 + 12 SS has two equal roots ; find all the ^ 
roots. Ans. 2, 2, — 3. 

23. /p* — 14«r^+ 61*-»*— 84j<r + S6 = has two pairs of equal '- 
roots; find them. Ans. 1, 1, 6, 6. 

24. j?*- 13a?* + 67 ^'-171^ + 2160? -108 = has three roots / 
equal to one another, and the remaining two also equal ; find 
them. Ans. 2, 2, 3, 3, 3. 

25. ^—3^—9/17+27—0 has two equal roots; find all the / 
roots. ^fi . Ans. 3, 3, - 3. 

26. w^-^a^-- 4a?*+ 120^-^30^ ^ISof 4^15^*e*has two gairs 
of equal roots ; find all the roots. 

Ans. \/8, y/Sf -\/3, -\/3, 1 + \/-l, l-\/-l. 

27.. The roots of the equation ^ofi -- 2>2(if -- x + 8 = are of ^ 

the form +a, — a« 6; find them. Ans.' -, — , 8. 

2 2 

28. The roots of the equation jr^+5a?^-2a7-10 = 0areof / 
the form + a, - a, 6 ; find them. Ans. v2> - \/2> — 5- 

29. Two roots of the equation ofi^ lSa^+ 50x - 56 = are / 
a» 2 to 1 ; find all the roots. Ans. 2, 4, 7. 

♦12 



clxxviii EdüATIONS. 

30. The roots of a^-'pa^ + qw -^r^O are in Arithmetic 
Progression. Find them. 

3 ^3^33 ^ 3 ^ 

31. If the equation ^+ ga?*— r«?*- ^ = has two equal 
roots, shew that one of them is a root of the equation 

ar -k-^- .w + ^ = 0. 

5r 3t 15 

32. ^-1=0; required w. 

Ans. 1, or -.[- 1 ±'v/F±\/2 (5 ±\/5 x \/^)]- 

33. a?* + 1 = ; required w. 

Ans. a? = ±\/^j or-{\/3±\/^}, or - {-^/s±^/--l^ 

2 2 

34. «r^* - 1 = ; required the 12 values of w. 

Ans. ±v^, -{\/3±\/^}» -{-V^±V-^K 

2 2 "- 

1, - {- 1 ± x/-3}, - 1, and - {l ± V-SJ- 
2 2 

35. Find the roots of the equation a?^ - 3zr*- 42a? - 40 = 

by Des Cartes' method. . 1 c « , /"TT i , «„ j a 

•^ Ans. --J3±\/-81}, -1, and 4. 

" . . 2 ^ 

.36. If a <ye a root of Des Cartes' reducing Cubic, shew 
ttiit tbe fouf. roots of the equation o?* + qa? + ra? + « = are 

37. Find the integral roots ofa?*-d7'-lS*p*+l6a7-48«0 
by the method of Divisors. Ans. +4, — 4. 

38. Given.o?^ - 2a7 - 5 = 0, find an approximate value of a?, 
by Newton's method. Ans. 2-09455149. 

. 39. Given a?^-5ar-3«=0, find an approximate value of a?, 
by Newton's method. Ans. 2-4908. 



EaVATIONB. 



40. Griven a?.- 7» + 7 = 0, find an approximate value of w, 
by Lagraoge's method. 



Ans. - 3 

1 

20 + - „ 

3 + &C. 



41. Given 2a^- Sa = 6, find a series of fractions converg- 
ing to the value of ». l I 2 7 51 l60 



Ans. ■ , , , , , , __, 
12 8 11 80 251 

42. Given a^-a^- IQa? + 49a? - 30 = ; required the sum 
of the ^ povers of the roots. Ans. >$',= 16419. 

43. In the preceding equation required the value of S.,. 

31159 

" 27000 ■ 

44. Given 31*+ ai*- 7'P*-a' + 6-0; required the value of 
S„ and*,,. Ans. ^,= 795, "S-«"^- 

45. Determine whether the equation 

a!'-3(j)+ l)iP*+3{2p + l)a? + p - 1 = 
contains impossible roots, p being less than 1. 



^^ 



